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Support vector machine soft margin classifiers are important learn-
ing algorithms for classification problems. They can be stated as
convex optimization problems and are suitable for a large data set-
ting. Linear programming SVM classifier is specially efficient for
very large size samples. But little is known about its convergence,
compared with the well understood quadratic programming SVM
classifier. In this paper, we point out the difficulty and provide
an error analysis. Our analysis shows that the convergence be-
havior of the linear programming SVM is almost the same as that
of the quadratic programming SVM. This is implemented by set-
ting a stepping stone between the linear programming SVM and
the classical 1-norm soft margin classifier. An upper bound for
the misclassification error is presented for general probability dis-
tributions. Explicit learning rates are derived for deterministic
and weakly separable distributions, and for distributions satisfying

some Tsybakov noise condition.



1 Introduction

Support vector machines (SVM’s) form an important subject in learning the-
ory. They are very efficient for many applications, especially for classification
problems.

The classical SVM model, the so-called 1-norm soft margin SVM, was
introduced with polynomial kernels by Boser et al. (1992) and with gen-
eral kernels by Cortes and Vapnik (1995). Since then many different forms
of SVM algorithms were introduced for different purposes (e.g. Niyogi and
Girosi 1996; Vapnik 1998). Among them the linear programming (LP) SVM
(Bradley and Mangasarian 2000; Kecman and Hadzic 2000; Niyogi and Girosi
1996; Pedroso and N. Murata 2001; Vapnik 1998) is an important one because
of its linearity and flexibility for large data setting. The term “linear pro-
gramming” means the algorithm is based on linear programming optimiza-
tion. Correspondingly, the 1-norm soft margin SVM is also called quadratic
programming (QP) SVM since it is based on quadratic programming opti-
mization (Vapnik 1998). Many experiments demonstrate that LP-SVM is
efficient and performs even better than QP-SVM for some purposes: capa-
ble of solving huge sample size problems (Bradley and Mangasarian 2000),
improving the computational speed (Pedroso and N. Murata 2001), and re-
ducing the number of support vectors (Kecman and Hadzic 2000).

While the convergence of QP-SVM has become pretty well understood
because of recent works (Steinwart 2002; Zhang 2004; Wu and Zhou 2003;
Scovel and Steinwart 2003; Wu et al. 2004), little is known for LP-SVM. The
purpose of this paper is to point out the main difficulty and then provide error
analysis for LP-SVM.

Consider the binary classification setting. Let (X, d) be a compact metric
space and Y = {1, —1}. A binary classifier is a function f : X — Y which
labels every point x € X with some y € Y.

Both LP-SVM and QP-SVM considered here are kernel based classifiers.
A function K : X x X — R is called a Mercer kernel if it is continuous,

symmetric and positive semidefinite, i.e., for any finite set of distinct points



{z1,--, 2} C X, the matrix (K(z;,2;)); ,_; is positive semidefinite.

Let z = {(z1,91), -+, (Tm, Ym) } C (X x Y)™ be the sample. Motivated
by reducing the number of support vectors of the 1-norm soft margin SVM,
Vapnik (1998) introduced the LP-SVM algorithm associated to a Mercer

Kernel K. It is based on the following linear programming optimization

problem:
min { ! iﬁ + ! ia}
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Here a = (o, -+, ), &’s are slack variables. The trade-off parameter
C' = C(m) > 0 depends on m and is crucial. If (az = (g, ,ozmz),bz)

solves the optimization problem (1.1), the LP-SVM classifier is given by
sgn(f,) with

fa(z) = Z ;oY K (2, 2;) + by. (1.2)
i=1

For a real-valued function f : X — R, its sign function is defined as
sgn(f)(z) = 1if f(x) > 0 and sgn(f)(x) = —1 otherwise.
The QP-SVM is based on a quadratic programming optimization problem:
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Here C' = C (m) > 0 is also a trade-off parameter depending on the sample
size m. If (&z = (Q1z " s Qmg), bz) solves the optimization problem (1.3),
then the 1-norm soft margin classifier is defined by sgn(f,) with

]?Z(x) = Z QY K (2, ;) +Ez. (1.4)
i—1
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Observe that both LP-SVM classifier (1.1) and QP-SVM classifier (1.3)
are implemented by convexr optimization problems. Compared with this,
neural network learning algorithms are often performed by nonconvex opti-
mization problems.

The reproducing kernel property of Mercer kernels ensures nice approxi-
mation power of SVM classifiers. Recall that the Reproducing Kernel Hilbert
Space (RKHS) Hy associated with a Mercer kernel K is defined (Aron-
szajn 1950) to be the closure of the linear span of the set of functions
{K, = K(z,-) : = € X} with the inner product < -,- > satisfying
< K., K, >k= K(z,y). The reproducing property is given by

< LK, >k= f(z), Ve e X, f € Hg. (1.5)

The QP-SVM is well understood. It has attractive approximation prop-
erties (see (2.2) below) because the learning scheme can be represented as
a Tikhonov regularization (Evgeniou et al. 2000) (modified by an offset)
associated with the RKHS:

~ . 1 — 1 ]2

fom agmin {2350 -wf@). + I} 00
where (t); = max{0,t}. Set Hx := Hx + R. For a function f = f; + b, €
H ., we denote f* = fi and by = b;. Write by, as b,.

It turns out that (1.6) is the same as (1.3) together with (1.4). To see
this, we first note that f; must lies in the span of {K,,}", according to
the representation theorem (Wahba 1990). Next, the dual problem of (1.6)
shows (Vapnik 1998) that the coefficient of K,,, o;y;, has the same sign as y;.
Finally, the definition of the Hy norm yields || f7 |2 = | S0, cuyi Ko, %
D1 QYK (24, 75)0gy;.

The rich knowledge on Tikhonov regularization schemes and the idea of

bias-variance trade-off developed in the neural network literature provide a
mathematical foundation of the QP-SVM. In particular, the convergence is
well understood due to the work done within the last a few years. Here the
form (1.6) illustrate some advantages of the QP-SVM: the minimization is
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taken over the whole space Hy, so we expect the QP-SVM has some good
approximation power, similar to the approximation error of the space H.
Things are totally different for LP-SVM. Set

Hiz = {ZaiyiK(x,xi) ca= (o, ) € RT}
i=1

Then the LP-SVM scheme (1.1) can be written as

NE

1 1 .
e e (LS00, s go) o
Here we have denoted Q(f*) = ||yalln = doiv o for f* = 3" ayi Ky,
with «; > 0. It plays the role of a norm of f* in some sense. This is not a
Hilbert space norm, which raises the technical difficulty for the mathematical
analysis. More seriously, the hypothesis space H , depends on the sample z.
The “centers” z; of the basis functions in Hy , are determined by the sample
z, not free. One might consider regularization schemes in the space of all
linear combinations with free centers, but whether the minimization can be
reduced into a convex optimization problem of size m, like (1.1), is unknown.
Also, it is difficult to relate the corresponding optimum (in a ball with radius
C) to f; with respect to the estimation error. Thus separating the error
for LP-SVM into two terms of sample error and approximation error is not
as immediate as for the QP-SVM or neural network methods (Niyogi and
Girosi 1996) where the centers are free. In this paper, we shall overcome this
difficulty by setting a stepping stone.

Turn to the error analysis. Let p be a Borel probability measure on Z :=
X x Y and (X,)) be the corresponding random variable. The prediction
power of a classifier f is measured by its misclassification error, i.e., the
probability of the event f(X) # V:

R(f) = Prob{ f(X) £ Y} = /X PO # f@)le)dox.  (18)

Here pyx is the marginal distribution and p(-|x) is the conditional distribution
of p. The classifier minimizing the misclassification error is called the Bayes



rule f.. It takes the form

M@:{L P = 1ls) > PO =1l

Y
1, if P(Y =1Jz) < P(Y = —1|2).

If we define the regression function of p as
fole) = [ wdpylo) = PO = 1) = PO/ = ~1fo). w€ X,
Y

then f, = sgn(f,). Note that for a real-valued function f, sgn(f) gives a clas-
sifier and its misclassification error will be denoted by R(f) for abbreviation.

Though the Bayes rule exists, it can not be found directly since p is un-
known. Instead, we have in hand a set of samples z = {z;}", = {(z1,v1), - -,
(Tm,Ym)} (m € N). Throughout the paper we assume {zy,- - , 2, } are in-
dependently and identically distributed according to p. A classification algo-
rithm constructs a classifier f, based on z.

Our goal is to understand how to choose the parameter C' = C'(m) in the
algorithm (1.1) so that the LP-SVM classifier sgn(f,) can approximate the
Bayes rule f, with satisfactory convergence rates (as m — o). Our approach
provides clues to study learning algorithms with penalty functional different
from the RKHS norm (Niyogi and Girosi 1996; Evgeniou et al. 2000). Tt
can be extended to schemes with general loss functions (Rosasco et al. 2004;
Lugosi and Vayatis 2004; Wu et al. 2004).

2 Main Results

In this paper we investigate learning rates, the decay of the excess misclassi-
fication error R(f,) — R(f.) as m and C(m) become large.

Consider the QP-SVM classification algorithm f, defined by (1.3). Stein-
wart (2002) showed that R(f,) — R(f.) — 0 (as m and C = C(m) — ),
when Hy is dense in C'(X), the space of continuous functions on X with
the norm || - ||oo. Lugosi and Vayatis (2004) found that for the exponen-

tial loss, the excess misclassification error of regularized boosting algorithms



can be estimated by the excess generalization error. An important result on
the relation between the misclassification error and generalization error for a
convex loss function is due to Zhang (2004). See Bartlett et al. (2003), and
Chen et al. (2004) for extensions to general loss functions. Here we consider
the hinge loss V(y, f(z)) = (1 —yf(x))+. The generalization error is defined

as

E(f) = / V(. f(x)) dp.

Note that f. is a minimizer of £(f). Then Zhang’s results asserts that

R(f) = R(f) <Ef) —E(L),  Vf:X =R (2.1)

Thus, the excess misclassification error R(f,) — R(f.) can be bounded
by the excess generalization error E(f,) — £(f.), and the following error de-
composition (Wu and Zhou 2003) holds:

E(7) - €(1) < {€(F) — &(F) + &) — £(Fe) } + DO (22)

Here &,(f) = = 3", V(y;, f(;)). The function -]?K,é depends on C and is
defined as

~ ' 1, ..
frkc = argmln{c‘f(f)—i-—Hf H%}, C > 0. (2.3)
fem 2¢
K
The decomposition (2.2) makes the error analysis for QP-SVM easy, sim-
ilar to that in Niyogi and Girosi (1996). The second term of (2.2) measures

the approximation power of Hy for p.

Definition 2.1. The reqularization error of the system (K, p) is defined

by
~ : 1 * (|2
DC) = it {E(F) = E(f)+ 56l N} (2.4)

The regularization error for a reqularizing function fxc € Hy is defined as

D(C) = £(fxe) ~ £(1) + 5ol (25



In Wu and Zhou (2003) we showed that £(f) — E(fe) < [If — fellry_ -
Hence the regularization error can be estimated by the approximation in
a weighted L' space, as done in Smale and Zhou (2003), and Chen et al.
(2004).

Definition 2.2. We say that the probability measure p can be approx-
imated by Hy with exponent 0 < 3 < 1 if there exists a constant cg such
that

(H1) D(C) < csCP, YO >0.

The first term of (2.2) is called the sample error. It has been well under-
stood in learning theory by concentration inequalities, e.g. Vapnik (1998),
Devroye et al. (1997), Niyogi (1998), Cucker and Smale (2001), Bousquet
and Elisseeff (2002).

The approaches developed in Barron (1990), Bartlett (1998), Niyogi and
Girosi (1996), and Zhang (2004) separate the regularization error and the
sample error concerning fz In particular, for the QP-SVM, Zhang (2004)
proved that

~ . 1. 2C
Bieon {8} < it {6+ S0P+ (2:6)

It follows that E,czm {g(ﬁ)—g(fc)} < 25(6’)+%7 When (H1) holds, Zhang’s
bound in connection with (2.1) yields E,¢ zm {R(ﬁ)—R(fc)} = 0(5_5)+%.
This is similar to some well-known bounds for the neural network learning
algorithms, see e.g. Theorem 3.1 in Niyogi and Girosi (1996). The best
learning rate derived from (2.6) by choosing C' = m/#+1) is

&

Euezn{R(fz) = R(f)} =0(m™), a= Fi1

(2.7)

Observe that the sample error bound % in (2.6) is independent of the
kernel K or the distribution p. If some information about K or p is available,
the sample error and hence the excess misclassification error can be improved.

The information we need about K is the capacity measured by covering

numbers.



Definition 2.3. Let F be a subset of a metric space. For any ¢ > 0,
the covering number N'(F,e) is defined to be the minimal integer ¢ € N such
that there exist ¢ balls with radius € covering F.

In this paper we only use the uniform covering number. Covering num-
bers measured by empirical distances are also used in the literature (van der
Vaart and Wellner 1996). For comparisons, see Pontil (2003).

Let Br = {f € Hi : ||fllx < R}. It is a subset of C'(X) and the covering
number is well defined. We denote the covering number of the unit ball 5,

as

N(e) =N (By,¢), e > 0. (2.8)

Definition 2.4. The RKHS Hj is said to have logarithmic complexity

exponent s > 1 if there exists a constant c¢; > 0 such that

(H2) log N (g) < ¢s(log(1/2))".

It has polynomial complezity exponent s > 0 if there is some ¢; > 0 such that
(H2') log NV (g) < ¢(1/2)".

The uniform covering number has been extensively studied in learning
theory. In particular, we know that for the Gaussian kernel K(z,y) =
exp{—|r — y|*/0?} with ¢ > 0 on a bounded subset X of R", (H2) holds
with s = n+1, see Zhou (2002); if K is C” with r > 0 (Sobolev smoothness),
then (H2') is valid with s = 2n/r, see Zhou (2003).

The information we need about p is a Tsybakov noise condition (Tsy-
bakov 2004).

Definition 2.5. Let 0 < ¢ < oco. We say that p has Tsybakov noise

exponent q if there exists a constant ¢, > 0 such that

(H3) Px({z € X i |fo(z)| < cut}) < t9

All distributions have at least noise exponent 0. Deterministic distri-
butions (which satisfy |f,(z)| = 1) have the noise exponent ¢ = oo with
Coo = 1.



Using the above conditions about K and p, Scovel and Steinwart (2003)
showed that when (H1), (H2) and (H3) hold, for every ¢ > 0 and every ¢ > 0,
with confidence 1 — 4,

R(F) - R(f)=0(m™). o= ffq(ﬂ)l()l e 29)

When no conditions are assumed for the distribution (i.e., ¢ = 0) or s = 2 for
the kernel (the worse case when empirical covering numbers are used, see van
der Vaart and Wellner 1996), the rate is reduced to o = % — €, arbitrarily
close to Zhang’s rate (2.7).

Recently, Wu et al. (2004) improve the rate (2.9) and show that under the
same assumptions (H1), (H2) and (H3), for every ¢,0 > 0, with confidence
1—-9,

7 _ v Blg+1) 23
R(fz) = R(fc) =O0(m™®), a = mm{ﬁ(q S P e vy €, m}
(2.10)

When some condition is assumed for the kernel but not for the distribution,
ie., s <2but g =0, the rate (2.10) has power o = min{m—e, ;—fl}
This is better than (2.7) or (2.9) (or the rates given in Bartlett et al. 2003;
Blanchard et al. 2004, see Chen et al. 2004; Wu et al. 2004 for detailed
comparisons) if < 1. This improvement is possible due to the projection

operator.

Definition 2.6. The projection operator w is defined on the space of
measurable functions f: X — R as

1, if f(z) > 1,
flz), if —1<f(x) <L
The idea of projections appeared in margin-based bound analysis, e.g.
Bartlett (1998), Lugosi and Vayatis (2004), Zhang (2002), Anthony and

Bartlett (1999). We used the projection operator for the purpose of bound-
ing misclassification and generalization errors in Chen et al. (2004). It helps
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us to get sharper bounds of the sample error: probability inequalities are
applied to random variables involving functions 7(f,) (bounded by 1), not
to f; (the corresponding bound increases to infinity as C' becomes large). In
this paper we apply the projection operator to the LP-SVM.

Turn to our main goal, the LP-SVM classification algorithm f, defined
by (1.1). To our knowledge, the convergence of the algorithm has not been
verified, even for distributions strictly separable by a universal kernel. What
is the main difficulty in the error analysis?

One difficulty lies in the error decomposition: nothing like (2.2) exists for
LP-SVM in the literature. Bounds for the regularization or approximation
error independent of z are not available. We do not know whether it can
be bounded by a norm in the whole space Hg or a norm similar to those in
Niyogi and Girosi (1996).

In the paper we overcome the difficulty by means of a stepping stone
from QP-SVM to LP-SVM. Then we can provide error analysis for general
distributions. In particular, explicit learning rates will be presented. To this

end, we first make an error decomposition.

Theorem 1. Let C >0, 0<n <1 and fxc € Hy. There holds
R(fa) = R(fe) < 2nR(fe) + S(m, C,n) + 2D(nC),

where S(m, C,n) is the sample error defined by

Sm, C,n) = {E(f2) =&l (f) + (1+m {EalFrc) =€ (fice) - (2:11)

Theorem 1 will be proved in Section 4. The term D(nC) is the regular-
ization error (Smale and Zhou 2004) defined for a regularizing function fx ¢
(arbitrarily chosen) by (2.5). In Chen et al. (2004), we showed that

D(C) > D(C) > oG (2.12)

where

k:=&/(1+ k), Kk =sup/ K(z,x), & = inf{E(b) — E(fo)}.

rxeX beR
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Also, K = 0 only for very special distributions. Hence the decay of D(C)
cannot be faster than O(1/C') in general. Thus, to have satisfactory conver-
gence rates, C' can not be too small, and it usually takes the form of m7 for
some 7 > 0. The constant « is the norm of the inclusion Hx C C(X):

1l < &llfll, VS €Hxk (2.13)

Next we focus on analyzing the learning rates. Since a uniform rate
is impossible for all probability distributions as shown in Theorem 7.2 of
Devroye et al. (1997), we need to consider subclasses.

The choice of 7 is important in the upper bound in Theorem 1. If the
distribution is deterministic, i.e., R(f.) = 0, we may choose n = 1. When
R(f.) > 0, we must choose n = n(m) — 0 as m — oo in order to get the
convergence rate. Of course the latter choice may lead to a slightly worse
rate. Thus, we will consider these two cases separately.

The following proposition gives the bound for deterministic distributions.

Proposition 2.1. Suppose R(f.) = 0. If fx.c is a function in Hy
satisfying ||V (y, frc(x))||eo < M, then for every 0 < § < 1, with confidence
1 — 9 there holds
20M log(2/9)

R(f,) < 32,
(fz) < 32emc + 3

+ 8D(C),
where with a constant ¢, depending on cs, k and s, e, ¢ is given by

% {1og§ v [log ((JM log ;) +log (mCD(C)ﬂ } . if (H2) holds;

3510g(2/9) ) |32 (CD(C)) T
m 3ml/(+s) ’

(1 + (&)™ (O M) T if (H2) holds.

Proposition 2.1 will be proved in Section 6. As corollaries we obtain
learning rates for strictly separable distributions and for weakly separable

distributions.

Definition 2.7. We say that p is strictly separable by Hy with margin
7 > 0 if there is some function f, € Hy such that || f2]|x = 1 and yf,(x) > v

almost everywhere.
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For QP-SVM, the strictly separable case is well understood, see e.g. Vap-
nik (1998), Cristianini and Shawe-Taylor (2000) and vast references therein.
For LP-SVM, we have

Corollary 2.1. If p is strictly separable by Hy with margin v > 0 and
(H2) holds, then

<_ T o
R(f2) < - {10g5+c <1Ogm+log7) }+072

In particular, this will yield the learning rate O (M) by taking C' = m/~>.

Proof . Take fx.c = fy/7. Then V(y, frc(z)) = 0 and D(C) equals
sl ik = 2C s=—z. The conclusion follows from Proposition 2.1 by choosing
M =0. U

Remark 2.1. For strictly separable distributions, we verify the optimal
rate when (H2) holds. Similar rates are true for more general kernels. But

we omit details here.

Definition 2.8. We say that p is (weakly) separable by H if there is
some function fgp € Hy, called the separating function, such that || f§p|| K=
1 and yfsp(x) > 0 almost everywhere. It has separating exponent 6 € (0, oc]
if for some 7y > 0, there holds

px (0 < |fop(@)] < at) < #°. (2.14)
Corollary 2.2. Suppose that p is separable by Hy with (2.14) valid.

(1) If (H2) holds, then

R(f,) = O (“‘)gm“‘)gof +0912) |

m

This gives the learning rate O(*2"~ logm ) by taking C = m0+2/9,
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(ii) If (HZ') holds, then

R(f,) =0 (Olis + (Cm)lis n Cei2> .

This yields the learning rate O(m™ 80+gs+9) by taking C = M

Proof . Take fxco = Cﬁfsp/'yg. By the definition of fsp, we have
yfr.c(x) > 0 almost everywhere. Hence 0 < V(y, fx.c(x)) < 1. Moreover,

(fwe) = [ (1-

which is bounded by C~ 7. Therefore, D(C) < (1 + #)C‘ﬁo?. Then the
6

conclusion follows from Proposition 2.1 by choosing M = 1. ([l

Cr L
” |fsp(x)|>+dﬂx = PX{O <|fsp(x)] < 7C 7+ }

Example. Let X = [—1/2,1/2] and p be the Borel probability measure
on Z such that py is the Lebesgue measure on X and

—1, if —1/2<z<0,
f”(x)_{L if 0<x<1/2

If we take the linear kernel K (z,y) =z -y, then 6 = 1, 75 = 1/2. Since (H2)
is satisfied with s = 1, the learning rate is O(l‘y%) by taking C' = m?3.

Remark 2.2. The condition (2.14) with 6 = oo is exactly the definition
of strictly separable distribution and ~y is the margin.

The choice of fx ¢ and the regularization error play essential roles to get
our error bounds. It influences the strategy of choosing the regularization
parameter (model selection) and determines learning rates. For weakly sep-
arable distributions we chose fx ¢ to be multiples of a separating function in
Corollary 2.2. For the general case, it can be the choice (2.3).

Let’s analyze learning rates for distributions having polynomially decay-

ing regularization error, i.e., (H1) with § < 1. This is reasonable because of
(2.12).

14



Theorem 2. Suppose that R(f.) = 0 and the hypotheses (H1), (H2')
hold with 0 < s < oo and 0 < 3 < 1, respectively. Take C = mS with

¢ := min{ lerﬁ’ ﬁ} Then for every 0 < § < 1 there exists a constant ¢
depending on s, 3,0 such that with confidence 1 — 9,
S . 26 p
R(fz) <em™ a=minq-——, —— 5.
(fe) < { 1+08 s+ 5}

Next we consider general distributions satisfying Tsybakov condition
(Tsybakov 2004).

Theorem 3. Assume the hypotheses (H1), (H2 ) and (H3) with 0 < s <
00, 0< <1, and 0 < ¢ < oo. Take C = m® with

C':min{ 2 (g +1D(B+1) }
' B4+1"s(qg+1)+06(qg+2+qgs+s) ]

For every € > 0 and every 0 < 6 < 1 there exists a constant ¢ depending on
s,q, 3,0, and € such that with confidence 1 — 4,

23 Blg+1) _E}
B+1"s(¢g+1)+B(g+2+qs+s) '

R(fz) —R(f) <em™@, a= min{

Remark 2.3. Since R(f,) is usually small for a meaningful classification
problem, the upper bound in Theorem 1 tells that the performance of LP-
SVM is similar to that of QP-SVM. However, to have convergence rates, we
need to choose n = n(m) — 0 as m becomes large. This makes our rate worse
than that of QP-SVM. This is the case when the capacity index s is large.
When s is very small, the rate is O (m~®) with « close to min{q%;, ;—fl},
which coincides to the rate (2.10), and is better than the rates (2.7) or (2.9)
for QP-SVM. As any C* kernel satisfies (H2') for an arbitrarily small s > 0
(Zhou 2003), this is the case for polynomial or Gaussian kernels, usually used

in practice.

Remark 2.4. Here we use a stepping stone from QP-SVM to LP-SVM.
So the derived learning rates for the LP-SVM are essentially no worse than
those of QP-SVM. It would be interesting to introduce different tools to get
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learning rates for the LP-SVM, better than those of QP-SVM. Also, the
choice of the trade-off parameter C' in Theorem 3 depends on the indices
f (approximation), s (capacity), and ¢ (noise condition). This gives a rate
which is optimal by our approach. One can take other choices ¢ > 0 (for
C = m?*), independent of 3, s, ¢, and then derive learning rates according to
the proof of Theorem 3. But the derived rates are worse than the one stated
in Theorem 3. It would be of importance to give some methods for choosing
C adaptively.

Remark 2.5. When empirical covering numbers are used, the capacity
index can be restricted to s € [0,2]. Similar learning rates can be derived,
as done in Blanchard et al. (2004), Wu et al. (2004).

3 Stepping Stone

Recall that in (1.7), the penalty term Q(f*) is usually not a norm. This makes
the scheme difficult to analyze. Since the solution f, of the LP-SVM has a
representation similar to f; in QP-SVM, we expect close relations between
these schemes. Hence the latter may play roles in the analysis for the former.

To this end, we need to estimate Q(f}), the I'-norm of the coefficients of the
solution f} to (1.4).

Lemma 3.1. For every C > 0, the function f, defined by (1.3) and (1.4)
satisfies
Af) =D 8w < C&(f) + 1511
i=1

Proof. The dual problem of the 1-norm soft margin SVM (Vapnik 1998)
tells us that the coefficients @; , in the expression (1.4) of f, satisfy

. C SN
0<aq, <— and Z a; .y = 0. (3.1)
i=1

m

The definition of the loss function V implies that 1—y; f,(z;) < V (v, ﬁ(%z))
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Then

Zazz Zazzyzfz xz Z yzafz xZ))

Applying the upper bound for ¢;, in (3.1), we can bound the right side
above as

Dl o ) < 3V o o) = Cu()

Applying the second relation in (3.1) yields

i ai,z/yifl;z =0.
=1

It follows that

Zaz zylfz xz ZOQ zyz z +gz) = Z&/z,zyzﬁk<x
i=1

But f Zaj YK (x;, ;). We have

Zaz zyzfz wz Z Q; zyza/j zyj ,CI)“I]') - ||fz*||%(

2,7=1
Hence the bound for Q(f7) follows. O

Remark 3.1. Dr.Yiming Ying pointed out to us that actually the equal-
ity holds in Lemma 3.1. This follows from the KKT conditions. But we only
need the inequality here.

4 Error Decomposition

In this section, we estimate R(f,) — R(f.).

17



Since sgn(m(f)) = sgn(f), we have R(f) = R(n(f)). Using (2.1) to 7(f),
we obtain
R(f) = R(fe) = R(w(f)) — R(fe) < E(n(f)) = E(fo)- (4.1)

It is easy to see that V (y, 7(f)(x)) < V(y, f(x)). Hence

Er(f) SE(f) and E(x(f)) < E(F). (4.2)

We are in a position to prove Theorem 1 which, by (4.1), is an easy
consequence of the following result.

Proposition 4.1. Let C >0, 0<n <1 and fxc € Hy. Then

E(r(f)) ~ E(f) + 5OUF) < 20R(f) + S(m, C,m) + 2D(1C),

where S(m, C,n) is defined by (2.11).

Proof. Take f, to be the solution of (1.4) with C' = nC.
We see from the definition of f, and (4.2) that

(E(r(r) + 2905 — (&R + 597 <0

This enables us to decompose E((7(f,)) + £Q(f;) as

z

En(f) + 2 < {E((R) ~ &) } + () + 5).

Lemma 3.1 gives Q(f3) < C&,(f,) + |If7]|%- But C = nC. Hence

Ex(f) + 50U < {E@() ~ Ealw() ) + (L e + ST

Next we use the function fx ¢ to analyze the second term of the above
bound and get

1

Ealfa) + m“fz 1% < &a(fa) + %Hfz 1% < &(fre) + %HfK,CH%{'

This bound can be written as {Sz(ch)—E(fK,C)}jL{S(vac)—I—%||f}‘(70||§{}.
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1
Combining the above two steps, we find that E(n(f,)) — E(f.) + EQ(f;)
is bounded by

{e(tr) — &m0} + 1+ m{elfie) - Efie) }
+(1 -+ {E(fre) — E(F) + siallfiolik b +nE (L),

By the fact £(f.) = 2R(f.) and the definition of D(C'), we draw our conclu-
sion. O

5 Probability Inequalities

In this section we give some probability inequalities. They modify the Bern-
stein inequality and extend our previous work in Chen et al. (2004) which
was motivated by sample error estimates for the square loss (e.g. Barron
1990; Bartlett 1998; Cucker and Smale 2001, and Mendelson 2002). Recall
the Bernstein inequality:

Let & be a random variable on Z with mean p and variance o2. If |£ — u| <

M, then
Prob > <2 me”
ro € exps ———— ¢ .
= 2O 2(02 + 3 Me)

The one-side Bernstein inequality holds without the leading factor 2.

m

= %Zﬁ(zv:)

=1

Proposition 5.1. Let & be a random variable on Z satisfying p > 0,
& — u| < M almost everywhere, and 0 < cu”™ for some 0 < 7 < 2. Then for
every € > 0 there holds

Prob {,u _ % Z:il §(2) > 51—5} < exp {_2( me2—" } |

(u™ + 57)% ¢+ sMe'-T)

Proof. The one-side Bernstein inequality tells us that

e {M e 51_5} < exp {_2( me> 7 (7 +¢7) } .

(0 +e7)2 o2+ IMe'E (um +e7)?)
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Since 02 < cu™, we have

M - M 1
0_2 + 38175(/[— +€T>% S C/[ + ?glfﬂ'(u‘r +€‘r> S (;uT +€T><C+ gMglff).
This yields the desired inequality. 0

Note that f, depends on z and thus runs over a set of functions as z
changes. We need a probability inequality concerning the uniform conver-
gence. Denote E g := [, g(z)dp.

Lemma 5.1. Let 0 <7 <1, M >0, ¢c>0, and G be a set of functions
on Z such that for every g€ G, Eg >0, |g—Eg| <M and Eg?> < c(Eg)".
Then for e > 0,

Eqg— 1 m ; . _ 2—T1
Prob { sup 9~ i iz 952 ) > 451_2} < N(g, 5) exp { nfg n }
06 ((Eg)™ +¢7)? 2(c+ 3 Mel-T)

Proof. Let {gj}é-\il C G with N = /\/((],5) such that for every g € G
there is some j € {1,..., N} satisfying ||g — g;|lc < e. Then by Proposition
5.1, a standard procedure (Cucker and Smale 2001; Mukherjee et al 2002;
Chen et al. 2004) leads to the conclusion. 0J

Remark 5.1. Various forms of probability inequalities using empirical
covering numbers can be found in the literature. For simplicity we give the

current form in Lemma 5.1 which is enough for our purpose.

Let us find the hypothesis space covering f, when z runs over all possible
samples. This is implemented in the following two lemmas.

By the idea of bounding the offset from Wu and Zhou (2003), and Chen
et al. (2004), we can prove the following.

Lemma 5.2. For any C > 0,m € N and z € Z™, we can find a solution
fa of (1.7) satisfying 1r<ni<n |fa(x:)] < 1. Hence |by| < 1+ || f7]|co-

We shall always choose f, as in Lemma 5.2. In fact, the only restriction
we need to make for the minimizer f, is to choose a; = 0 and b, = y*, i.e.,
fa(x) = y* whenever y; = y* for all 1 <i < m with some y* € Y.
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Lemma 5.3. For every C > 0, we have f} € Hi and || f}]|x < kQ(f)) <
kC.

Proof. It is trivial that f} € Hg. By the reproducing property (1.5),

" 1/2 " 1/2
12l = (Z Oéz',zoéj,z%yjK(%%)) <K (Z %z%z) = rQ(f,)-

3,j=1 i,7=1

Bounding the solution to (1.7) by the choice f =0+ 0, we have E(f,) +
%Q(f:) < &(0) + 0 = 1. This gives Q(f;) < C, and completes the proof. [

By Lemma 5.3 and Lemma 5.2 we know that m(f,) lies in
Fr:={n(f): f€Br+[-(1+kR),1+kR]} (5.1)

with R = kC. The following lemma (Chen et al. 2004) gives the covering
number estimate for Fpg.

Lemma 5.4. Let Fr be given by (5.1) with R > 0. For any € > 0 there

holds 21 R)
+ K €
< | —+1 — .
N(FR,éS)_( - + >N<2R)
Using the function set Fr defined by (5.1), we set for R > 0,

Gr ={V(y. f() = V(y. fo@) : f € . (5.2)
By Lemma 5.4 and the additive property of the log function, we have
Lemma 5.5. Let Gg given by (5.2) with R > 0.

(i) If (H2) holds, then there exists a constant ¢, > 0 such that
/ Rys
log N (Gg,€) < cs(log —) :
5
(ii) If (H2) holds, then there exists a constant ¢, > 0 such that

log N (Gr, ) < <§>S

21



The following lemma was proved by Scovel and Steinwart (2003) for
general functions f : X — R. With the projection, here f has range [—1,1]
and a simpler proof is given.

Lemma 5.6. Assume (H3). For every function f : X — [—1,1] there
holds

E{ (V. f@) -V, fc<x>>)2} < 8(2—;>q/@“> GOEEIA)

Proof. Since f(z) € [—1, 1], we have V(y, f(2))=V (y, fe(x)) = y(fo(z)—
f(x)). It follows that

E(f) = &(fe) Z/X(fc(:v) — f(@)) fo(x)dpx Z/lec(x) — f@)| | fp(x)ldpx

" B{ (Vo 1)~ Vi £0) ) = [ 1060) = )P,

Let t > 0 and separate the domain X into two sets: X, := {z € X : |f,(z)] >
et} and X; = {x € X : |f,(x)] < ¢it}. On X;~ we have |f.(x) — f(x)]* <
2| fe(z) — f(a:)|@ On X; we have |f.(z) — f(z)]*> < 4. Tt follows from
Assumption (H3)qthat

/| o) )Py < 2ED EGD) o 2ED ZEUD)

Cql Cql

q

Choosing t = {(E(f) — S(fc))/(ch)}l/(qH) yields the desired bound. O

Take the function set G in Lemma 5.1 to be Gg. Then a function g in
Gr takes the form g(z,y) = V(y,7(f)(z)) — V(y, fe(z)) with 7(f) € Fp.
Obviously we have ||g]l < 2, Eg = E(n(f)) — E(f.) and L3 g(z) =
Em(f)) — Ea(fe). When Assumption (H3) is Vahd Lemma 5.6 tells us that

E g’ < c(E g)T with 7 = +1 and ¢ = 8( Cq)q/ atl) . Applying Lemma 5.1 and
solving the equation
2—T
log N (Gr.€) — me =log d,

2(c+3-217)

we see the following corollary from Lemma 5.5 and Lemma 5.6.
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Corollary 5.1. Let Ggr be defined by (5.2) with R > 0 and (H3) hold
with 0 < g < oo. For every 0 < § < 1, with confidence at least 1 — &, there
holds

q+2

{en -8}~ ) - )} <denn+aciign {£0h) - €020}
for all f € Fr, where e, g 1s given by

g+1

log + + ¢, (log R +1 S\ o2
5(8(L)Q/(q“’+§) 085 + cyllos Ogm)) . if (H2) holds,

m

/ s (2‘1""12 s 1 l %
s(s(L)q/(‘”” + %) (—CsR )‘” Rt ( Oif‘)” ) . if (H2) holds.

m

6 Rate Analysis

Let us now prove the main results stated in Section 2. We first prove Propo-
sition 2.1.

Proof of Proposition 2.1. Since R(f.) = 0, V(y, fo(z)) = 0 almost
everywhere and &(f,) = 0. Take n = 1 in Proposition 4.1.

We first consider the random variable & = V(y, fx.c(z)). Since 0 < £ <
M and E€ = E(fk.c) < D(C), we have

o*(€) <EE < MEE < MD(C).

Applying the one-side Bernstein inequality to £, we see by solving the quadratic
equation —#ﬁ;e/g) = log (5/2) that with probability 1 — /2,

+D(C).
(6.1)
Next we estimate E(m(f,)) — E(w(fz)). By the definition of f,, there
holds

Efro) — E(freo) <

3m m 3m

2M10g(§) N \/202(5) log(2/6) < 5M10g(§)

O(f) < Ealfa) + 2Q(52) < &lF) + 2(FE).

1
C C C
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- 1~
According to Lemma 3.1, this is bounded by 2 <5Z(fz) + %Hfz*H%() This in
connection with the definition of fz yields

1 = 1= 1
=00 < 2(&lR) + 5515 1%) < 2(&lke) + 5alficlk).

Since £(£,) = 0, D(C) = E(ficc) + %H fe ol%. Tt follows that

%sz(f:) < 2(&(fice) — E(fxe) + DC)).

Together with Lemma 5.3 and (6.1), this tells us that with probability 1—4§/2

5M log(2/0) N

12 e < 8Q(f) < R = 2HC< =

21)(0)).

As we are considering a deterministic case, (H3) holds with ¢ = oo and
Coo = 1. Recall the definition of Gg in (5.2). Corollary 5.1 with ¢ = co and
R given as above implies that

E((f2) = Eulm(f2)) < deme +4y/EmoVE(T([2))

with confidence 1 — § where ¢, ¢ is defined in the statement.

Putting the above two estimates into Proposition 4.1, we have with con-
fidence 1 — ¢,

E(n(fz)) <Ademe + 4\/Emcv E(m(fz)) +

10M l?)ori(2/5) aD(0),

Solving the quadratic inequality for \/E(m(f,)) leads to

20M log(2/96)

E(n(fa)) <32emc+ 3

+8D(C).

Then our conclusion follows from (4.1). O

Finally, we turn to the proof of Theorems 2 and 3. To this end, we need a
bound for || fi o|lx. According to the definition, 7| fx o ll% < D(C). Then

we have
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Lemma 6.1. For every C' > 0, there hold

Ficls < (2050)" and el <1+ 26(20B(0)) "

Proof of Theorem 2. Take fx o = ]?K,C in Proposition 4.1. Then by

~ 1/2
Lemma 6.1 we may take M = 2+ 2k (20@(0)) . Proposition 2.1 with
Assumption (H2') yields

CU-B)s/(s+1)  (1=B)s/(s+1)  ((1+6)/2 C’%

R zZ <Cs { _|_ 1+s+
(f2) < B8 ml}rs mlis ( m ) m

+C*5}.

(14+8)/2

Take C' = min{mﬁ,mﬁ}. Then <

Proof of Theorem 3. Denote A, = E(7(f,)) — E(fe) + Q(f;)- Then
we have Q(f}) < CA,. This in connection with Lemma 5.3 yields

< 1 and the proof is complete. [

1f2 1k < 5Q(f7) < KCA,. (6.2)
Take frc = fK,é with C' = nC in Proposition 4.1. It tells us that
A, < 20R(f2) + S(m, C,n) + 2D(nC).

Set p = CA/B+Y) Then C = nC = CYB+)_ By the fact R(f.) < + and

Assumption (H1),

L g
2

A, < 8(m,C,n) + (1+ 2c5)C 577, (6.3)

Recall the expression (2.11) for S(m, C,n). Here fxc = ]?Kﬁ. So we have

Sm.C.n) = {(£(x(1) - S(fc) (z(ﬂfz))—sz(fc))}
+(1+m { (&Fee) —&(1) = (E(Fee) —€(8) }

tn{ &) = EF) } = S+ (L4 0)S; + 1Sy,
Take t > 1,C' > 1 to be determined later. For R > 1, denote
W(R) :={z€Z":||f;|x < R}. (6.4)
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For S;, we apply Corollary 5.1 with § = e¢™* < 1/e. We know that there
is a set Vg) C Z™ of measure at most 6 = e~* such that

q+1

RN\ 7tas | (RO\amstarms 50 , a6k (1)
S < ot (—) +(—> AZTD L g e WR)\ VY,

m m

Here ¢, = 32(8(L)q/(q+1) - %)(C; + 1) > 1 is a constant depending only

2cq
on ¢ and s.

To estimate S,, consider £ = V(y, fKé(x)) — V(y, fo(x)) on (Z,p). By

Lemma 6.1, we have

1Fcelloo < 14281/2CD(C) < 14 25\/20,077.
Write & = & + & where
&=V (Y, frea@) =V (v, 7(free) @), &=V (y,7(fre) @)=V, fo(z)).

It is easy to check that 0 < & < 2k ZCQCﬁ. Hence 02(&;) is bounded
by 2/@/@0 ) E &;. Then the one-side Bernstein inequality with § = e™*
tells us that there is a set V) C Z™ of measure at most 6 = e~* such that
for every z € Z™ \ V@ there holds

1-3 1-3
Ka/2c3C 2B ¢ 2 10K+ /2c3C2G+D ¢
3 n 202(&1)t < vV 35
m

E&.
3m m tEG

1 & 4
— Zﬁl(fzi)_Eﬁl <
M=

For &, by Lemma 5.6,

7 (&) < 8(; )T (BE)IH.
Cq
But |£2| < 2. So the one-side Bernstein inequality tells us again that there is
aset VO C Z™ of measure at most § = e~ such that for every z € Zm\V©®),
there holds
1 a+1

1 ¢ At do2(E)t At P RE:.
_Zfl(zz')—E&S——l— U (51) <—+32(_)q+2(_> + +E&.
me3 3m m m

— 3m 2¢,
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Here we have used the following elementary inequality with b := (E {2)#”
and a := (32(5- )‘1/ Dt /m )1/2:

a-b< 112 q + 2 (2q+2)/(Q+2) + —b(2q+2)/q Va,b > 0.
=90+ 2° 29 + 2 ’

Combing the two estimates for &1, & with the fact that EE = E&+E & =
g(fK,é) —&(fe) < 5(5) < 650_5/(‘”1) we see that

1-53
O 2(5+D 1\ 45 . 9 3
()T rom), vaezm\ VPV,

m

82 S Cq’gt (

where ¢q g := 10K,/2c3/3+ 5 + 32(5 )q/(q“) + cp is a constant depending on
q, 3.

The last term is Sz < 1.

Putting the above three estimates for Sy, Sy, S3 to (6.3), we find that for
every z € W(R) \ ViV \ V@ \ V® there holds

RS\ 7ot 1\ 53 Cc1/2
Az S 203,1%(%) e —|—8Cq75t{<g> +2 +07%< + 1>} (65)

Here we have used another elementary inequality for o« = ¢/(2q +2) € (0,1)
and x = A,:

r<ar®+b, abx>0= 2 <max{(2a)""1" 2p}.

Now we can choose C to be

(g+1)(B+1)
ot } (6.6)

C ‘= min {7’)@27 m s(a+D)+8(a+2+gs+s)

a+1 (a+ s(q+1)+B(q+2+gs+s) .
It ensures that (1) < C~ 71 and (L )q+2+qs+s < C7 Gieietets . With

this choice of C, (6.5) implies that with a set Vg := Vlg) U Vlg) U Vg)) of

measure at most 3e”¢,

s(q+1)

A, < F {2t (CTFR) T 4 2degpt ), Vo€ W(R)\ Vi (6.7)

We shall finish our proof by using (6.2) and (6.7) iteratively.
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Start with the bound R = R := kC. Lemma 5.3 verifies W(R©®)) =
Z™. At this first step, by (6.7) and (6.2) we have Z™ = W(R©®) C W(RW)uU
Vi), where

RO = w7 (20,4t + 1)) CFT T 24c 5t .
Now we iterate. For n =2,3,--- | we derive from (6.7) and (6.2) that

Z™ = W(R™) CW(RDV) U Vye C -+ CWRM)U (U1 Vi),

where each set V() has measure at most 3e~* and the number R™ is given
by

s(g+1)

R™ = Hoﬁ{ (2 gt (k + 1)) CF (@550m) " 4 24c, 5tk + 1)n}.

Note that € > 0 is fixed. We choose ng € N to be large enough such that
1 (no+1) 9 9
( s(g+1) ) §e(s+—s+Q+ )
q+2+qgs+s

In the no-th step of our iteration we have shown that for z € W(R™)),

s(q+1)

g < kOB 2¢s ot(k + 1)) C%'(H?ﬂsﬂ)no + 24c, 5t(k + 1)ng ¢.
z q q,8

This together with (6.5) gives

1
A, < c(s,q, 3, €)t" max {m_% m_s<q+1)fz§(<ls++;+qs+s>+e}
z = ) q7 Y ) °

This is true for z € W(R"))\ Vpng). Since the set U2 Vi) has measure at
most 3(ng+1)e™t, we know that the set W(R(™))\ Viny) has measure at least
1 —3(ng + 1)e™*. Note that &(n(f,)) — E(f.) < A,. Take t = log(2etl),
Then the proof is finished by (4.1). O
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