SHANNON SAMPLING AND FUNCTION RECONSTRUCTION
FROM POINT VALUES

STEVE SMALE AND DING-XUAN ZHOU

Dedicated to the memory of René Thom

Preamble

I first met René at the 1956 well-known meeting in Topology at Mexico City. He
then came to the University of Chicago where I was starting my job as instructor
for the fall of 1956. He, Suzanne, Clara and I became good friends and saw much
of each other for many decades, especially at IHES in Paris.

Thom’s encouragement and support were important for me especially in my first
years after my Ph.D. I studied his work in cobordism, singularities of maps, and
transversality, gaining many insights. I also enjoyed listening to his provocations,
for example his disparaging remarks on complex analysis, 19th century mathemat-
ics, and Bourbaki. There was also a stormy side in our relationship. Neither of us
could hide the pain that our public conflicts over ”catastrophe theory” caused.

René Thom was a great mathematician, leaving his impact on a wide part of
mathematics. I will always treasure my memories of him.

Steve Smale

1. INTRODUCTION

This paper gives an account of sampling theory and interpolation, with some
focus on the Shannon theorem. One goal is to deal with noise in the sampling
data, from the point of view of exponential probability estimates. Our quantitative

estimates give some guide as to how much resampling or regularization is required

1991 Mathematics Subject Classification. Primary 68T05, 94A20; Secondary 68P05, 42B10.

Key words and phrases. Learning theory, sampling theory, regularization, rich data.

The first author is partially supported by NSF grant 0325113.

The second author is supported partially by the Research Grants Council of Hong Kong [Project
No. CityU 103303] and by City University of Hong Kong [Project No. 7001442].

1



2 STEVE SMALE AND DING-XUAN ZHOU

to balance noise in the form of a variance. A measure of the richness of the data is
key in this development.

The theory evolves in a universe which is a Hilbert space of real valued functions
on a (an "input”) space X. In the Shannon case X is the space of real numbers.
Other examples for X include a rectangle in the plane (image processing), a graph
as in theoretical computer science, or a high dimensional space as in learning theory.

Our first generalization of the Shannon theorem centers around the case of rich
data and the use of a Hilbert space and a kernel function, reminiscent of reproducing
kernel Hilbert spaces derived from a Mercer kernel. Subsequently we see how poor
data and general Hilbert function spaces fit into our analysis.

An objective is to integrate the theory with fast algorithms which work well in
the presence of noise. Our main results are new general error estimates.

We have been inspired by the disciplines of learning theory, regression analysis,
approximation theory, inverse problems, signal processing, and hope that in return

this work can give some new insights to these subjects.

2. MOTIVATING EXAMPLES

To describe the general reconstruction of functions from their point values, we

give some simple motivating examples.

Example 1. (exact polynomial interpolation) (a baby example) Consider
polynomials p; : R — IR, for t € £ := {0, 1,...,d} with p;(z) = 2*. The polynomial
interpolation problem is to find a polynomial f = 7, ;asp; of degree d such that
flx;) =y fori =1,...,d+ 1. Here (z;, ;)"0 is the data. The situation yields
a system of equations: L(a;),c; = (y;)0) with L = (Pe(wi))iz1,. a+1.et Deing a
(d+1) x (d+ 1) matrix. When {x;} are distinct, this system has a unique solution
ap,ai, ..., aq, which solves the problem. If we denote T = {xi}fill, then the ”data”
is given by the function on T. Here [z| = |t|. Certainly the choice of p; is quite

naive. In Section 10 this kind of problem is studied.

The next two examples are from image processing. The first is borrowed from

[7].

Example 2. (inpainting) Consider a black white photograph as a function g from

t to [0, 1] where ¢ is a square of pixels (e.g. 512 by 512) and g(¢) represents a shade
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of grey of pixel ¢t. Now suppose that the photograph has been partly masked as
by some spilled ink or writing over it destroying ¢ on the mask say ¢ and leaving
our function intact on T = ¢\ t. The problem is to recover an approximation to g
from its restriction to Z. Here the input or data is (x,g(x)) for € T. Note that

|Z| < [¢]. This is a case of what we call later "poor data”.

Example 3. (image compression) Here ¢ is a coarse pixel set and T is a fine
pixel set. The original picture is represented by a function from T to the interval
as in Example 2. The problem is to find a worse but reasonable representation
(with small error) as a function from ¢. The efficiency of a compression scheme is
measured by the ratio |Z|/[¢| (as large as possible, representing the richness of the

data) and the error (within a threshold).

3. LEARNING AND SAMPLING

The classical Whittaker-Shannon-Nyquist Sampling Theorem or simply Shannon
Theorem gives conditions on a function on IR (band-limited with band 7) so that
it can be reconstructed from its sampling values at integer points:

Theorem. Let ¢(z) = 25 and ¢y(z) = ¢(x —t). If a function f € L*(IR) has
its Fourier transform supported on [—, 7], then
f= Z f(t) e
teZ

See [2], [31] for some background and some generalizations.

We proceed to state our own generalization.

Suppose X is a closed subset of IR" (a complete metric space is sufficient) and
t C X is a discrete subset. In the Shannon special case, X = IR,t = Z. Another
important case is when X is compact and (hence) ¢ is finite.

Next consider a continuous symmetric map (a "kernel”) K : X x X — IR and
use it to define a matrix (possibly infinite) K7y : (*(f) — €*(%) as

(Kiza), = Z K(s,t)ay, sect, ac ).
tet
Here (2(%) is the set of sequences a = (a;),c; : t — IR with an inner product defined
by < a,b>= 3", sab,. Fort €t, set K; : X — IR to be the continuous function
on X given by K;(x) = K(t,z). Unless said otherwise, we always assume the

following.
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Standing Hypothesis 1. K;; is well-defined, bounded, and positive with bounded

inverse K{ El.
,

In the Shannon case K(t,s) = ¢(t — s), and it is seen that K77 is the identity,
because ¢(j) =0 for j € Z\ {0} and ¢(0) = lim,_,¢ ¢(x) = 1.

For Example 1, we can take X = IR, 7 = {0,1,...,d}, and K(t,s) = (1 +t-s)%
Then for ¢ € £%(%), there holds < Kjz¢, ¢ > 2= ZZ:O ( z ) (>ier Cttk)Q. Since
the Vandermonde determinant det(t*),c7 ,_¢ 1.4 is nonzero, Standing Hypothesis
1 is satisfied.

Next define a Hilbert space Hy 7 as follows. Consider the linear space of finite
linear combinations of Ky,t € 1, i.e., 3,7 a;K; where only a finite number of a;
are nonzero. An inner product on this space is defined (from the positivity of K737)

by linear extension from
< Ki, Kg >= K(t,5). (3.1)

One takes the completion to obtain Hy 7.

In the Shannon case, it can be shown (see Example 4 in Section 8) that Hy 7
is the space described, i.e., f € L?(IR) with suppf C [, 7]. Here f denotes
the Fourier transform of f. It is defined for an integrable function on IR" as
f(é) = S f(@)e"®*dx, and can be extended naturally to the space L?(IR").

In Example 1, with the kernel K (t,s) = (1+t-s)%, we find that My ; is exactly
the space of polynomials of degree d.

If we define % (%) as the Hilbert space consisting of sequences in ¢2(f) with the
inner product < a,b >p =< Kj3a,b > ), then the natural map from (%)
to Hyz, given by a — Y, ;a,K;, is an isomorphism. Note that £% () does not
depend on X, just ¢ and K restricted to £ x . Hence it discretizes the setting.
Also, standing hypothesis 1 tells us that ¢% (%) is isomorphic to ¢2(f) under the
isomorphism: a — Ki?a.

If 5 C % replaces f, then the important invariants || K7 || and HKZ_ ¥1|| improve.
That is, || Kss|| < || /7] and ||K;§1|| < ||K{’E1H. Thus, if K is restricted to X' C X
and 5 =t N X', then standing hypothesis 1 remains true.

If K is a Mercer kernel and Hyg the corresponding reproducing kernel Hilbert

space [3], then Hy ; is the closed subspace generated by {K; ¢ € #} (with the
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induced inner product). This gives a class of spaces Hy ; satisfying standing hy-
pothesis 1 (besides the space generated by ¢ in the Shannon theorem). One such
example is a Gaussian kernel K (x,y) = e~le=yl*/o* on any closed subset X of IR".
See Section 8, and more examples and background in [§].

So far, we have a space H ; which plays the role of a "representation space”
in the Shannon theory. We now pass to the sampling side which we separate out.
Moreover, noise is introduced into our model in this sampling, represented by a
Borel measure p on X x IR.

Let px be the marginal measure induced by p on X, i.e., the measure on X
defined by px(S) = p(771(S)) where 7 : X x R — X is the projection. It defines
a space L2 on X with L? norm || f[| = Ifllzz, = (fx |f(x)|2dpx)1/2. It is not
assumed that px is a probability measure as in the special case of learning theory.
In fact in the Shannon case it is the Lebesgue measure.

The set for the sampling is a discrete set T C X. The set T may be determined

as in a net (Shannon, with T = Z) or have come from a random sample as in [8] or
2

T

[4]. For z € X, we denote the variance of the conditional measures p, of p as o
We assume that the conditional measures p,(z € X)) of p satisty
Preliminary Version of Special Assumption. For x € X, p, is a probability

measure with zero mean supported on [—M,, M,] with B := (erf MI2)1/2 < 0.

To study the relationship between the discrete sets ¢ and T, we define the linear
operator Kz : £2(t) — (*(T) and its adjoint K : £*(Z) — ¢*(t) by the matrix
(Kz7a), = > K(z,t)ar. (3.2)
tet
Standing Hypothesis 2. K;; (and hence Kj ) is well-defined and bounded.

The sampled values y € ¢?(Z) will have the form:
For f* € Hy 7, and x € 7, y, = f*(x) + 7, where 1, is drawn from p,.  (3.3)

Special Assumption implies that {n,} € £*(Z) and |[{ns}||e2z) < B < oo.

Define the sampling operator Sz : Hy 7 — 2(x) by Szf = (f(x))zez. That
is, for a function f from Hy 7, Szf is the restriction of f to T : flz. Then for
[ = ci Ky, we have Szf = Ky ze. It follows that Y o f*(x)? = ||Sff*||§2(f)
can be bounded by ||K; 7 |2||f*\|§</||K{zl||, and is finite according to (3.3), hence
y € 3(T).
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In the Shannon case, T = t, p, is trivial, so n, = 0 for all z € Z.
Now our sampling problem is:
Reconstruct f* (or an approximation of f*) from y € ¢?(7).

Towards its study, consider the minimization problem

min 30 (f(@) ~u)". (3.4)

ar
8 !
The solution of (3.4) is expressed using K7 and K 3.

Definition 1. We say that T provides rich data (with respect to t) if

Az = velzgf(Z) HK§,¥UH£2(E)/||U||z2(z) (3.5)

is positive. It provides poor data if Az = 0.

One can easily see that T provides rich data if and only if the operator K7 z K5 ¢
has a bounded inverse, that is, its smallest eigenvalue (\z)? is positive.

Note that if 7 C T, then Az < Az

Our generalized Shannon Sampling Theorem (for rich data) can be stated as
follows (the proof will be given in Section 7). Define the variance of the system
(p,7,t,K) as

0= 02 K(t2)? =Y 02| Kizealllg, (3.6)
TE€T  tet z€T

where e, is the delta sequence supported at x. It represents how the variance on T
is transferred to ¢ by the operator K : ¢%(%) — £2(f). Standing hypothesis 2 and

special assumption tell us that o2 is finite.

Theorem 1. Assume f* € Hy 3 with X, K,t,p as above, y as in (3.3) together
with the special assumption, and that T provides rich data. Then the problem (3.4)

can be solved:

-1
fa= Z%Kt, a=Ly and L= (Kf,EKﬁ) Ki 2,
tet
and its solution approximately reconstructs f* from its values at T in the following

Sense.

For everye > 0, || fz — f*||i< < ko? + & with probability 1 — § where

Kl _ ex2
K = )\t%t s 5_eXp{—Wlog(1+I£2)}
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Remark 1. Since T provides rich data, we see from Definition 1 that the operator
K 7 is injective. The operator L defined in Theorem 1 is exactly the Moore-Penrose

f177

inverse of K 7. See e.g. [11], [13].

When the richness of the data increases such that Az — oo (see Proposition 1
below), we have £ — 0. If moreover B2/ is kept bounded, then from Theorem 1
we see that for the error bound xko? 4 ¢ with any ¢ > 0 the confidence tends to 1.
This yields the convergence with confidence if ?/A2 — 0. Also, we find that for
any Az when the variance vanishes, f, = f* with probability one by taking o — 0
in Theorem 1; thus we cover the classical Shannon theorem.

When the data is resampled k times over Z, the richness increases to vz,
ko? is reduced to ko?/k, while the bound B? of the system becomes kB%. Then
c = QHIZ‘% is unchanged. We see from Theorem 1 that for the better error
bound ko?/k + & with the same ¢, the confidence 1 — (1 + &/(k0?))~¢ is improved

to 1 — (1+ ke/(ko?))¢.

Corollary 1. Under the assumption of Theorem 1, if the data is resampled k
|Z < ko?/k + e with probability

times over T, then for every ¢ > 0, ||f, — f*

1—(1+ke/(rko?))~¢ while the probability given in Theorem 1 is 1—(1+¢/(ko?))~¢.

Corollary 1 convinces us that resampling improves the error when one takes the
same probability as in Theorem 1. See also Proposition 3 in Section 6.

The constant k is the infimum of error bounds for positive probability in Theorem
1. This threshold quantity relates the key variables. The case of exact interpolation
corresponds to [t| = |Z|, Az > 0.

Note that error bounds less than x may be studied by the introduction of a
regularization parameter v > 0 (see below).

Theorem 1 will be extended to include the case of poor data.

The regularized version of the problem (3.4) takes the form
~ ' 9
[z, :=arg min Z(f(m) —v.) + £k, (3.7
fEHK’? TET

where v > 0 and the case v = 0 includes the setting of Theorem 1.
As in Theorem 1, the problem (3.7) can be solved by means of a linear operator:

fz,»y =D 11 0Ky, where a = Ly and L = (KZ,EK*E + 'yK;,g)flK;,f.

I?
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We expand the setting a bit by introducing a weighting w on T. A weighting is
necessary to expand beyond the special case of T defined by a uniform grid on X.

So we let w := {w, }sez be a weighting with w, > 0. One example is to take w
as the px-volume of the Voronoi [28] associated with Z. Another example is w = 1
or if |[Z| =m < co,w = L.

We require ||w||oco = Sup, ez wy < o0. Denote D, : £2(Z) — (*(T) as the diago-
nal matrix (multiplication operator on ¢2(Z)) with main diagonal entries {w; },ez-

1
Then ||Dy|| < [Jw|loo- The square root D3 is the diagonal matrix with main diag-

onal entries {\/Wy; }rez-

Definition 2. The regularization scheme for the sampling problem in the space

H 7 takes the form:

fz,’y ‘= arg min {wa yw) +’7||f%<} (3'8)

F€HK 7

Theorem 2. Assume f* € Hy; and the standing hypotheses with X, K, t,p as
above, y as in (3.3). Suppose K7Dy Kz 3 +'tht is invertible. Define L to be the
linear operator L = (Kj zDwKyz 4+ vKpz) Kﬂwa- Then the problem (3.8) has
a unique solution:
Jzy = Z(Ly)th. (3.9)
tet
The corresponding errors will be analyzed in the next sections (Theorems 4 and
5). The error analysis will generalize Theorem 1 with general bound M, weighting
w and v > 0. It also extends to the poor data setting. Observe that under the
standing hypotheses, Kz 7D, Kz 7 + 7K 7 is invertible, if v > 0 or Az > 0.
Consider the case when K is a ”convolution kernel” K(s,u) = (s — u). Let

¢ € L2(IR™) whose Fourier transform ¢ satisfies
V(&) > ¢o > 0, V¢ € [—m, 7" (3.10)
and the following decay condition for some Cy > 0, > n:

<PE) <Co(I+ €)™ VEeR™ (3.11)

Definition 3. We say that 7 is A-dense in X if for each y € X there is some z € T

satisfying ||z — y|l ¢ rn) < A.
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Proposition 1. Let X = R", ¢

=", K(s,u) = (s —u) with an even function 1
(i.e. Y(u) = ¥(—u)) satisfying (3.10) and (3.11). If 0 < £ < 1/4 and 7 is A-dense

for some 0 < A < 7, then

(cos L — sin Lm)™

o1 ¥n/2 Dpraanr,

Az >

Here 7 is a constant independent of A and Proposition 1 is a consequence of Corol-

lary 6 below where an explicit expression for 7 (depending on £) will be given.

Recall that the Shannon case corresponds to the choice ¥ = ¢ with n = 1,¢y =
1,Co = (1+m%a =6, and || - ||k = || - |r2ar)- Then >, K(t,2)®> = 1 and
0? =3, 02 Combining Theorem 1 with Proposition 1 for £ = 1/5 (and the

constant 7 given in Corollary 6) yields the following.

Corollary 2. Let X =R, ¢t = ZZ, K(s,u) = ¢(s — u) where ¢ is the sinc function
given in the Shannon Theorem. If Z is A-dense for some 0 < A < 1/500 and p
satisfies special assumption, then for any € > 0, the function f, given in Theorem

1 satisfies

Prob{|fz — ey < 20°0%0° + s} >1- exp{800262 log (1 + 2042202)}.

If the data becomes dense such that A — 0 but AB? is kept bounded (e.g. 7 is
quasi-uniform), then A202 — 0 and Corollary 2 yields the convergence of f, to f*
with confidence.

Notice that T # ¢ in general: f* € H 3, while T stands for the sampling points
which can be much denser than £.

In the above discussion, where f* € Hyx 7, one may take either of two points of
view. Start with p and let f* = f, be the regression function as done in learning
theory [27], [29], [14], [8], [18], or take a primary f* as in sampling theory [2], [15]
and hypothesize p as above.

Our learning process in Definition 2 is an example of a regularization scheme.
Regularization schemes are often used for solving problems with ill-posed coeffi-
cient matrices or operators such as numerical solutions of integral and differential
equations, stochastic ill-posed problems with operator equations, and empirical risk
minimization problem for traditional learning. See e.g. [25], [16], [13].

Some preliminary estimates on Az will be provided in Sections 8 and 9. But we

hope to give more satisfactory results in a subsequent work.
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The authors would like to thank Akram Aldroubi for his conversations on the

question of relating learning theory to sampling.

4. THE ALGORITHM

We give the proof of Theorem 2.

For f: X — IR, it is natural to introduce an “error function”

E(f) = /Z (f(z) - y)%dp. (4.1)

For the empirical counterpart of £, let z = (x, y,).cz be a sample, so that x is
defined by T and y, is drawn at random from f*(x) + p, as in (3.3). Then the
empirical error is

2
E(f) =D wa(f(2) —va) " (42)
TET
With the empirical error &,(f), our learning scheme (3.8) can be written as
s~ = arg min < E(f) + 2.8, 4.3
fuoy = ang i {829+ l115 | 43

We show how to solve the minimization problem (4.3) or (3.8) by a linear algo-

rithm.

Proof of Theorem 2. Consider the quadratic form
Qo) =& ak) +7> aKilik, — cel().
tet tet

A simple computation tells us that Q(c) equals
< (KEVEDUJKEE + ’}/ng)c, c >Z2(f) —-2< Dwa,gc,y >02(z) + < Dyy,y >02(z) -

Taking the functional derivative as in [19] tells us that if ¢ is a minimizer of @

in £2(%) then it satisfies
(K7 zDwKz 7+ 7Kp7)c = Ki z Dy, ce (). (4.4)

By our assumption, KD, Kz;; + vKzz is invertible, the system (4.4) has a
unique solution: ¢ = (KjzDyKy 7 + ")/Kg’f)_leijy. It yields the unique min-
imizer of () which represents the unique minimizer f, . of the functional &,(f) +

WAl% in Hi s Ll
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Remark 2. Standing hypothesis 1 can be weakened for the purpose of Theorem 2:
the first case is v > 0; the second case is ¢ = T and v = 0. In both cases, the scheme
(4.3) has a solution f, , lying in
Hyzi=1{> aKi:ce (D)} C Hyy
tet

if and only if the system (4.4) is solvable. When the solvability of (4.4) holds,
the solution in H;ﬂ? is unique and given by f,, = >, .7 ¢;K;, independent of the
choice of the solution ¢ to (4.4). In fact, if ¢ and d are both solutions to (4.4), then
orer By =, 5 di Ky Kiz(c —d) = 0 for either v >0 or £ = 7.

In the following three sections we shall estimate the error || f, ., — f*||.

5. PROBABILITY INEQUALITIES

In the following theorem, m € IN or m = co. When m = oo, the product
probability measure on the product space IR™ can be defined in any sense such as

the one defined by means of the Tikhonov topology, see e.g. [21].

Theorem 3. Let {&;}]L be independent random variables on IR with variances
{03}, and w; > 0 with ||wlle < 00. If 0 = > wjo? < oo, and for each j
there holds |£; — E(&;)| < M almost everywhere, then for every e > 0 the probability
in the product space R™ satisfies

Prob{

> M

w

Corollary 3. If m < oo and &1, &, ..., &, areii.d. random variables with expected

value ju, variance o2 satisfying | — u| < M, then
1 & me Me
Probﬂmgfj—u‘ >€} §2exp{—mlog<1+02>}. (5.1)

Proof of Theorem 3. Without loss of generality, we assume E(&;) = 0. Then the
variance of §; is 07 = E(&2).
First we assume m < oo. It is sufficient for us to prove the one-side inequality:

- € Me

j=1 w
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Let ¢ be an arbitrary positive constant which will be determined later. Then by

the independence,

m

I = Prob{exp{chjfj}>ece}

j=1

(o3, }) - et (e ) ).
=1

Since |£;| < M almost everywhere, we have

00 . L7 (el 00 4. L rl—2 2
c wE(f) cw: M=o
E(exp{cwjfj}> = 1+Z% < 1+Z%.
(=2 (=2
As w; < ||w||s and 1+ ¢ < e, there holds

+oo 4 0—17q70—2 2
ctllw M*~“w;o%
E(@m{mwg}) B em{}j Hluaﬂ 1]}

=2

:(m{aWMM_1_¢MmeUﬂ_
[[w]| oo M2 7%

IN

It follows that

=M — 1 — cfu]oc M & :1
S wyo?

1< exp{—CE + [l M2 Ji9;

Jj=1

Now choose the constant ¢ to be the minimizer of the bound on the above right

L (1 M )
c=———1Io —=m 5 |-
Wl " T ST wio?

That is, eclwlleM _ 1 = % With this choice,

Igexp{—w{(1+§;> log(l—kif{) —1}}. (5.3)

If we set a function g(\) as

hand side:

g(A) == (1+N)log(1+ ) — A, A >0,

then

o2 Me
I < - W g — . 4
—‘”‘p{ ||w||ooM29(oa)} (5:4)

g(A) > %log(l +A), YA > 0.

We claim that

To see this, define a C? function on IR, as

FA) :==2log(1+ A) — 21 + Alog(1 + A), A>0.
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We can see that f(0) =0, f/(0) = 0, and f”(\) = A(1+A)~2 >0 for A > 0. Hence
f(A) >0 and

1
log(1+X)—A> —iAlog(l—l-)\), VYA > 0.

It follows that
A
g(A) = Alog(1+ A) +log(1+ ) — A > 5 log(1 + A), YA > 0.

This verifies our claim.

The desired one-side inequality (5.2) follows from this claim and the bound for
I in terms of g.

When m = oo, the independence and the convergence of the series Z;’;l wjaf-

tells us that{Sy := 2?21 w;&; 132, is a Cauchy sequence in L?:

¢ ¢
15k = Sell 2 = (B(Sk — 502) % = (3 w?e?)? < (Jlwlle Y wjo?) "> — 0
j=k j=k

as k,{ — oo. Then by the Cauchy Test in L? (see e.g. [21, p. 258]), the sequence
{Sk} converges in L? to a random variable. Since the convergence in L? implies
the almost sure convergence, we write the limit random variable as 2;11 w;&; and

can understand the convergence of the series as in L? or almost surely. Thus, for

> s}.
Prob{ ijfj

> }
=1

< liminf 2 c log 14+ —22¢
1m 1n ex — (0] Dy E—
AN P 2M max;—1 .. ¢ w; & Zle wio—i2

every € > 0, we have almost surely
(o]
{ > wig;

j=1
Then the inequality (5.2) for £ < oo implies

>ep cuzinz, {

T
> wjg;
=1

4
> wjg;

Jj=1

> E} < lizm inf Prob{

,,,,,

This proves our inequality. |

Remark 3. (a) From (5.4), Bennett’s inequality [5], [20] follows.

(b) Corollary 3 always implies the Bernstein inequality up to a constant of 2/3

which states for i.i.d. random variables &1,...,&,, with mean p and variance o2
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that

P b{ 1 iﬁ > 6} <2e { me” }
robq | — P — Xpe ———————— .
m = iH = 2o 2(02 + $ Me)

To see this, notice that

A

log(1 4+ \) > ,
og( )_1+§)\

YA > 0. (5.5)

Then (5.1) implies
2

Pmb{’nlz;gj — ,u‘ > 5} < 2exp{—2(027j_€é]\4(€)}.
This is the Bernstein inequality except for a loss of two-thirds. The Bernstein
inequality can also be derived from (5.4) using the lower bound: g(\) > 3A\2/(6 +
2X).

(c) When the variance is small, the estimate in Corollary 3 (with &;,...,&y,
identical) is much better than the Bernstein inequality. In particular, when the
variance vanishes, i.e., 032- = 0 for each j, then Corollary 3 yields % Z;”:l [fj —
E (gj)] = 0 in probability 1 while the Bernstein inequality only gives the estimate

=3 [& — E(¢))]]| < e with confidence 1 — 2¢=m</M.

Because of its importance for function reconstruction, Theorem 3 has been de-
veloped in greater generality than needed for our immediate use in Theorem 4
below.

Bennett [5] has an early version of our Theorem 3. One may see Devroye,
Gyorfi and Lugosi [12, p. 124] for an account which sketches a proof of (5.3) but
with these differences: they have no weighting, there is an extra factor 2, and
they use an average of the non-identical random variables. Also, Colin McDiarmid
”concentration” Theorem 2.7 [17] is along the same line. The last two references

were given to us by David McAllester.

6. SAMPLE ERROR

Define
Ex(f) =Y wa(f(x) = f*(2))*.

TET

This is the empirical error (4.2) with y, = f*(z). Then the corresponding minimizer

for (4.3) becomes
Ty = i gj 2 . 6.1
[z = arg femﬁgt{ (f) + 'VIfIIK} (6.1)
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We see from Theorem 2 that fz . exists and is unique when Kz z Dy, K7 3 +7K77 is
invertible.

Even when the variance vanishes, fz . is not f* in general. But the error || fz, —
f*||? is not caused by mnoise. It is a deterministic quantity. We shall bound this

error in Section 7.

With the weighting, our assumption takes the following general form.

Special Assumption. For each x € X, p, is a probability measure with zero

mean supported on [—M,, M,] with By, := (3 wwag)l/Q < .

TET

The weighted richness is defined as

1
dai= ik 1DEK wllem/ ol (6:2)
1 1
When Az, < oo, we have ||DgSzfllee@) = [[DaKzicllee@ > Azwllcleq for

f= th ¢ K. Hence the sampling operator Sz satisfies
1 /\iw f
| D& Szflle2@) > w, VfeHys (6.3)
| K7 5|
Corresponding to (3.6), the weighted variance of the system is defined as
o =Y weor Y K(t,x)*w, (6.4)
reT tet

which is bounded by | K; ;D3| ¥ 02 < ||K; - D32B2.

zex Wa
The sample error in the form of || f,, — fz-|? involves samples y = (yz)zezs
the weighting w, the point sets T, ¢, and v. We can apply Theorem 3 to estimate
the sample error. To do this, we use the expressions for f, ., (and fz.) given in
Theorem 2. But we shall replace L by the linear operator L., : £2(Z) — ¢%(%) defined
by
Ly = (Ki,tiKfi + 'YKE,Z) 71KZ,§D1%- (6.5)
It improves our error estimate and is natural: for the rich data case with v = 0,
L., is exactly the Moore-Penrose inverse of the operator DE, Kﬁf'

Under the assumption that K7 7D, K57 + 7K3 7 is invertible, our error bound is

given by means of the quantity

-1
ko= || Kyl | (K7 zDwKzz +7K57) I (6.6)

Theorem 4. (Sample error) Suppose K; DKz 3 + 7Kz is invertible. Under

z!

the assumption (3.8), let f o = > ez ci KKy be the solution of (4.8) given in Theorem
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2byc=Ly. Set L, and K as in (6.5) and (6.6) respectively. Then for everye > 0,

5 5
Prob{”fz’ — farll%k < /ﬁaﬁ,—i—s} > 1—exp{— log(1+ — }
v~ feallk MLl TEaEE 50 5o7)

w

Proof. Applying Theorem 2 to the sample f*|z, we see fz, =), (L (f*‘f))th'
Hence
1
fa = o = (L~ F12) 56 = S (EaDy — £712)) I
tet tet
and

1 1
HfZKY - ff,'y @( = <KE,ELU1DU2) (y - f*|§)a LDg (y - f*|§)>¢2({) (67)

The expression (6.7) yields the bound

1
2y = fonllic < 1K zLoll Ll 1D (y = f12) 7@ < 1K Lol [1Lwl B,
From (6.7) we also find that
||fZ,’Y - ffﬁ”%( < KHKf,EDw (y - f* |E) ||?2(g)

But
2

||Kz7§Dw (y _ f*|§)||32(f) = Z{Z(yz — f*(x))<K£§Dw€x7 €t>£2(t)} .

tet "TET
Since the random variables {y, — f*(x) }sez are independent and have zero means,
we see that E((y, — f*(2))(yer — [*(2'))) = 6z,2002. Tt follows that
B (1~ Frol ) < 030 S ko) = o
tct TET
The one-side inequality of Corollary 3 with m = 1, w = 1 asserts that for a single
random variable £ satisfying |¢| < M, there holds for every € > 0,

Prob{¢ — B(€) > ¢} < exp{— 5= log(1 + Uﬁ%)}.

The random variable & := || f, , — fz,||% satisfies 0 < & < M := ||[K; 3Ly | || Lw || B2,
almost everywhere, E(¢) < ko2 and 0%(£) < ME(§) < Mko?. Applying the above
inequality, we see that with confidence at least

g
QHKﬂfLwH ||Lw||812v

1 —exp{— log(l+$)},

w

there holds £ = ||f2y — fo % < E(§) +¢ < ko? +e. U
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Remark 4. Another sample error estimate can be given by the Markov inequality
which states for a nonnegative random variable £ and ¢ > 0 that Prob{¢ > ¢} <
|2- and t = E(£) +¢,

E(&)/t. Applying this to the random variable £ = || f2, — fz,4

we have

:‘QO’2

2 2
PI‘Ob{HfZ,’y — farllx < Koy + 6} = ﬁ.

2

<, is much smaller than e.

This bound is better when ko

Proposition 2. The operator L,, defined by (6.5) satisfies

_ 1/2
1 Il K
|| Lw| < min , ’ .
)\E,w Y
Also,
-1
L1 I
(KD s + 7 7) ||Smm{ 1 M }
)‘E,w Y

Proof. Let v € ¢*(Z) and u = L,v. Then
1
(KE,EDwKE,E + 'VKEE)U = KizDiv.

Bounding the inner product

1 1

<(K¥,§DMKE,Z —+ ’}/Kaz)u, u>€2 @ =< Kz,f‘DEJU7 u >€2(z):< v, DE) E;u > 2 @)
from below by inner products with the positive definite operators K7D, Kz 7
1
and K37z separately, we see that || Dg Kz 7ullez)l|ve@) is bounded from be-
1 1 1
low by @HUH%@ and by < DqKzzu, Do Kgzzu >e@)= ||D5)KE,WH?2(§) 2
A
Azwllull g2 @) | Dis Kz 7ul| o2z - It follows that
(I 1
lullagy < mind 221Kl 5 lollece,
vy T,w

Thus the required estimate for ||L,|| follows. The proof for the second statement

is the same. ]

Remark 5. When t = T, we do not require the standing hypothesis 1 for Theorem
2 and Theorem 4. Take

_1y -1
L=1ILz=(Kzz +7D,") - (6.8)
(the parameter v can be zero when K7 is invertible) Moreover, we have

— -1
1Lzl < (/117 1 +/llwlloo)
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Proposition 2 combining with Theorem 4 presents estimates for the sample errors
|| f24 — fz~|I* (for both rich and poor data cases). Even in the rich data case,
the introduction of the parameter v improves the well-posedness of the system in

Theorem 1.

Proposition 3. Assume (3.3) and that K7 zD,, K7 ; +7vK5; is invertible. Then for

I?

every 0 < § < 1, with confidence 1 — é we have the sample error estimate
2 1 <2||Kt,th|| I L 182, 1>
)

I fary — Fonllk < Esamp := Koy, log — (6.9)

ko2, 0
where L,, and k are given by (6.5) and (6.6) respectively, and « is the increasing

function defined for u > 1 as a(u) = (u — 1)logu. In particular, Esamp — 0 when

7 tends to infinity or o2 — 0.

- 2
2| Kz zLwll |1 Lwl|Bs, log %) > 1. Then

Proof. Choose u = a‘l(

2
RO,

2
RO,

2HKf,fLw|| ||Lw||812v

Set € = ko2 (u — 1). We have ¢ > 0 since u > 1. Also, there holds

) = ko2,

B _2HKZ,ZLwH ”Lw”Bg)

(u—1)logu = log%.

_ € 1
2| K 7 Lwl| || Lw B2,

It follows from Theorem 4 that || f5, — fz-||% < ko2 + & = ko2 u with confidence

— w

og(1+ (u—1)logu = log 6.

2
KO?2,

1—46. But kolu = Esamp- Then the stated sample error estimate follows.

When  tends to infinity, we see that v?x — || Kz ||K{%1 |2 and

3 _ 1
VI ez Ll 1wl = 1652 DE | K57 Kz Di|
while ko2, — 0, hence Esamp — 0.

When o2 — 0, we have ko2, — 0. The definition of the function « tells us that

_ 2||KgsLuwll [|Lw B, log §

u — oo and ko2 = . It follows that

(u—1)logu
, 2log 3
“ logu

which converges to zero. |

U
Esamp = Ko u = —— | Kz Lol [ Lu]B

7. REGULARIZATION ERROR AND INTEGRATION ERROR

We finish the proof of Theorem 1 and give some estimates for the error || fz,, —
f*|I%. The first estimate depends (linearly) on the regularization parameter v and

we call it regularization error. Recall that f* € Hy ;.
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Proposition 4. Assume the standing hypotheses. If f* € Hy 7 and Az ,, > 0, then
YKz 11%
5 .

T, w

* 12
Iz = [F Ik <
Proof. According to the definition of fz ., since f* € Hy ; we have

Ex(fzr) +llfonllic < &)+ 11%-

It follows from the fact Ex(f*) = 0 that

I fza % < 1% (7.1)
and
Exfrm) < I 1% (7.2)
But &) = Yuep s (frn (@) = £*(2))” = D3 S5 (far — ) |a(e). Together
with (6.3) and (7.2) this implies

A2l fn = FI%
| K7 7l

Then the desired estimate follows. L]

YN =

Proof of Theorem 1. Since v =0 and w = 1 in Theorem 1, the expression for f,
follows from Theorem 2 and we see from Proposition 4 that f* = fzo. Moreover,

the operator L,, = L in Theorem 4 becomes (Kf,iKE,f)ile,E7 the one given in
Theorem 1. Also, 02 = o2.
Since Az = Az > 0, Proposition 2 yields || L] < 1/Az and H(KEEKE,;)AH <

1/A2. Putting all these into Theorem 4, we know that for every € > 0,

. ex2 €
Prob{”fz — f ||%{ S 143(72 +€} Z 1— eXp{beg(l + @)}

K; 7 .
Here « < H/\%tu This proves Theorem 1. Ll

For the general situation including the poor data case, our estimate will be
given under a Lipschitz continuity assumption involving the Voronoi of X. We call
it integration error because the estimate comes from bounding the integral over X
by sample values at Z.

Let X = (X,)zez be the Voronoi of X associated with Z, and w, = px(Xy).

Define the Lipschitz norm on a subset X’ C X as

Hf”Lip(X’) = |[fllLe(xn) + sup Afls) = Flw)|

. 7.3
SO s = allom ) (7.3)
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We shall assume that the inclusion map of H ; into the Lipschitz space satisfies

Cz := sup 5
fe€H 7 /1%

(7.4)

This assumption is true if X is compact and the inclusion map of Hy 7 into the
space of Lipschitz functions on X is bounded (This is the case when K is a C?
Mercer kernel, see [33]). In fact, if Hf”Lip(X) < Co| fllx for each f € Hy 7, then
Cr < Cpx (X).

When K is a convolution kernel satisfying a mild decay condition, (7.4) also

holds. See Proposition 5 below and Example 5 in Section 8.

Theorem 5. Assume the standing hypotheses. Let X = (X;)zez be the Voronoi of
X associated with T, and w, = px(X,). If T is A-dense, Cz < o0, and f* € Hyz,
then

I fzy = F12 < 1F7 1% (v + 8C5A).
Proof. Let f € H ;. Then

& (1) = S wnlf(@) ~ £ @) = S (@) = @) [ dps.

z€T z€T Xa
It follows that
If = £717 < &(f) + I,
where Iy = [S,es [y, (/) — F*(@)* = (F(u) — F*(u)?dpx (w)]-
For each x € ¥ and u € X,
* 2 * 2 * (|2
[(f(@) = £7(@)* = (f(w) = £ @) < 20f = F I ipex 17— e rr)-
Since T is A-dense, we must have ||z — u||p~r») < A, otherwise u € X, for some

a’ # x. Moreover, px(X,) = w,. Hence

Iy < Q{Z wg || f — f*Hiip(xz)}A <204 f - f*[%A.
TET

Take f to be fz~. Then
1 fz = F7I? < E(fzn) +2C5 fr — FF 1% A
This in connection with (7.1) and (7.2) implies
| fzr = FIP <A1+ 8CalF %A

This proves Theorem 5. L]
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From the proof of Theorem 5, we see that for f € Hy ;7 and z €7,

2 2 2
[ 1P < oxCE Sy < wal i,

Then the following holds.

Corollary 4. Under the assumption of Theorem 5, there holds
112 < Callflli,  Vf €Hgs

Theorem 5 and Theorem 4 (together with the bounds in Corollary 4 and Propo-

sition 3) proves the following error estimate.

Corollary 5. Under the standing hypotheses and the assumption (3.3), let X =
(X2)zexz be the Voronoi associated with T and w, = px(X;). If T is A-dense,
Cz < o0, and f* € H 7, then for every 0 < § < 1, with confidence 1 — § there
holds

1 far — f*||* < 20zEsamp + 2911 F* 1% + 160z %A

where Esamp is given by (6.9) in Proposition 3.
Let us verify the condition (7.4) under some decay condition for K.

Proposition 5. Assume standing hypothesis 1. Let X = (X, ),ez be the Voronoi
associated with 7, and w, = px(X,). If each K; is Lipschitz on X, satisfying
By =swp Y |[KillLipx,) <00 Bz :=supws ) | KillLipx,) < o0
rex tet tet TET
then
Cx < 4BBz| K|
Proof. Let f =3, 5K € Hyz and z € T. Then for uy,uz € X,
[f(wn) = fluz)| = D e (Ki(ur) = Ke(uz))] <D led Kl Lip e, lun = wzlles ).

tet tet

Also,

[ fllzee(x,) < Z leel[| Kell Lo (x,) < Z led [ Kl Lip .-
tet tet
These in connection with the Schwartz inequality tell us that

1/2
lipe < 2{ Sl IEbiper | {2 1Keliper,)

tet tet

1/2
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can be bounded by 2\/Bi{}", |Ct|2||Kt||Lip(Xm)}1/2' Therefore we have
S0l B,y < 48 3l { S wellelip ) | < ABeBelely,
TET tet TET

But Hc||32({) < ||K{;H|\f||%( Then our conclusion follows. U

For the poor data situation, the integration error can be bad. In fact, if Kz ¢ =0
for some ¢ € (2(1), set f* = 3, ;;¢ K € Hyy. Then f*(x) = 0 for each z € T.
Hence fz, =0 and || fz, — || = || f*|| for any v > 0.

Summarizing, our main goal of the error estimate is to bound the difference

fur — £ (cither [|for, — £l or even [ fon — f*llz ). But
[ fary = £ < W oy = fonll + 1 fzn — £
Each of the two summands on the right is estimated separately, the first via The-

orem 4 and the second in two cases: Az, > 0 by Proposition 4; in general by

Theorem 5.

8. CONVOLUTION KERNELS

Some estimates for Az will be given for convolution kernels having ||/ fl | < oo.
We consider now the setting with X = IR", w = 1 and ¢ = Z" (The more general
situation of X C IR™ can be analyzed as in the discussion in Section 3).

The convolution kernels on IR" take the form:
K(s,u) = (s —u) with ¢ € L*(IR™) being continuous and even. (8.1)

For these kernels, K (s,s) = 1(0) for any s. Then K is Mercer if and only if 4 has
nonnegative Fourier transform v)(¢) > 0. See [6]. The Gaussian is an example of a

convolution kernel. More examples can be seen in [3], [8], [14], [27], [32].

Proposition 6. Let X = IR", # = Z", and K be as in (8.1). Then both || K7 ]|
and ||K{;H are finite if and only if for some 0 < a < b < o0,
a< Y pE+2jm) <b, Ve (82)
jez’!L
Note that the function ZjeZ" 1/}(§+2j7r) is 2m-periodic. From Proposition 6, one
can easily find "kernels” which satisfy our standing hypotheses but are not Mercer
kernels on X: take ¢ whose Fourier transform is not nonnegative but satisfies (8.2)

for positive constants a, b.
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The proof of Proposition 6 follows from the expressions for K7 ;|| and [/ K- zl||

in Lemma 1 which give the sharp bounds for a and b.

Lemma 1. Lett = ZZ" and K (s,u) = 1(s—u) with some continuous even function

Y € L2(IR™) satisfying (8.2) for a,b > 0. Then standing hypothesis 1 holds. In

particular,
) Kl = [y dte+2m)| <o,
2) 1571 = H(ijm(&zjw))‘l S 1

Proof. Note that

2
< Kjgc,c>pq = Z Pt —t ey = (27r)_"/ 1/}(5) theif-t de
tt'et R" et
2
= e [ (X dteram) | aest| o
ol Neczzr tet

Then Kjy is positive. From the identity
2
{(27’1’)_n/ |Z cte_zf't’ dg} = ||C||Z2(g), Ve € EQ(Z%
[_7T77T]n tet
we see that the upper bounds for the norms hold. The lower bounds can be seen by
taking for each € > 0, a sequence ¢ € ¢?(f) whose Fourier series is the characteristic

function of the set {¢ € [m,7]" : |F(€)| > ||F ||~ —¢}. Here F denotes the function
F() = X ez 96 +2m) 01 (e 0(E +24m)) O

Remark 6. The same norm expressions hold when one scales the set Z"™ by a
constant > 0: if ¢ = HZ" and ¥(§) = 3, zn (€ 4 2jn/H) > 0, then

1Kl = H="{| @[], and K| = B 9] ..

Turn to the Shannon example. Here K is a convolution kernel generated by
the sinc function ¢ whose Fourier transform ¢ is the characteristic function of the

interval [—m, ].

Example 4. Let n = 1 and ¢(z) = ¢(z) = sin(wz)/(wz) be the sinc function
and K given by (8.1). Then for t = Z, { K} ez is an orthonormal basis of H 7,
157 2ll = 1557 | = 1, and
sinm(z — j) 9
;= j————— ! () ;.
M= {L oG cerm]

JEZZ
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Moreover, as subspaces of L2(IR), we have

Hx =Hgz=V ={f € L*(R): f(§) =0 VE&[-m ]}

Proof. Take the inner product on V to be the one inherited from L?(IR), we see

from the Plancheral formula and the fact 1&(5) = X[—r,n that
< Ki, K, >p2= (2m) 71 < Ky, Ky > 2= (21) 7 / [$(&)Pe I dE = (t - s)
R

which is K(t,s). Thus, < K;, K, >p2=< K;, K, >x. Also, K, = e "€)(¢) is
supported on [—m, 7|, hence K; € V for any ¢t. Moreover, for each f € V, we
have f supported on [—m, 7] and given on this interval by jez cje” ¢ for some
¢ € (% Hence f = ez cjf(j, and f = >z c;K;. Therefore, Hx = Hyz =
Vil llram): O

Denote C,, o 1= 2" (1 +n*/?/(a —n)). For L € (0,1/4), we set in the following
C_ = (cos L — sin Ew)n, Cy = (2 — cos L7 + sin Cw)n.

We expand the setting now where we do not have a kernel. In this new setting,
just a continuous function 1 € L?(IR") (not necessarily even) is involved. Then the

operator K 7 is replaced by Cy 7 : £2(f) — (*(T) defined as
(Cz,za)x = Z Y(z —t)as. (8.3)
The constant Az is also defined similarly by
Az = Uel?f(z) ICz 70l @)/ vllez gy - (8.4)

Theorem 6. Let 0 < L < 1/4,t =Z", h > 0 with 1/h € IN, and @ = {u;} jczr
satisfy |u; — hjlleerny < Lh for every j € Z". Suppose ¢ is an L* function on
R" satisfying

[ < Co(l+gh)™  VEER” (8.5)

for some Co > 0,a > n. Define C; 7 by (8.3) and Az by (8.4) with® =u. Then

ICa 7]l < 2C4 CoCroh™ /2. (8.6)
If moreover, for some 0 < ¢y < Cpy, h < (5cf572ccg*)2/(2a_n) and
oYn,a
5 L2
> loeramf=2d v (5.7)

jezn
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then the constant Az can be bounded from below as

N> G-

hm/2,
Note that Cy depends on «. For general T, we get the following consequences.

Corollary 6. Let £ = Z", and ¢ be an L? function on IR" satisfying (8.5)

and (8.7) for some a@ > n,0 < ¢ < Cy. If T is A-dense for some 0 < A <

C_c2 2/(2ac—n)
%(m) and 0 < £ < 1/4, then
C_cy n,_n
Az 2 21+n/2£2 ATz

Proof. Since A/L < 1, we can choose some h satisfying A < Lh < 2A and
1/h € IN. Then T is Lh-dense. For each j € ZZ", there is some u; € T such that
|hj — wjllgoe (rmy < Lh. It means that % := {u;} ez~ satisfies the requirement in
Theorem 6. As h <2A/L < (0’70‘%)2/(20‘7”), we conclude by Theorem 6 that

5C4C2Ch.a
for each ¢ € ¢2(%),

0700 _n
Izl 2 [Cazelem = —5—h" 2 lellag.
Hence Ay > 95%h=% > S=%0, L5 A, .

Now we can see that Proposition 1 follows from Corollary 6: (3.11) in connection
with (3.10) tells us that 37z [$(E+2jm)[? > [(€)[? > ¢ for & € [—7,71]", hence
(8.7) holds.

Standing hypothesis 2 requires the norm || Kz z||. In the current general setting,

we can estimate the norm C; 3 which involves the separation of 7, defined as
Sepz = inf ||z — y|seo(rm)-
pr = Inf_[lz = ylle~ )

Corollary 7. Let ¢ = ZZ™ and v be a function on IR" satisfying (8.5) for some

Co > 0, > n. For any discrete set T C X and 0 < £ < 1/4, we have

4 2.\
1Cz2ll < 2C4 CoCh o <maX{Sepx’ £}> '

Proof. Let h be a positive constant with 1/h € IN which will be determined later.
Take a set of multi-integers ¥ := ([—ﬁ — %, ﬁ + %} N Z)n. We separate the
set T into {T(Y} ey where 7 = TN (WZ" + hQ,). Here for a € %, Q, =
((=£,L]" +2La) N (=%, 3]". Then

HZW(Q? - t)sz(f) = Z HZ crip(x — t)HZQ(E("‘))'

tet a€X  tct



26 STEVE SMALE AND DING-XUAN ZHOU

The definition of Sepz tells us that for each o € ¥ and j € Z", the set 7N
(hj + hQ,) contains at most S := ([(2L£h)/Sepz| + 1)™ points. Thus we can divide
the set Z(%) into S subsets {Eéa)}le such that E,(Ca) N (hj + hQ,) contains at most
one point for each j € ZZ".

Fix o and k. Then there are J C ZZ" and {6;} C [-L£, £]™ such that

7\ = 2Lah + {hj + ho;}c.

Let @™ = {hj + h6;}czn where 0; = 0 for j ¢ J. Consider the linear operator
Cye 7 defined by (8.3) with T replaced by @® and v by ¥(2Lah+-). As [¢(2Lah+

u

Y(E)| = |1h(€)|, we apply Theorem 6 and conclude that
HZ cp(z — t)H[z(f;:O) < ICate z€ll 2 ary < 2C4 CoCrah™ ™|l 23y -

tet

This is true for each «, k. Therefore,
s
2 2 2
ICzz¢lla@) = Hzcth - t)Hp(z) = Z ZHZC”/}@ - t)Hﬁ(f;“))
tet a€X k=1 tet

can be bounded by (2 + 1/(2£))"S (204 CoCr.ah™/?|lcl|27))”. Hence

L+1 2+1/(2E) n/2 2 1 n/2

il =2 na <2 (e + )"
Gl < 2G4 CoCh, (Sepf * h ) C+CoChn, (Sepf * £h)
n/2

When Sep; > 2L, we choose h = 1 and obtain ||Cy 7| < 2C4CoCh .o (2/L)
When Sep; < 2L, we choose some h satisfying 1/h € IN and Sep-/(2£) < h <
Sepz/L and obtain [|Cx | < 204 CoCh o (4/Sepz) "2 This proves Corollary 7. [

Remark 7. Note that Az < [|Czz]|. Then we see from the lower bound for Az
given in Corollary 6 and the upper bound for ||C; 7| stated in Corollary 7 that our

estimates are sharp up to a constant depending on the ratio A/Seps.

Remark 8. The lower bound in Corollary 6 and the upper bound in Corollary 7

can be established for general convolution kernels without the decay (8.5).

Remark 9. One may consider more general ¢. For example, choose ¢ to be a subset
of R™ such that {e~%*}, 7 is a Riesz system in L?([—r/H, 7 /H|") for some H > 0.
Then similar upper and lower bounds hold with constants depending on H. Here

for a Hilbert space H, we say that a sequence of elements {¢; : t € t} C H is a
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Riesz system in ‘H if there are two positive constants C7,Cs > 0 such that
Cillellzy < Y- cidilly, < Callelay, Ve € (D).
tet
The Riesz system is called a Riesz basis of H if moreover, span{¢, },c; is dense in

H.

To prove Theorem 6, we need Kadec’s §-Theorem. See [30], and [24] for the
multivariate version:

Let £ < 1/4. If ||zj — j|l oo (rry < L for each j € ZZ", then

2
T R S 5
< OO Barmyy Y € A=),
This is the frame property of the Riesz basis {€~%%i} ;czn of L?([—m, 7]"™).
Proof of Theorem 6. Notice that
Y A+ < Cna
jezn
Let z,t € IR". Apply the inverse Fourier transform, we obtain for ¢ € £2(%),

Sawte -0 =0 [ (50 e )t

tet R tet
Denote ¢(§) := Y, cie ¢, g(€) == $(€)E(€). Then the above expression is

2¢

—n i&-x _ —n Qlj i€z i T
o [ o©crae= 3 an [ aler SR g
2}1/2

then ||Cy zcllezmy = || Doz cttb(u — t)|lg2 @) can be bounded from above and below

If we denote for ¢ € Z",

)= { ¥

jezm

o /[ 9+ 2tm /)i de

as
Io(9) = > Tolg) < lCazcllem < To(9)+ > Tulg).
0eZZ™\{0} ez \ {0}
Let us first derive upper bounds from (8.5) by means of Kadec’s -Theorem
(8.8). The condition on % tells us that {u;/h};czn satisfies the condition for (8.8).
Applying the upper bound of (8.8) to the functions g(£/h + 2¢n/h), we know that

. 20 "
I(g) < (V2mh) C’+||9(% + T)HL?([—ﬂ,W]ny Ve "
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As ¢(§) is 2m-periodic, é(€ + 20m/h) = ¢(€) because of 1/h € IN. Then we see
that h="/2||g(&/h + 20m /) || L2 (= m]m) 1
20 207
Jote+ 25 = e B

L2(-% L2,

N 20T 2 1/2
S { Z H1/1(§+257T+ h)C(E)HL?([ﬂ',‘n]n)} .
s€[=1/(2h),1/(2M)]"
If we set the quantity A}b as

P 267( 1/2
Ay 1:{ Z ”1/}5"'2577"' ”Loo( [—,x]" )} g
[(—1/(2h),1/(2R)]™

we find that

ILi(g) < (V2rh) "Cy AV ||é(¢ < hT2CLAY el 2 ay-

HLZ([ w,m|")

By the decay condition (8.5), we have Ag’ < Cy+/Ch,a , and
n i
Sooar< S (Yh+D)"PC 1+ |2|;r) <hPCCh g
tezm\{0} tezZ\{0}

which yields

Z Ii(g) < h*7"CLCoChallell 2 )
tezm\ {0}

Thus, we have

ICazcllem < Tolg)+ > Telg) < 2C4CoChah™?|c]l 2 ).
ez {0}

This proves (8.6).
Next we provide a lower bound for Iy(g). Apply the lower bound of (8.8) to the
functions g(£/h), we find

Io(g) = (V2rh) " C_l\gll 2 (1= /b mim) -

Observe that

1902 (o sy = / (€ + 25m) [2Je(€) [2de.

But for £ € [—m, 71",

3 B¢ +2sm)P < ST CR(1+ ¢+ 2sm]) 2 < C2C, ah°

B ST R U |s|>1/(2h)

This in connection with (8.7) implies

HgH%Z([—ﬂ/h,ﬂ'/h]") > ( Cocnaha)”CHm ([—m,m]m)"
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It follows that
Io(g) = h™"/?C\/ & = C3Crah®|lcl| 2p)-
When h="/2 < C_c2/(5C1C3C,, ), we have c2 — C2C), oh® > c2/2, and

ST Ilg) < (1-1/V2)Io(g), Io(g)Z%C—h_"/2||0||z2(f)~

teZZ"\{0}
Therefore,
1 C_CO _n
ICazellem > 5 lolg) = —5=h P\l g2 py-
Hence \g > %h‘”/ 2 and the proof of Theorem 6 is complete. Ll

We study for the convolution kernel the last quantity Cz required by (7.4). We
shall apply Proposition 5 involving the decay of the kernel.

Example 5. Let X = R", t = Z", X = (X,)zez be the Voronoi associated with
T and w, = px(X;). If px is the Lebesgue measure, T is A-dense, and v is a
continuous even function on IR"™ satisfying > jezn 7,/;(5 +2j7) > ¢o > 0 for every &£
and

(@) + V()] < Co(1 + [a])~

for some Cy > 0, > n, then for the kernel K (s,u) = 1 (s — u) we have

2
Cz <8(14n)(4n)* (2*Cpoa +3") (Cpya + 1) &(A +1)%,

Co
Proof. Let ¢t € t and z € T. Then the decay condition tells us that || K; HLip(XI) is
bounded by

Co(1+vn)(1+ Lot lul) " < Co(1 + v/n) (1 +max{0, |z — t| — vnA}) ™"

It follows immediately that
B; < Co(1++/n) sup Z (1 + max{0, |y — | — \/HA})
ye[O,l]" teZZm
is bounded by Co(1 + v/n) (vn(A +1))* (29C o + 37).

Concerning Bz we fix t € ¢, and see from w, = px(X,) that

Sl K,y < 3 Colt+vi) [ (1 max(oufe — o= va}) dos

vex vex @
can be bounded by Co(1 + v/n) [y (1 + max{0, |y — ¢| — 2y/nA}) “dpx. As px is

the Lebesgue measure, the integral is bounded by

/}Rn <1 + max{0, |y| — 2\/HA}> ady < (24 4v/nA)*Ch 0 + (4y/nA)™.
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Therefore,
Bz < Co(1+v/n)(2+4v/nA)* (Crpa +1).

Then the estimate for Cz follows from Proposition 5 and Lemma 1. L]

More general decay conditions such as the Wiener amalgam spaces [15], [2] can
be used for the condition (8.5) on v or the decay of p,.
9. ESTIMATING THE OPERATOR NORMS FOR COMPACT DOMAINS

When X is compact, the richness Az can be easily bounded from below. More-

over, it will be shown that Az — oo when T becomes dense. Denote

N, (%) :=sup{d € N : for z € X, there are (z;)%; C T satisfying |z; — z| < o}.

Proposition 7. Let ¢ = (¢;);_; be finite. Then for sufficiently small ¢ > 0 there
holds

1 _
|K (u,t) — ] < ——— Victue X with |u—t| <o (9.1)
25| K77 ||
for each t’ € t. In this case,
N,(x
Ao > V(@)
2|15 |

In particular, Az — oo when N, (Z) — oo.

Proof. The continuity of K tells us that for sufficiently small ¢ > 0, (9.1) holds
for each ¢’ € t.

Let 0 < 0 < lSep; By the definition of N, (T) =: N, for each t € ¢ there are
(ugj))j , C % such that |ul’) — | < 0. As o < 1Sep;, we know that (u (]))J 1N
(ugf))] 1 =0 when ¢ #£¢.

Fix j € {1,...,N}. The set 7 = (uﬁj))td satisfies \ugj) —t| <o. By (9.1), we
see that

(Kao5¢) o0 = (Ki30),| = | D e (K, ¢') = K(t,1))] < |l 2

‘”2||K N

Therefore,
llcllez )

Ve € (%),
2HK——III

[ Kz 76 — Kz zclleg) <

and

el e
| Kz zelle2 @y > el
v HK—}II @ 2||K,1”
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It follows that

N 2
_ ( Mellag
Il = 3 Mo el = Nolo) () -
j=1 t,t

Then our conclusion follows. ]

10. EXTENSION TO A SETTING WITHOUT A KERNEL

Our study can be extended to a setting without a kernel K.

Let (H, || - ||») be a Hilbert space of continuous function on X, finite or infinite
dimensional. Let {¢; : ¢ € I} be an orthonormal basis. Then Hf 7 is replaced by H
and Ki; by the identity operator on H, hence standing hypothesis 1 holds. Now

the linear operator Cy 7 : £%(f) — (*(T) is given by the matrix (¢¢()) and

TE€T,tEL’
only standing hypothesis 2 is required, where C; ; replaces Kz 7. The main results
are still true. For example, take 02 := > __ 02>, ;(¢(x))?. Corresponding to

Theorem 1, we have

Theorem 7. Assume f* € H with H,X, p,{¢:},c; as above, y as in (3.3). If T
provides rich data, then the optimization problem argmin ey Zzef(f(m) - yw)2
can be solved:
fz= Zatgbt, a=Ly and L= (C%;Ca;)ilcij.
tet

Moreover, for every € > 0, there holds

2 2 4
2 o EAD EAZ
<>\?E—l—(€}>1—exp{—2 210g(1+ )}

Prob{|fz = f 2

Examples of finite dimensional spaces H include polynomial spaces for the pur-
pose of interpolation. Examples of infinite dimensional spaces include the Fourier
series (the most classicall); function spaces on a 2-dimensional rectangle (with eigen-
functions of Laplacian being the orthonormal basis); and wavelet spaces (with an
orthonormal basis of wavelets or shifts of refinable functions).

Next suppose that {¢; : t € t} is only a Riesz basis of H. Then the mapping
K : ¢2(t) — H given by Kc = > 1ci Ct @ is an isomorphism. This isomorphism plays
the role of K77. The setting is now similar to the one with standing hypothesis 1
satisfied. One example is generated by a (stable, but not necessarily orthogonal)

scaling function ¢ of a multiresolution analysis in wavelet analysis. Take k €
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Z.t =", and ¢; = p(2" - —t), the scaled shifts of ¢. Then estimates for Az can
be given as in Section 8, which would lead to sample error estimates like Theorem
1. The regularization error and integration error estimates can be obtained from

the approximation properties of multiresolution analysis [10], [23].

Remark 10. In this paper we study the error || fz~ — f*||? (regularization error
or integration error estimates) under the assumption f* € Hy ;. It would be
interesting to have some estimates for the error without this assumption. One
situation is when Hy ; is a closed subspace of a RKHS Hy generated by a Mercer
kernel K and f* € Hx. One may study the error even for f* to be outside Hg, as

done for the approximation error in [22], [26].
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