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Abstract

We discuss the problem of discretization for a linear inverse problem exploiting a stability

property of Tikhonov regularization.

1. Introduction

In this report we discuss the problem of discretization for a linear inverse problem exploiting a
stability property of Tikhonov regularization.
More precisely, let A be a bounded operator from a Hilbert space H into a Hilbert space K

and consider the inverse problem

Af =g, (1)

where g is the datum belonging to K. Discretization is a procedure that replaces the exact

problem (1) with an approximated one
Bf =h, (2)

where B is a bounded operator from H into a finite dimensional Hilbert space Z and h is an
element of Z such that they are approximations of the model A and the datum g.

Usually, the space Z is a finite dimensional subspace of I, B is the restriction of A to a
finite dimensional subspace of H, and h is a noisy projection of g on Z.

Moreover, since Problem (1) is usually ill-posed and Problem (2) gives rise to unstable
numerical solutions, a regularized version of Problem (2) is usually solved. For example, in the

framework of Tikhonov regularization, the following minimization problem is considered

min (|[Bf = hlI% + M 1£13).

where )\ is a positive parameter whose chioce depends on the datum, on the noise level on the
datum and on the model (for a review, see, for example, Bertero et al. (1985, 1988), Engl et al.
(1996), Groetsch (1984) and references therein).

We adopt a different point of view. Following Groetsch (1990), Nair and Schock (1998),
Rajan (2003), Mathé and Pereverzev (2003) and reference therein, we regard the datum h as a
noisy approximation of the exact datum g and the operator B as a noisy approximation of the
exact model A. The critical point is to give a measure of the discrepancy between h and g, and
between B and A. For Tikhonov regularization this can be done observing that the minimizer

of the Tikhonov functional is given by

fA=(B*B+ ) 'B*h.



The above equation shows that f* depends on B*B, which is an operator from H to H, and
on B*h, which is an element of H, so that the output space Z disappears. This observation
suggests that the noise measures could be [|B*B — A*A| ;5 and [|[B*h — A%g||y,.

Section 2 is devoted to the formalization of the above idea in an abstract setting. In Section 3
we apply the results of Section 2 to the problem of discretization. In particular, we discuss two
examples: the problem of recovering the derivative of a function g when a finite set of points
yi = g(x;) is given and the consistency of the regularized least square algorithm in the context
of statistical learning theory. In Appendix we review the main properties of reproducing kernel

Hilbert spaces and of integral operators using the unifying notion of Carleman operator.

2. Main results

In this section we prove that the regularized (3 /a Tikhonov) solution of the inverse problem
Af = g is a Lipschitz function of A*A and A*g, where the Lipschitz constants depend on the
regularization parameter A through a power law.

First of all we fix the notation. By Hilbert space we mean a separable Hilbert space over K,
where K = R or K = C. We denote by ||-|| and (-, -) the corresponding norm and scalar product
(if K = C, we assume that (-, ) is linear in the first argument). If H and K are such spaces, we
denote by L(H, K) the Banach space of bounded linear operators from H into X endowed with
the uniform norm ||| ;3 «)- If A € L(H,K) we denote by A the adjoint operator and by Af
the Moore-Penrose generalized inverse.

We fix a Hilbert space H and we denote by 7 the set of all possible triples (K, g, A) where
K is a Hilbert space, g € K and A € L(H,K). Given (K, A,g) € T and A > 0, we recall that
the Tikhonov functional (defined on H) is

1AS = gllic + Allf 1l (3)

and its unique minimizer is given by (A*A + \I)~tA*g € H.
The following proposition studies the dependence of the minimizer of Tikhonov functional
on the operator A and the datum g. In order to treat both the reconstruction error and the

residuum of the solution, we introduce a parameter a € [0, 1] and we let

o 1 a=0,a=1 ()
) (e(1-a) 0<a<1

Proposition 1 Given (K, A,g) € T and (Z,B,h) € T, let, for all A > 0

f& = (A*A4+\)"tA%g
A = (B*B+\)"'B*h



then, for any a € [0,1], it holds

h
e -, < 52 (L21ss - 4 dlopg + 1800 - a%0l) 9

2VA

Proof We let Ty = A*A, T = B*B, ¢g = A*g and ¢ = B*h. We prove some preliminary

facts.

—)\la

The following equality is a known algebraic identity,

(T+N)" =T+ N = T+ N To+A) = (T+N|(T+A)"
= (To+ AN (To-T)(T+XN"" (6)

The second one is a consequence of spectral theorem. For any a € [0, 1]

Ca

~1

17T + 2 £y < N—a (7)

Indeed, since T is a positive operator,
H ! -
TT+N) "oy = sup
) 0<t<|T | £ 24 t+A
Ta
T T

where 7 is a maximizer of the function m on the interval [0, || T'[| ;(5,)]. Computing the deriva-

tive, one has that 7 = fa' ifa <1, and 7 = ”THﬁ(H)' if a = 1. Replacing 7 in the above
formula, Equation (7) follows.

Moreover, by polar decomposition of B, one has that B = UT%, where U is a partial
isometry, so that [|U]| ;3 z) = 1. Since Tz commutes with (T + A)~!, we have that

[+ 07 B gy = || 72T+ )07

L(ZH)’

and, using Equation (7) with a = 3, one has that

H(T‘F)‘)AB*HL ZH) 7 (8)

Finally, by definition of f* and fg‘, it follows that

=1 = @T+N"o—(To+ XN "¢
= [(T+XN"'=(To+N) "o+ (To+ ) (¢ — o) -



By Equation (6) and triangular inequality, we obtain that

HT(?(fA—f(?)HH < ||T8(To + M) H(To = T)(T + X))~ B*h|,,

+ | T8 (@ + M) 7@ — ¢0) |
Ca 17l Ca

T — T —=
)\1—(1” OHE('H) 2\& + A\l-a

The thesis is now clear. [ ]
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Up to our knowledge, the first result in this direction was obtained in Theorem 2 of Wahba
(1977) in the framework of integral equations with white noise. Our bound is of the same
kind of the one obtained in Groetsch (1990) and Theorem 2.5 of Rajan (2003) (where only
the reconstruction error with respect to the the uniform norm is considered). In Theorem 2.1
of Nair and Schock (1998) a similar framework is considered, but with a different choice of
noisy levels. In Mathé and Pereverzev (2003), a larger class of regularization is considered (see
remark below), however the noisy data is assumed to be in the exact data space K, compare
with Theorem 2.

Remark 2 Let now consider regularizations of the problem Af = g different from the Tikhonov
regularization. It is known ( see for example Engl et al. (1996), Groetsch (1984)) that a large
class of regularized solutions is of the form

fi = rA(A*A)A%g, (9)

where 1 is a continuous function on [0, || A*A| £ ()] such that

1
1‘ = — < .
/\%m(t) ; |ra(t)t] < M Vi, A
A simple check shows the above proof still holds provided that
17A(A%A) = A (B"B) |l £(3¢) < CAllA™A = B*B|| 3¢

A complete discussion on this point can be found in Mathé and Pereverzev (2003).

The above result suggests the following definition of parameter choice rule.

Definition 3 Given (K, g, A) € T, for any M >0, § = (81,62) € R we let
Us ={(Z,h,B) e T| ||hllz <M, [|B*h — A%gll3, < 01, [|B*B = A"Al| 3 < 62}

be the set of noisy data with noise level § = (91, d2).



A function X = \(6; Z, h, B) where § € R2 and (Z,h, B) € T is called a parameter choice

rule.

Remark 4 In the above definition the constant M plays the role of an a priori bound on the
norm of the noisy data h. If this information is not available, one can still give a bound of
the form of Equation (5), but with a worst dependence on the regularization parameter A by

replacing estimate given by Equation (8) with

1T+ 07 B, <

1B*hlly _ [|A"glly + 01
A - A '

As a consequence of Proposition 1 we have the following result.

Corollary 5 Let (K,g,A) € T and P be the projection on the closure of the range of A. Given
M >0andé € }Ri, with the notations of Proposition 1, then

1. for any A > 0,

01 Méo
sup ||| = P {455 - Pol| | < S5+ T 10
(Z.h.B)eUs K ° KI72v/A 04X (19)
2. ifge dom AT, for any A > 0,
) M6
. A 1 A 1 1 2
swp | |[£ - Ate], = | - ala], | <+ T 11
(Z,h,B)elUs H 0 HIT XN 963 (1D
3. ifg € dom AT and A\ = \(J; Z, h, B) is a parameter choice rule such that
lims—o supznpyeu; M Z,hB) = 0
lims—o  sUp(zp,B)cus A(é;g’l,h,B) =0 (12)
li sl
IMs—0 SUP(z,h,B)els X(0;Z,h,B)
then
lim  sup f)‘—ATgH =0. 13
6—0 (2 h,B)eU; H (13)

Proof Inequalities (10) and (11) are consequences of formula (5) with a = 3 and a = 0,

respectively, and the fact that
A 1 A t A A
R el TR RS VA
[ = atgl|, ||~ ata] 1< |- ],

Equation (13) follows from inequality (11) and the definition of parameter choice rule. [ |

The fact that Hfg‘ — ATQHH goes to zero as A goes to zero is a known fact. However to estimate

6



the rate of convergence of f* to Afg a bound on Hf(j\ — ATgHH has to be given so that some
a priori assumptions on the exact solution are required. A standard result, Groetsch (1984),
Engl et al. (1996), shows that, if ATg = Im (A*A)*A* then Hfg‘ - ATgH = 0(A%). In Mathé
and Pereverzev (2003) a generalization is given under the assumption that Afg = ¢(A*A)v for
some v € H, |lv]|;; <1, and ¢ convex function.

As usual, if g & dom A, f* cannot converge. Indeed, we have the following result.

Corollary 6 Let (K,g,A) € T with g ¢ dom AT. For any 6 € R2, let (Z,h,B) € Us and
A= (B*B+ \s)"'B*h,

where \s = A(J; h, B) is a parameter choice rule satisfying Equation (12), then

Proof The proof is standard. As in the first part of the above proof we have that

|

A
> |

A A
s

6 Moo
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202
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Y
|

By definition of parameter choice rule, the second term goes to zero, whereas the first one goes

to infinity since, by a well known result of Tikhonov regularization, if ¢ & dom AT, HfOA goes

Iy
to 400 when X goes to zero. |

Remark 7 We do not know if the bound in Equation (11) is tight, that is, if it holds that

M b2

sup .
2\2

(thaB)Eué

Pl =

In particular, for the problem of discretization, one could obtain better bounds by considering

only noisy data (Z, h, B) with B having finite range.

We compare Proposition 1 with the known results for Tikhonov regularization in the presence of
modelling error. To this aim, we consider only noisy problems Bf = h, where B is an operator
from H to K and h € K such that

lh=gllc<m B- AHL(H) < 2.



With this assumptions, it is known, Tikhonov et al. (1995), that if

(1 +12)? _
n1,m72—0 )\(771,7]2)

the regularized solution f* goes to Afg. Since

|B*B — A*Al| 134 Bl 2oy + 1Al 2o )12 < Crmz =t 62
I1B*h — A%glly, < [[hllicmz + [[All zym < Ca(m 4+ n2) =: 61

IN

it follows that condition (14) is weaker than Condition (12).

This observation suggests that one can evaluate the noisy level of the noisy data (Z, g, B)
by means of |[V*h — U~glly, < m and [[|B] = [Al[ z3) < 12, where A =U|A[ and B = V|B]|
are the polar decompositions of A and B, respectively. Repeating the standard proof, Tikhonov
et al. (1995), for Tikhonov regularization in the presence of modelling error, one has that, if
condition (14) holds, then the regularized solution f* goes to Afg. However, in the applications
it is difficult to evaluate the polar decomposition and, hence, to ensure that the noisy model is
an approximation of the exact model.

Finally, we observe that one can restates the content of Proposition 1 as regularization in
the presence of modelling error. Indeed, the least square solutions of the exact problem Af = ¢

are the solutions of the inverse problem
A*Af = A%g.

This suggests to replace the noisy problem Bf = h with the problem
B*Bf = B*h,

so that B*h is a noisy approximation of the exact data A*g, B*B is the noisy model of the

exact model A*A and the noise levels are given by
|B*B — A Al| 3y = 61 |B*h — A%glly, = b2

However, the regularized solution f\ = (B*B 4 \)~!B*h is not the Tikhonov regularization of
the problem B*Bf = B*h. Indeed, if T'=T* = B*B and ¢ = B*h, we have that

fA=(T+N"1o=(T"T+\XT)"'T*¢,

whereas the Tikhonov regularized solution of Tf = ¢ is (T*T + \)~1T*¢.



In this paper we do not discuss the problem of the choice of the parameter A\. Paper Wahba
(1977) discusses the method of cross-validation, see also Wahba (1990), Groetsch (1984), Engl
et al. (1996) for an account on cross validation. A clear discussion about the discrepancy
principle in the framework of discretization of Tikhonov functional can be found in Nair and
Schock (1998), Pereverzev and Schock (2000) and references therein. In Mathé and Pereverzev
(2003) adaptive strategy is proposed for the choice of the parameter that provides the optimal
order accuracy.

3. Discretization

In the present section, we study the discretization of the inverse problem whose direct problem
is described by a Carleman operator, Halmos and Sunder (1978), see Appendix A for a review
and notations.

We assume that X is a compact separable metric space X with a finite measure v such that
supp ¥ = X and we simply set by K = L?(X,v).

We fix a real Hilbert space H andamapv: X — H

Xozx—v €H

such that
1. the real function (x,t) — I'(x,t) = (¢, Vz)5 is bounded on X x X;
2. for all t € X, the real function z — I'(x,t) is continuous on X.

We let A be the operator from H to K defined by
(Av)(z) = (v, Ya)yy z€X, vEH.

According to the theory of Appendix A, «y is a continuous bounded Carleman map (see Propo-
sition 17 and Remark 21 taking into account that X is compact), and A is the corresponding
Carleman operator, that is, A = A, (see Equation (36) ).

The following corollary recalls the main properties of the operator A.

Corollary 8 The operator A is an injective Hilbert-Schmidt operator. The range of A is the
reproducing kernel Hilbert space with kernel I'(x,t) = (¢, Vz)4, and, in particular, is contained
in C(X). Moreover it holds that

Arg = /X 9(2)1(x) dv(z), (15)



where g € K and the integral converges in the norm of H,

AA = /X @)y () dir(2), (16)

where the integral converges in the trace norm.

Finally, if g € Tm A and f1 is the unique solution of Af = g, then

9@) = (), zex. (17)

Proof Since X is compact and I is bounded, Condition (44) holds. The content of the corollary
is a restatement of Proposition 19 and Proposition 13. |

Given a datum g € K, we consider the inverse problem Af = g, that is, the problem of finding
f € H such that
(fir(@)y =g(x) zeX.

The natural way of discretization of the above problem is to replace the measure v with a
discrete measure so that integrals become weighted sums a /a Cauchy-Riemann.
More precisely, given ¢ € N, we fix a {-sample z of X x R, that is, a set of ¢-couples

((zlayl)a sy (xﬁvyﬁ)) = (XaY) =z
where x; € X and y; € R. We replace the set X by the finite set
I={1,...,¢},

the Hilbert space K by the finite dimensional Hilbert space Z, = R’ endowed with the scalar
product

14
<y7 y/>Zz = Z alylyéa
=1

where a; € Ry are chosen as suitable functions of the sample z.

We approximate the operator A with the operator Ay from H to Z, defined by

(Axf)i = (fir(@i))y i€,

and the exact datum g with the vector

y=(y1,---,90) € Z,.

The following corollary recalls the main properties of the operator Ay.

10



Corollary 9 The operator Ax is bounded and
Ker Ay = span{ y(z;)|i=1,...,0}*

Moreover, it holds that

¢
S al (@) py(as) (18)
i=1

¢
Z a;yiy ()
i=1
Proof Since Z, = L?(I,vx), where vy is the measure on I given by

¢
ve =Y aid;,
i=1

being § the Dirac measure at the point ¢ € I, then Ay is the Carleman operator associated to
the map
I>i—~y(z;) €H.

In particular, we have that supp vx = I so that Hyx = span{y(z;)|i=1,...,¢}.
The content of the corollary is a restatement of Proposition 19 and the fact that the integrals

reduce to sums. [ |

According to the notation of Section 2, for any A > 0, we denote by

fi = (AA+ N4y
fz>\ = (Ax*Ax+>\)_1Ax*y

where we add the pedix z to emphasize the dependence of the solution on the data. Finding
the explicit form of f,* reduces to solve a linear problem. Indeed, let 'y be the ¢ x ¢ matrix

with entries
(Px)ij = (x4, 75) = <7($j)>’7($i)>n

then, by Equation (42),
V4

f =Y apy(@y) (T + M) 7 ;0 (20)

ij=1
Applying the results of Section 2, we propose a bound for the reconstruction error Hfz)‘ — fTHH

or the residuum HAsz — 9”/0 To this aim we have to assume some hypotheses on the relation

between v and Zle a;dz,;, g and y. We discuss two cases.

11



3.1 A priori approximation

In this section, we consider a framework where the measure v is known, the points x; and the
values y; are a sample of the datum g without noise, that is, y; = g(x;). Clearly, this is an ideal
framework where the noise is due only to the finite dimensional approximation.

Moreover, we study the reconstruction error of the approximated solution. To this aim, we
assume that g € Im A C C(X) so that, by Equation (17), we can restate the hypothesis that
the noise is zero by the fact that

vi=g(@) = (L)) —viel (21)
Moreover, we fix a family of measurable sets X1,..., Xy C X such that
1. z; € X; forall i € I;
2. v(X; N X;) =0 forall i # j;
3. U, Xi = X.
We let a; = v(X;) and we have that following result.

Corollary 10 We define

k = sup|[v(x)]yy = sup VI'(z,2) < 400 (22)
zeX zeX
a = v(X)<+oo (23)
c(f) = max sup [v(z)— (i)l (24)
el .TEXi
= max sup \/I(z,z) — 20(z, z;) + (x4, ;)
el xEXi
then,
2 kYo
At N 2 NS _ T -
62 =1, = 18 = 1,0 = 1] et0re (5+25) (25)
Proof We claim that
1A% = Ax Vg < 2|#1]), ne(t) = o1 (26)
|A*A — A" Axllyy < 2kc(€) = 02 (27)

We first prove Equation (27). By definition of X; and a; and Equations (16) and (18), one has
that

14°4 — A Al = |

Z/X (@) py(@) = Gy (@a))pgy () dv(z)

L(H)

12
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i xeX;

max sup [|(,7(2))y1(2) — (7)) (0 gy D ¥(X)

(S reX;
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i

< 2mag sup ([[y(@)llylly(x) = y(@i)lle) v(X)
< 2ke(f)a,

so that Equations (27) is proved. By Equations (17), (15), (18), it follows that
4" Ag — Ax* Ayl = ||(47A - A a0 £,

so that Equation (26) is clear.
We observe that, by Equation (21),

Iylz, = f:a@(fw(:ci)ﬁ
=1
< ffm&>ﬁmfwmmm2
=1
< o], et

so that, replacing in Equation (11) the above bounds on M, §; and dy the inequality (25)
follows. [

In Equation (25) one needs an a priori bound on HfTHH. However, one can obtain a (worst)
estimate of HfZA - fTHH depending on ||g|| z = HAfTHZ.

Let w(\) = Hfé\ — fTHH be the reconstruction error of the regularized solution of the exact
problem Af = g and A\; = A(z,{) be a parameter choice rule so that limy ., w(A;) = 0 then,
as a consequence of Equation (25),

[ =51, =i+ 0 [ 4

A

A sufficient condition ensuring that the approximated solution f,* goes to the exact solution

2
£ is that limy_o %3 =0.

3.1.1 The problem of derivative

As an example we study the problem of the recovering the derivative of a function on the unit

interval. The setting is the following one.

13



. We let X = [0, 1] with the Lebesgue measure v = dx;
. we define the kernel K as

K(m,t)z@(:x—t):{ 3 zii teo,1]

In particular, for all x € X, K(z,-) € L?([0,1]) and, for all ¢ € L%([0,1]),
(Lxo)e) = [ oft)

so that (Lxo)(-) € L%([0,1])

. we choose H = H'([0,1]) be the Sobolev space of continuous functions with weak deriva-
tive in L2([0, 1]) endowed with the scalar product

1
(v, w) = v(0)w(0) + / V' (z)w'(z) dz,
0
so that H is a reproducing kernel Hilbert space on [0, 1] with kernel
A(z,t) = min{x,t} + 1,

and, given z € X,

t+1 t<

Sa(t) = ST e
z+1 t>zx
1 t<

5,(t) = ote
0 t>=x

. we let j be the canonical immersion of H in L?([0,1]) so that A = LxJ;

. given g € L%([0,1]) the exact problem Af = g amounts to find f € H'([0,1]) such that
| roa = gto)

. the condition that g € Im A implies that g is a continuous function with weak derivative
in H, so that g € C([0,1]) and fT = ¢/;

14



7. forall x € X,

2
r4+tr—L% t<z
20 t €[0,1]
T+ 5 t>x

so that
—t t<
vgoe):{“”” =T e

8. forall z,t € X
1 1, .
F(l’,t) = <7$77t>H1([0,1}) = FX(ZE, t) = {L‘t(l + 5 Hlln{:l,‘, t}) - E(mln{xat}) )

9. if0<t<x <1,

I (28)

10. we choose =, = % forall k=0,...,¢ and
Xk, = [T—1, 7]

so that, by Equation (28), ¢(¢) = %;
11. clearly a = v([0,1]) = 1 and, by Equation (28) with ¢ = 0, it follows that x = /2.

Replacing in Equation (25) we obtain that

I _fTHHl([O,l]

1(vV2 1
B 2 NS — / X2 =
) Hfo / Hﬂl([o,u) [ =2v2]g 72 o, ¢ ( N A‘S’) ’

from the above equation and assuming to have a parameter choice rule such that A\(z, ¢) = 0(%)
the approximated solution f,** goes to the exact solution fT if b < %

According to Equation (20), the solution f,* is a linear combination of the functions ~(z;)
that are quadratic splines (piecewise polynomials of degree two with continuous derivative),
Wahba (1990). The norm in H ensures that f,* converges to fT uniformly.

From a numerical point of view, the computation of f, is reduced to compute the inverse

of the £ x £ symmetric matrix

1 . 1, .
Ix(xi, xj) = (1 + B min{x;, x;}) — g(mln{xi,xj})g.

15



3.2 Stochastic approximation

In this section, we consider a framework where the measure v is unknown and the points (x;, y;)
of the sample z are drawn identically and independently distributed according to some probability

distribution p. We assume the following facts:

1. the marginal distribution of p on X is v (this implies in particular that v is normalized to
1);

2. if p(y|z) denotes the conditional probability distribution of y given = € X, then
g(x) = /Ry dp(ylz).

In this context we, let a; = % so that %Zle 0z, is the empirical measure of v associated with
the set{x1,...,z¢}.
The aim is to give a probabilistic bound on the residuum, that is

Prob {z € (X xR)*| HAfZ’\ - PgH}C < e} >1-—n.

In order to avoid technical problems, we assume that there is L > 0 such that supp p(-|z) C
[-L,L] = Y for v-almost all z € X. In particular, with probability 1, any sample z =

((xlv y1)7 sy (va yﬂ)) is such that |yl| < L.
The following proposition gives a probabilistic estimate of the noise levels (see also De Vito
et al. (2004)).

Proposition 11 Let €1,e5 > 0 and
k= sup ||v(x)|| = sup I'(z,2),
rzeX reX
then

Lk K2
Prob{z e (X x R)'|[[A*g — A" < —+e, ||ATA— AT A, §+e}
{2 xmf |14 - Ayl < T e | lego < 2+ e

e%l e%l
>1—e 26202 — ¢ 2x4

Proof The idea of the proof is to apply McDiarmid inequality, McDiarmid (1989), to the random
variables
F(z) = [Ax"y = A%glly,  G(z) = [|[Ax"Ax — A" A 13y

16



This inequality ensures that, given € > 0,

_ 2¢2

Prob {z € (X x RY'| F(z) > E(F) + e} <e T (29)

where (F) is the expectation value of F, ¢; > sup, i |F(z) — F(2")| and 2" is the training set
with the i*" example being replaced by (x,4') (a similar equation holds for G).
To this aim, we let Y = [—-L,L]and p: X XY — H

o(x,y) = yvy(x)

and @ : (X xY)! - H

d(z) =

~|

V4
Z (i, yi) = AXTy.
i=1

Since ¢ is weakly continuous, it is measurable and bounded, so it is integrable on X x Y and

/Xxysf’(x,y)dp(z:,y) = /Xv(x) (/Yy dp(?/|5'3)) dv(z)

- /guwmmww
X
A'g

Since the samples are drawn i.i.d., it follows that

[ @it = g
(XxY)t

1 * 1 *
]l ey = [ 0@ - Al dp'a) + g 4]
XxY (XxY)t

so that, by Cauchy-Schwartz inequality,

BF) = [ 0@ - 4] di'(a) (30)
(XxY)t
* 4|2 Z
< ¢Ammﬂ””Am'““>
gk¢éﬂjwawﬁwmm
(@)l <In) < 2 (31)
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Moreover, by triangular inequality,

|F(z) = F(z') = [|A"y = A%glly — [|[Afiha — A%y,

IN

1
7@ = vin (@),
2Lk

0

IN

so that we can choose
2Lk

l
Finally, we observe that, given ¢; > 0, by Equation (31),

C; =

(32)

Prob{z € (X xR)! | F(z) > LJ; —i—el} < Prob {z e (X x R)!| F(z) > E(F) +q}

( Egs. (29), (32) ) < e 2212
To prove the second part, we can mimic the previous proof, observing that
|Ax" Ax — A*A||£(H) < || Ax"Ax — ATA|),,

where || A" Ax — A* Al|, is the Hilbert-Schmidt norm in the Hilbert space of the Hilbert-Schmidt
operators (we use the Hilbert-Schmidt norm since we need to assume that G takes value in a
Hilbert space). [ |

From the above proposition, we can deduce that

Proposition 12 Given 0 < n < 1, with probability greater that 1 — 7

a2~ pol — as - Paf 1< 22 (e 5) (14108 [2)

for all A > 0.
If we choose, according to some parameter choice rule, \ = \(z, () = O(Zlb), with0 < b < 1,
and we let f, o = fz)‘( and fo¢ = fj A62) , then, in probability,

1
|Afze — Pyl = [[Afoe — Pyllc + O(m)~

Proof We observe that

1
1
IvI3, = 5 > vF < T2
i=1

18



The thesis follows from Equation (10) with the choice M = L and from the above proposition

with the choice

6%2 /r}

e 2x212 = —
2

. e%l 77

e 2x4 = —

2

We stress that the set of samples z such that Equation (33) holds depends on ¢ and 7, but does

not depend on the regularization parameter.

3.2.1 Regularized least square algorithm

As an application, we consider the problem of consistency of regularized least square algorithm
in the context of statistical learning theory in the regression setting (for an account of this
theory and its application see Vapnik (1998), Evgeniou et al. (2000), Cucker and Smale (2002),
Poggio and Smale (2003) and references therein). Some results in the same spirit can be found
in Rudin (2004), Kurkova (2004). In the framework of learning, there are two sets of variables,
namely, the input space X and the output space R. The relation between the input x € X and
the output y € R is probabilistic and it is described by a probability distribution p on X x R.
The distribution p is known only through a sample z = ((z1, y¢), - .., (x¢,y¢)) drawn according
to p. The goal of learning is, given a sample z, to find a function f, : X — R such that f,(z) is
an estimate of the output y when the new input z is given. The function f, is called estimator
and the rule that, given a sample z, provides us with f, is called learning algorithm.

Given a measurable function f : X — R, the ability of f of describing the distribution p is

measured by its expected risk defined as
1= [ (@) -y dota.w).
X xR
The regression function

wwzéy@mm,

is the minimizer of the expected risk over the set of all measurable functions. However, it can
not be reconstructed by the sample z since the data are finite and noisy.
To overcome this problem, in the regularized least square algorithm one fixes an space of

hypotheses H, which is a reproducing kernel Hilbert space on X, and defines the estimator f,*

19



as the minimizer on H of the regularized least square functional, Cucker and Smale (2002),

l
ST @) =)+ A fll3
=1

~|

where the regularization parameter has to be chosen according to the number of the data,

A = Ay, in such a way that

Jim Prob {z e (X x R | I[f ] — figf{][f] > e} =0,
(in general inf sy I[f] is greater that I[g] and represents a sort of irreducible error associated
with the choice of the space H). This property is called consistency of the algorithm, Vapnik
(1998).

We rewrite the above problem as discretization of an inverse problem defined by a Carleman
map. We assume that X is a compact separable metric space, p satisfies the assumptions of
Section 3.2 and the hypotheses space H is a reproducing kernel real Hilbert space on X with
a continuous kernel T" (see Appendix for definitions and main properties). Letting v, = T'(+, x),

the Carleman operator A is

(AN)(@) = (f,7(2))y = f(2),

that is, A is the canonical immersion of  in L?(X, v). In particular, for all f € H, the expected
risk becomes, (Cucker and Smale, 2002),

I[f] = |Af = gll72(x,) + 11d]

where

Ilg] = /X = g(e)) dof.),

(since the support of p is contained in the compact subset X x [—L, L] the regression function
g is well defined and belongs to L?(X,v)).

Moreover, if Ay is the discretized version of A, that is,

(Axf)i = (fiv(@i) 3 = f(4)

then

l
LS (Pl - 0)? = [ Axf — v,
=1

|
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so that the estimator f,* given by the regularized least squares algorithm is the regularized
solution & /a Tikhonov of the discrete problem Ay f =y (in the context of learning theory the
functional %Zle(f(q:i) —y;)? is called empirical risk of f).

Finally we observe that, recalling that P is the orthogonal projection on the closure on the
range of A, that is, on the closure in L?(X,v) of H, for all f € H

IU]—}QEIU}ZHAf—-PMM%XWy

Let now choose the parameter \; = A(z,) such that A(z,£) = O(%), with 0 < b < 2,

~

Proposition 12 ensures that, with probability greater that 1 — 7,

I[f™] §.1[32]+-;3% (\;584—2i€> <1-+10g\/3> (34)

that is, in probability,

lim I[f,M®*9] = inf I
Jm I{fz"*7] = inf T[f],

showing that the regularized least square algorithm is consistent.

We notice that the set of samples such that Equation (34) holds, it depends on ¢ and 7, but
does not depend on the parameter \. This last fact allows us to consider a posteriori parameter
choice rules Ay = A(z, ) which can be in general problematic given the probabilistic setting of
learning (see De Vito et al. (2004), Devroye et al. (1996)).
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Appendix A. Carleman maps

In this section, we review some properties of reproducing kernel Hilbert spaces and integral
equations using the notion of Carleman maps, (Halmos and Sunder, 1978) (Saitoh, 1997).

Let X be a locally compact second countable topological space. We denote by CX the vector
space of complex functions on X and by C(X) the space of continuous complex functions on
X (the following results clearly hold by replacing C with R). Let v be a Radon measure on
X (that is, an abstract positive measure defined on the Borel o-algebra B(X) and finite on
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compact subsets of X).We denote by supp v the support of the measure v, by L?(X,v) the
Hilbert space of (equivalence classes) of complex functions on X that are square-integrable with

respect to v. Let H be a complex Hilbert space and v be a map from X to ‘H
Xoz—vy(z)=9 €H.

We define I as the function from X x X to C

[z, t) = (v(1),y(2))y @t € X, (35)

and A, as the linear operator from H to cX

(Ap)(@) = (0,7(x))y, @€ X. (36)
for all v € H. Moreover, we denote by

H, = span{y(z)|z € X} (37)
H, = span{y(z) |z € supp v}, (38)
where Span denotes the closure of the linear span.

We recall the following basic result, see Aronszajn (1950), Schwartz (1964), Saitoh (1997)

(see definition of reproducing kernel Hilbert space in the following subsection).

Proposition 13 The range of A, endowed with the scalar product

(f29)tm 4, = (0, W)y, (39)

where f = A v, g = Ayw and v,w € H,, is the reproducing kernel Hilbert space with kernel I'
and, hence, A, is a unitary operator from H., onto Im A, .

Proof By definition of H,, A, is injective on H., so that the scalar product defined by Equa-
tion (39) is well defined. We prove that Im A, is a reproducing kernel Hilbert space showing

that, given x € X, the linear map
Im A, > f— f(z) eC
is continuous. Indeed, for all f = A v, v € H,,

f(@) = (v, %)y
= (A, Ay, A,
= <f7 A77x>1m Ay
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where we use that 7, € H,. Hence H is a reproducing kernel Hilbert space. Observing that,
for all t € X,

(Ay72)(t) = (Ayve) (t) = (v(2),7(t))y, = T'(t, z),
it follows that the reproducing kernel is T'. |

We now give the definition of Carleman map, Halmos and Sunder (1978).
Definition 14 A map v : X — H is a bounded Carleman map if

1. for all v € H, the function (v(-),v),, is measurable;

2. forallve™, [y |(v(x),v)y|*dv(z) < +oc.
A bounded Carleman map is called continuous if

3. for all v € H, the function (7(-),v),, is continuous.

Remark 15 The boundedness in definition of bounded Carleman map refers to the fact that
the corresponding operator A, is bounded from 'H into L?(X,v) (see Proposition 19 below and
Halmos and Sunder (1978) for a discussion). Condition (3) is the requirement that vy is weakly
continuous and, clearly, implies Condition (1).

We now discuss some characterizations of Carleman maps. We start with the problem of

measurability.
Lemma 16 Let v: X — H, the following four conditions are equivalent:
1. for all v € H, the function (v(-),v)4, is measurable;
2. the map x — ~(x) is measurable;
3. the map T" is measurable;
4. for allx € X, I'(x,-) is measurable.

Proof Since H is separable, the equivalence between the first two conditions is well known.
Since the scalar product is continuous, condition (2) implies (3), and, clearly, (3) implies (4).
Assume now that, given x € X, I'(x, -) is measurable. By Equation (35), (v(-),Vz)y = I'(%, ),
so that, by linearity and density, it follows that ((-), v),, is measurable for all v € H,. However,
if v e Hyb, (9(+),v)5, =0, so Condition (1) is proved. [ |

The following proposition faces up the problem of the continuity of the map v and it is well
known in the context of reproducing kernel Hilbert spaces, see Proposition 24 of Schwartz
(1964).
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Proposition 17 The following facts are equivalent:

1. the map v is weakly continuous;
2. the function T' is locally bounded and separately continuous;

3. the operator A, is continuous from H into C(X), endowed with the topology of the

uniform convergence on compact subset.

Proof Assume Condition (2), we claim that the map ~ is weakly continuous. Let w =
> a;iy(x;), by Equation (35), we have that

(V()swhy =D @il (i),
i=1

which is clearly continuous by the assumptions on I'.
Let now v € H, and zyp € X, we prove that (y(-),v),, is continuous at xo. We fix a
compact neighborhood K of xy and we let

M = sup 17zl = VI (2, 2),
S

where M is finite due to locally boundedness of I'. Fixed € > 0, there is a linear combinations
W = Y ajYy,; such that [|[v —w| < e. By the above observation, (v(-),w),, is continuous, so,
possibly replacing K with a small neighborhood, for all x € K, |(y(x) — v(x0),w)4| < €, and,
hence,

IN

[(y(2) = (o), whg| + 7 (2) = v(2o)[ [w — v
< €(1+42M).

[(7(2), )3 = (¥(20), )]

Finally, if v € H,%, (7(-),v);, = 0, so that Condition (1) is proved.

Assume now that v is weakly continuous, we prove that A, is a bounded operator. By
definition of weak continuity, for all v € H, A, v = (v,7(-))y, € C(X). In particular, given a
compact set K, for all v € H (v,7(:));, is bounded on K and, by Banach-Steinhaus theorem,
there is a constant M > 0 such that

vzl < M Vzxe K.

Moreover,

sup |[(Ayv)(@)] = sup [(v,72)3]
rzeK zeK

[v]| sup [[7a]l < M [[v]],
zeK

IN

24



so that A, is a continuous linear map from H to C(X).
Assume now Condition (3), we prove Condition (2). For all v € H, (v,7(:))y = Ayv is
continuous. It follows, by Equation (35), that I' is separately continuous and, as above, that

given a compact set K, there is M > 0 such that

VI(z,z) = || <M VzeK.

Observing that, if £,z € K, by Cauchy-Schwartz inequality,

IT(2,8)] = (v Vo) | < Iall 17l < M2,

that is, I is locally bounded. |

The following corollary characterizes the compactness of A, in C(X), see Proposition 24
of Schwartz (1964).

Corollary 18 The following facts are equivalent:

1. the function I is continuous;

2. the function I" is continuous on the diagonal of X x X;

3. the map ~ is continuous;

4. the map = is weakly continuous and the function x — T'(x, x) is continuous;

5. the operator Ay : ' H — C(X) is compact.
Proof Clearly, Condition (1) implies (2). Observing that, due to the definition of I', given
r,t € X

Iv(@) = ()" = L (2, 2) + T(y,y) = L(z,y) — Ly, z)

Condition (2) implies Condition (3). Moreover, since the scalar product is continuous, by
definition of I', Condition (3) implies (1). The equivalence between (3) and (4) is a restatement
of the equivalence between strong convergence and weak convergence plus convergence in norm
(so called H-property).

We prove the equivalence between Condition (3) and Condition (5). Let B; the unit ball
in H, then A, is compact if and only if A, (B1) is compact in C(X). By Ascoli theorem (see
page 233 of Kelley (1955)), the set of functions A, (Bj) is compact if and only if A,(By) is

closed, for all z € X, the set (Ay(Bj))(z) is bounded and A, (B1) is equicontinuous. First
two conditions are always satisfied since A, is continuous from the Hilbert space H to C(X).
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Moreover, given x,t € X, we have that

[v(@) =@ = sup [{v,y(z) —7(1)5|
vEB]
— sup [(4,0)(2) — (Ayu)(0)
vEB]
— swp |f(2)— f(0) (10)
feAy(By)
Equation (40) shows that A, (B) is equicontinuous if and only if map  is continuous. [ ]

The following proposition collects the main properties of A, for v being a bounded Carleman

map.

Proposition 19 Let v a bounded Carleman map, then A, is a bounded linear operator from 'H
into L*(X,v). Forall ¢ € L*(X,v)

56 = [ olan(@)dvo) (41)
where the integral converges in the weak topology, and
(A, AZ9) () = / D(z,t)p(t)dv(t) v—ae. x€ X, (42)
X

that is A A% is the integral operator of kernel I'. Finally,

A4, = /X (@) () di(a), (43)

where the integral converges in the weak operator topology.
In particular A, is a Hilbert-Schmidt operator if and only if

/ Iz, z)dv(z) < +oo. (44)
X

If this last condition holds, the integral in Equation (41) converges in norm and the integral in
Equation (43) converges in the trace norm.

Finally, if v is a continuous bounded Carleman map, the kernel of A, is H,* and the range
of A, is a subset of C(X).

Proof The proof is standard. We first show that A, € B(H, L*(X,v)).
Since v is a bounded Carleman map, A, is a linear operator defined on H. We claim that it

is closed. Indeed, let (v,,)nen be a sequence such that it converges to v € H and the sequence
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(Ayvp)nen converges to ¢ € L?(X,v). By construction, for all z € X,

(Ayon)(2) = (vn, 7(2))3 = (0,7(2))5 = (Ayv)(2).

By uniqueness of the limit, it follows that A,v = ¢, that is, A, is closed. By the closed graph
theorem, one has that A, is bounded.

We show Equation (41). Let ¢ € L?(X,v), then for all v € H, the function ¢(-){(y(-),v)
is clearly in L'(X,v) and

/ P(x dl/( ) = (9, A’YU>L2(X7V) = <A;F/¢7’U>H7

so that the function ¢(-) y(-) is weakly integrable and Equation (41) holds.

Equations (42), (43) are consequences of Equation (41) and the definition of I.

To prove Condition (44), let (en)nen be a Hilbert basis of H. Since A*A is a positive
operator and |(y(+), en)y|? is a positive function, by monotone convergence theorem, one has
that

Tr(A"A4) = Z/|en, Vagl? dv(z)

and the thesis follows.
Finally, we prove the statements about Equations (41) and (43). Indeed, by Lemma 16,
the map ~y is measurable, so that the maps ¢(-)y(-) and = — (-, y(x))4, () are measurable as

maps taking value in H and in the space of trace class operators, respectively. Moreover,

loC)yOIl < [é(@)| VT (2,2) € L'(X,v)

¢y @)@, = T(e,2) € LN(X,v),

where |[|-||; is the trace norm. So the integrals are well defined and the equalities follow by
uniqueness of the integral.

Assume now that + is weakly continuous, then the range of A, is in C(X). We characterize
the kernel of A,. Clearly, it contains H,. Assume now that A,v = 0 in L2(X, v), then, for
v-almost all z € X, (A,v)(xz) = 0. However, (A,v)(:) is a continuous function, hence, by
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definition of support, it follows that, for all = € supp v, (A,v)(x) =0, that is, (v,v(x)),, = 0.
It follows that v € H,*. [ |

We slight abuse of notation, we denote by A both the operator in CX and in L2(X, v), where
the second one depends also on the measure v. To overcome possible problems, the operator
A, from H to L*(X,v) is called the Carleman operator associated with v and v (see the first
remark below).

The following example shows that the hypothesis on the continuity of ~ is essential to

characterize the kernel of A,,.

Example 1 Let X = [0,1] with the Lebesgue measure v = dx and H = C2. We define
v = (0,1) and, for all x # 1, v, = (x,0). We have that H, = H and

(Ay(0,1))(z) = (0,1) - (2,0) =0 x #1,
so that A,(0,1) = 0 in L*([0,1],dx) and Ker A, # 0.

Remark 20 /n the statement of Proposition 19, there is a little abuse of notation that could
generate some confusion in the following. Given v € H, according to Equation (36), Ayv is a
function on X. However, in Proposition 19, A,v is regarded as an element of L?(X,v), so that
it is defined up to a set of null measure with respect to v. However, for any ¢ € Im A, there

is a unique v € ker A L. such that

P(x) = (v,72)x

for v-almost all x € X. In particular, the function x — (v,7.),, is a preferential representative
of the equivalence class of ¢ and we use it in the following. This preferential choice is not natural
since it strongly depends on . In the above example, the equivalence class of the continuous

function ¢(x) = x is represented by the discontinuous function

x x#1

f(z) = (4,(1,0)) (z) = { 0 =1

On the contrary, if v is weakly continuous and supp v = X, f is easily characterized: it is
the only continuous function in the equivalence class of ¢ and this choice of the preferential

representative is the usual one in functional analysis.

Remark 21 We observe that, if v is weakly continuous and X is compact, v is a bounded
Carleman map and Condition (44) holds so that A., is a compact operator. To have compactness
of A, as operator in C(X), we need that v is continuous, see Proposition 18.
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The following proposition gives necessary and sufficient conditions to ensure that «y is a bounded

Carleman map.

Proposition 22 Assume that ~ is measurable and locally bounded. The following conditions

are equivalent:

1. ~ is a bounded Carleman map;

2. The integral operator Lt with kernel I" is everywhere defined.
If one of the above conditions hold, then AiAV = Lr.

Proof Assume that v is a bounded Carleman map, by Proposition (19), then A, is well defined
bounded operator, the thesis follows from Equation (42).

Conversely, the second condition in the statement implies that, for all ¢ € L2(X7 v), the
function I'(z,-)¢(+) is in L'(X,v) and that the function

(Lrd)() = /X P(- £)6(8) v (2)

isin L2(X,v).
Let now D be the set of all ¢ € L?(X,v) such the map

Xoz—y(x)o(r) e H

is weakly integrable. We show that D is dense in H. Indeed, let ¢ be a continuous function
with compact support and v € H. Since (7(-),v),, is is bounded on the support of ¢ and v is
a Radon measure, the map = — ¢(z)(7(-),v),, is integrable. The claim follows by the density
of continuous functions with compact support in L?(X,v).

We define B: D — H

Bo = [ A(a)o(e) dv(a),
where the integral converges in the weak sense. We claim that, for all ¢, ¢ € D
(B¢, B¢>H = (LF¢7¢>L2(X7V) : (45)
Indeed, since the weak integral commutes with the scalar product, one has

.50 = [ ([ (600 601(0) )] avio)

_ /X < /X F(:r,t)d)(t)du(t)) D@ ().

- / (Lrd) (2)8(@) dv(z)
X
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= (Lro,¥)2(x,) -

1
Li¢

From Equation (45), it follows that Ly is a positive operator and that || Bo||,, = ' :
L2(Xv)
In particular, B extends to a bounded operator, denoted again by B, on H.

The adjoint of B is a bounded operator from H into L?(X,v) explicitly given by, if v € H
and ¢ € D,

<B*v7 ¢>L2(X,z/) = <Uv B¢>H

= / (v,7(2))3,0(x) dv(z)
X

that is, (B*v)(x) = (v,v(x))4 for v-almost all z € X.
This fact implies, in particular, that (v,7(-)),, is in L?(X,v), that is, that 7 is a bounded
Carleman map.
[ |

We need the fact that  is locally bounded only to ensure that B is densely defined. This

assumption is clearly satisfied if v is weakly continuous.

A.1 Reproducing kernel Hilbert spaces

We review the properties of reproducing kernel Hilbert spaces, Aronszajn (1950), Schwartz
(1964), Saitoh (1988, 1997).

Let X be a locally compact second countable topological space and I' : X x X — C be a
Aronszajan kernel, Aronszajn (1950), Schwartz (1964), that is, a map such that

1. I'(z,t) =T(t,z) for all z,t € X,
2. forany £ €N, z1,...,2p € X, the £ x £ matrix (I'(z;,x;));; is positive.

For all x € X, we let v, be the function I'(-,x). We denote by H be the corresponding
reproducing kernel Hilbert space, that is, the unique Hilbert space of complex functions on X
such that

Iy
|

span{y, |z € X} (46)
v(r) = (VY TEX,vEH. (47)

In the following we assume that H is separable. The following proposition gives a sufficient

condition.

30



Proposition 23 With the above notations, if the function I" is locally bounded and separately

continuous, then H is separable.

Proof The proof of Proposition 17 does not depend on the fact that H is separable, so the
assumption is equivalent to the fact that, for all v € H, the map x — (v, v),, is continuous.

Since X is separable, there exists a dense denumerable subset Xy of X and we let
Ho = span{y, |z € Xo}.

Clearly, Ho is separable, we claim that Hy = H. Assume that Hy # H and choose v € H™,
v # 0, then, for all z € Xo, (vz,v);, = 0 and, by the fact that x — (7,,v), is continuous
and X is dense, it follows that, for all x € X, (755,1))% = 0. By Equation (46), it follows that

v = 0 and this is a contradiction. [ |

We let v from X to H defined by 7(x) = v,. By means of Equation (47), one has that
(Ay)(z) =v(z) VrelX,
that is, A, is the canonical immersion j of H into CX. By Equation (46), H, ="H and

I, t) = (v(1), ()3

which agrees with Definition (35).
The following proposition characterizes the reproducing kernel Hilbert spaces being v a

continuous bounded Carleman map.

Proposition 24 Let v be a Radon measure on X such that supp v = X and «y be a continuous
bounded Carleman map with respect to v, then, for all ¢ € L?(X,v), there is a unique v € H
such that )

v=Lk¢. (48)

1
With this identification, L{ is a unitary operator from (Ker Lr)* onto H.
In particular, if Ly is compact, there is a basis (¢, )nen of L?(X,v) and a sequence (t,)nen
such that

¢on € H ift, >0 (49)
th > 0 (50)
LF = Ztn <'a ¢7’l>L2(X71/) ¢n (51)
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and

H = {¢eL2Xu|Z [ {6s bn) p2ix ) |2 < +00} (52)
lol7, = Zf\w Snd 2 (x| (53)
O(t,z) = Ztnqﬁn (t)pn () (54)

where the series converges absolutely.

If v is continuous, the series converges uniformly on the compact subsets of X x X.

Proof Since ~ is a continuous bounded Carleman map and supp v = X, by Proposition (19),
A is a well defined bounded injective operator.

By polar decomposition of the adjoint A%, one has that

* * l
AL = W(A,A%)z (55)

where W is a partial isometry from L?(X,v) to H with kernel being equal to the kernel of A%
and with range being equal to the closure of the range of AZ.

By Proposition (19), one has that AVA,"; = Lr, so the kernel of W is the kernel of L1 and,
since A, is injective, W is surjective, that is, WW™ is the identity.

By Equation (55), it follows that

1
AW = L2. (56)

Let now ¢ € L?(X,v) and let v = W¢. Since H is a reproducing kernel Hilbert space, then
Ayv =wv and, hence, v = W¢. The fact that v is unique follows from the injectivity of A, and,
with the identification given by Equation (48), W = L%. The fact that W is surjective implies
that Lé is a unitary operator from Ker L# onto H.

Assume now that L, is a compact positive operator, by spectral theorem,
LF—Zt ¢n szy)wn,

where t,, > 0 and (¢, )nen is a basis of L?(X,v). If t, = 0 let ¢, = ¥, and, if t, > 0, let
On = \/Lt—anﬁn € H. By the first part of the proposition, ¢, = 1,,, as elements of L?(X,v),
so that Equations (49), (50) and (51) hold.

Equalities (52) and (53) are a restatement of the fact that W is a partial surjective isometry.
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In particular, we have that (v/t,¢n )1, >0 is a basis of H, so that, given z € X,

@) = D (@), VEnbn )y Vindn
tn>0
= Ztn¢n($)¢n
Taking the scalar product with +(¢) one has that

D) =Y tndn(t)dn(x),

where the convergence is pointwise. Observing that, by Schwartz inequality,

N - N N
> talenen(@) < | Y tal(t1), | > tal(z, ),
n=M n=M n=M

the absolute converge follows.
If v is continuous, the map = — I'(x,x) is continuous, so, letting ¢ = x, one has a series
of positive continuous functions converging to a continuous function. By Dini theorem, the

convergence is uniform on compact subsets. |

The above proposition allows us to identify the elements of H with the only continuous function
1
on X whose equivalence class belongs to the range of Lz, extending a result of Cucker and

Smale (2002). The second half of the proposition is an extension of the Mercer theorem.

Remark 25 If supp v # X, the statements of the above proposition holds replacing X with
supp v and H |{vith H,. We use the assumpti?n that v is weakly continuous only to characterize
the range of LE. Without this hypothesis, LE is a unitary operator onto Ker A# (however see
Remark 20 above for the choice of the preferential representative).

Remark 26 Given an abstract Hilbert space H and a map ~ : X — H such that Condition (46)
holds, that is H~ = H, by Proposition 13, we can identify H with the reproducing kernel Hilbert
space with kernel I'(x,t) and, with this identification, the results of the present section hold
(see, also, Remark below).

A.2 Integral operator

We review some properties of integral operators defined either on L?(X, ) or on a reproducing

kernel Hilbert space.
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Let X and T be two locally compact second countable topological spaces, v and p two
Radon measures on X and T, respectively. Let K : X x T'— C be a measurable function such
that

1. for v-almost all x € X, K(z,-) € L*(T, n);
2. forall ¢ € L*(X,v), the map [ K(-,t)¢(t) du(t) is in L*(X,v).

The above assumptions ensure that the integral operator L

(Licd)(x) = /Y K (. £)(t) dp(t)

is a bounded operator from L?(T, 1) into L?(X,v).
Let now H be an Hilbert space and j : H — L?(T, 1) a bounded operator. We define
from X to H as

The following proposition gives the relation with the formalism of the Carleman maps.

Proposition 27 The map v is a bounded Carleman map and
A, = Lgj.

If H is L?>(T, 1) and j is the identity, then

(z) = Kz,
[(z,2)) = LK(z’,t)K(x,t}du(t)

If H is a reproducing kernel Hilbert space on Y with kernel A and j = Aa is the canonical

immersion, then
ey = [ Rwnau
tee) = [ ([ (KGOREOACD) duto) dutt),

where the first integral converges in the weak topology and §; = A(-,t).

Proof Let v € ‘H, then, for all x € X

@ = [ K0Go)odu)
— (Lriv)(@)
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Since the range of Ly is in L?(X,v), it follows that 7 is a bounded Carleman map and that
A, = Lgj.
If H = L*(X,v), clearly v(z) = K(z,-), and

[(z,z) (y(£), ()9

:/KWMMWMW)
Y

If H is a reproducing kernel Hilbert space, since j* = A}, by Equation (41),

wmaAMmew

and, since the weak integral commutes with the scalar product we have the last equation in the

statement of the proposition. |

The class of integral operators we considered in this section is not the most general. There
are integral operators with kernel K such that K(x,) is not in L?(T, 1), Halmos and Sunder
(1978). The class of kernel we considered is precisely the class of Carleman kernel, according to
the definition of Halmos and Sunder (1978).

Remark 28 Let now y be a bounded Carleman map from X into H = L*(T, ), a result of
Halmos and Sunder (1978) ensures that there is a measurable complex function K defined on
X XY such that, for v-almost all z € X, v(x) = K(x,-) and Ay is the integral operator of
kernel K. However, if {K(x, )|z € X} is dense in L?>(X,v), by Remark 28, we can identify
L3(T, ;1) with the reproducing kernel Hilbert space on X and kernel T'(xz,x') and, with this

identification, A. is the canonical immersion of H into L*(X,v).
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