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1. Introduction and Main Results.

In this note we consider the zero finding problem for a homogeneous polynomial system
f:@"tt o™

with m < n, f = (f1,..., fm), fi € Ha,, the space of homogeneous polynomials f; :
O™t — @ with degree(f;) = d;. The well-determined (m = n) and underdetermined
(m < n) cases are considered together. We also let D = maxd;, d = (dy,...,d,,) and
HdZHdl X .. XHdm.
The projective Newton method has been introduced by M. Shub in [6] and is defined
by
Ny(2) = 2 = (Df(2)[z2)"" f(x)

when m = n, with Df(x)|,. the restriction at z* of the derivative of f at z. Here x
denotes the space orthogonal to z in €""'. When m < n, we take

1

Ny(z) =z — (Df(2)],2)" f(z)

where, for any linear operator A : IE — IF between two Hermitian spaces, AT denotes its
Moore-Penrose inverse. A" = A*(AA*)~! when A is onto, which is the case considered
here.

A Newton continuation method sequence (NCM sequence) is a sequence of pairs

(fi,G) € (Ha)* x (€™ TH*, 0<i <k,

(given a vector space E, E* denotes the set of nonzero vectors) satisfying the following
conditions :

fi(G) =0, 0<i<k,

and
alfiv1,C) < ap, with associated zero (;y1, 0<i<k—1.

This last condition, we will make it precise later, implies that the projective Newton’s
sequence

o = Ci7 ajp—f—l - Nfi+1 (:EP>7 b 2 07

converges quadratically towards ;4.

The complexity of an NCM sequence (f;,(;), 0 < i < k, is measured by k. Upper
bounds for the complexity of NCM sequences have been given by M. Shub and S. Smale in
their papers [7], [8], [9], about the complexity of Bézout’s Theorem. They give an upper
bound depending mainly on the degree D of the considered system and on the condition
number of the homotopy. The case of sparse polynomial systems is studied in [2] by J.-P.
Dedieu, the case of homogeneous polynomial systems by G. Malajovich [5] and L. Blum,
F. Cucker, M. Shub, S. Smale in their book [1], Chap. 14, the case of multihomogeneous
underdetermined polynomial systems by J.-P. Dedieu and M. Shub [3] and the case of
overdetermined polynomial systems by J.-P. Dedieu and M. Shub [4].
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Our main results here are two lower bounds for the complexity of a NCM sequence.
In the first one we relate this complexity to the degree :

Theorem 1. For any NCM sequence (f;,(;), 0 <i <k, one has

D _
k> emax(l, THdR(go,ck),

where ¢ > 0 is a universal constant given below and dr((y, (x) the Riemannian distance in
P(C™) between ¢y and (.

The Riemannian distance in IP(€'"") is defined by

| < u,v> |

dgr(u,v) = arccos
’ ][} ]

for any u, v € (€"1)*,

Remark 1. This bound is sharp and this complexity is obtained for the family of systems
defined by

frj(zo, 21, z0) = 20" (25 = Geyz0), 1< 5 <,

where (; = (1 —1t)(1,0,...,0) +t(1,a1,...,a,), a € " given.

For any f € Hgy let us define
Yp={re (0" : rank Df(z) < m}.

In our second theorem, we give a lower bound for the complexity of an NCM sequence in
terms of the arithmetic mean of the distances of (; from Xy,.

Theorem 2. For any NCM sequence (f;,(;), 0 <i <k, one has
dr(Co, Ck)
k
ENY dr(Gn By,
i=1

k>c

Y

where ¢ > 0 is (another) universal constant.

Remark 2. This lower bound shows that the complexity of an NCM sequence increases
with the proximity of singular points. This proximity is measured here by the arithmetic
mean of the distances dr((;,¥y,), 1 <@ < k.

Corollary 1. Let € > 0 be given. For any NCM sequence (f;,(;), 0 < i <k, such that
dr(Gi,2f,) <€, 1<i<k
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we have
k Z CeildR(Cm Ck)a

with ¢ as in Theorem 2.

The proofs of these theorems are based on Smale’s alpha-theory introduced by S.
Smale in [10]. We use here its homogeneous version as described in J.-P. Dedieu-M. Shub
[3]. When Df(z) is onto, we define

ﬁ)

TDkf(CU)

(Df(@)]) ==

= 1
v(f, @) maX< llell max

B(fx) = el (D f(@)]o0)T F @),

a(f,x) = 6(f, 2)y(f, ©).

In the definition of v(f,x), || || is the operator norm with respect to the canonical
Hermitian structure over @™,

These three quantities are invariant under scaling and under unitary transformations:

*(f,x) = *(f, Ax) = x(\f, 2) = *(fou,u™" (2)),

with « € {a, 3,7}, for any = € (€")*, A € €* and any unitary transformation v in
@™, When Df(z) is not onto, we take

a(f,z) = 6(f,x) =(f,z) = c.
The following theorem ([3], Theorem 1) justifies our definition of a NPC sequence:

Theorem 3. There is a universal constant cg > 0 with the following property : for any
homogeneous system f € Hy and x € (C™T)*, if a(f, z) < ag, then the projective Newton
sequence

o =2, Tp41 = Ny(xp)

18 defined and satisfies

2k -1
v ~aullonl < (5) 8070

for any k > 0. This sequence converges to a zero ¢ € (C™1)* of f and

G <o (1) o
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with

We can take ag = 1/137.

2. Proofs of Theorems 1 and 2.

These proofs are the consequences of the three following propositions. In the first one
we compute the minimum value of v(f, ().

Proposition 1. We have
D—-1
maX(lv T) = mll’l’)/(f, C)?

where the minimum is taken over all pairs (¢, f) € (C™TH)* x (Hq)* with f(¢) = 0.

Proof. We first prove that (D — 1)/2 is a lower bound for v(f, (). We can suppose that
rank Df(¢) = m since, otherwise, v(f, () = co. Using the invariance properties of v(f, ()

under scaling and unitary transformations, we also can suppose that ¢ = (1,0, ...,0). Since
f(¢) = 0 we have

fi) = 20 Nagiz1 + ..+ ainzn) +9i(2), 1<i<m,

with degree (g;,20) < d; — 2. Let us denote by A the m x n matrix with entries a; ;. Thus
Df(¢) = (0|A). The second derivative of f = (f1,..., fm) is given by

D210 = =1 ( Jr o)+ Do)

where A; = (a;1,-..,0in) and O, is the n X n zero matrix. Since degree (g;,20) < d; — 2,
for any v € €™ we have

D*fi(¢)(¢,v) = (di — 1) Zai,ﬂ}j

so that
U1

D2 (¢)(¢,v) = Diag(d; — 1) A%, &=

Un

Here Diag(d; — 1) denotes the m x m diagonal matrix with diagonal enties d; — 1. This
gives

(Df(C)|CJ_)TD2f(C)(C7U) = (ATDmg(gi — 1)A17)
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and consequently

1At Diag(d; — 1) A[l/2 = || (DF(O)c2) D2 F(©) /2]l < A(f, ).

Let us consider the matrix B = A'Diag(d; — 1)A. Let A = UXV be a singular value
decomposition of A : U and V are unitary m x m and n x n matrices and 3 = (A|0) with
A = Diag(0;), 01 > ... > 0, > 0 the singular values of A. We have

B=v* (A_l) U* Diag(d; — DU (A|0)V = V* (

A~U*Diag(d; — 1)UA o)
0 %

0 0
so that the eigenvalues of B are d; — 1,...,d,, — 1 and 0. Since ||B|| > p(B) (its spectral

radius) we get
IB|| = [|A" Diag(d; — 1)All > D ~ 1

and this proves the inequality

17,0 > max(1, 2 ).

In order to prove the converse inequality, we study the following example :
fi(2) —zg Tz, 1<i<m, z=1(20,-..,%),
and we consider ¢ = (1,0, ...,0), so that f(¢) = 0. The derivative of f is given by
Df(C) = (0,1, On—m),

with I,,, the m x m identity matrix and O,,_,, the (n —m) x (n —m) zero matrix. The
other derivatives are given by

O<7lj <n
1<j<k
for any u',...,u* € €. These partial derivatives are equal to 0 except when, for some
7 =1...k, we have
ih=...=0j1=1j41=...=10 =0 and i; =1.

In this case, this partial derivative is equal to (d; —1)...(d; — k +1). Thus

k
Dkﬁ(C)(u1 . Z di—1)...(di — k+ 1u 0...u% luju%"H ..ulg

Jj=1



and

o\ 1/2
m k
IDF£(O) (..., uR)| = Z Z (di = 1) ... (di —k+ Dup..ouwd  udud P uf
i=1 |j=1
m o\ /2
<(D-1)...(D—k+1) Z(Z’ ol ué’)
J=1 \i=1
<(D-1)...(D—k+1)k/2
when [|ul|| = ... = ||u*| = 1, as it can be proved by induction over k > 2. Consequently
DEF(O) |7 1/D-1\\T D-1
T < - _ = -
111 max | (DF(S)l¢+)" = <max|o(, 5

k—1
max(1, (D —1)/2) and achieves the proof of Proposition 1. g

using the fact that the sequence < (D 1)) , k > 2, is decreasing. This yealds v(f,() <

Proposition 2. There is a universal constant ¢ > 0 with the following property. For any
fe(Hy)*, ¢ and x € (€"H)*, if a(f,z) < o with associated zero ¢ then

dr(G,x)v(f,¢) < ¢

Such a proposition appears in [10]. We give here a similar result in the context of
homogeneous systems. It is a consequence of the three following lemmas.
Let us introduce the function

2
Y(u) = 2u® — du + 1, Ogugl—g.

This function is decreasing from 1 at u =0to 0 at u =1 — V2 /2. We first start with a
linear algebra lemma. Its proof may be found in [3], Lemma 2.a.

Lemma 1. Let X and Y be Hermitian spaces and A, B : X — 'Y linear operators with B
onto. If
HBT(B —A) <A<l

then A is onto and )
A'B —_—
4T B] < —



Lemma 2. Let x and y € (€"")* be given such that Df(z)|,. is onto, ||z = 1 and
u=|y—zl|y(f,r) <1- @ Then Df(y)|,. is onto and

(1-w?

L f x L
I(Df (W)]er) ' Df ()]s ]l < o)

D f(x)

i (y — z)*! so that

Proof. Df(y) = Df(x) + Zk

k>2

k
e

(Df (@) o) (DFW)|ar = Df(@)]r) =D k(Df()],2)

k>2

If we take the operator norm of both sides we get

I(Df (@) ) (DFW)ar = DF @)l <D ky(fy2)* My — | =

E>2

1
k=1 _
E ku u)2_1

k>2

and this number is < 1 since u < 1 — g By Lemma 1 Df(y)|,. is onto and

1 (1 —u)?
I(Df()|er)'Df(@)]ex ]| < - = o) O
1= (o 1)
Lemma 3. Let z and { € (€"1)* be given such that ||z|| = ||¢]| = 1 and a(f,z) < ag
with associated zero (. Then
V(f,x)

Y(f5¢) <

(1 —oag)(oag)
where o and ag are the constants appearing in Theorem 3.

Proof. Since f(¢) = 0 we have €'¢ C kerDf(¢) so that (Df(¢)|cx)T = Df({) is the
minimum norm right inverse of D f(¢). Thus
=
<

_1
k—l)

k
(Df(O)e)

v(f,¢) = max (Lg@c

D*f(¢)

max | 1, max
k>2



Since o f,z) < a, Df(z)],+ is onto so that

DF DF
(001 2 < sy ps@) |[erwle 2.
Let us denote u = ||z — {||v(f, z). Since a(f, x) < ap, by Theorem 3, we have dr((,z2) <
oB(f,x). Moreover, since ||z|| = ||{|| = 1, we also have ||z — (|| < dr((, ) so that
u < dp((,2)v(f,2) < oa(f,r) <oy <1 — g
Thus, by Lemma 2
Y (1—u)?
D)) DA <
We also have
Dk Dk+l
H(Df(a:)\m*%H DN L [}
- y(f,2) !
_ZH k'l' fra)tH! 1’\$—C’\l:m-

>0

(1= ) A(fo) )
7<f’<>§ma"<1’%1§5‘( 5o ) )

and, using the inequality u < oag we are done.

Thus

Proof of Proposition 2. Since a(f,z) < ayp, by Theorem 3, we have dg((,x) < oB3(f, ).
Using Lemma 3 we obtain

7(]07 I‘) < ey

(1 —oag)p(cag) — (1 —oag)p(oap)

dR(C? x)’y(fv C) < Uﬁ(fa JJ)

and we are done.

Our last ingredient is a corollary of the following theorem (gamma-theorem for ho-
mogeneous polynomial systems) see [3], Theorem 2, and [1], Chap. 14, Theorem 1, for the
case m = n.

Theorem 4. There is a universal constant y, with the following property : let ¢ € (C™T)*
be a zero of f € (Hy)* and x € (@"TH)*. If

[l = Cllv(f5 /IS < 70

9



then the projective Newton sequence
xo =2, Try1 = Ng(zp),

is defined and converges to a zero ¢’ € (€™ )* of f and

Pl
dR(Claxk) S g (%) ﬁ(fa Jf)

Proposition 3. For any ¢ € (€™ ™) and any f € (Hq)* such that f(¢) = 0 we have

dr(¢, Z)v(f,¢) = 0.

Proof. If x € ¥ then the projective Newton sequence xy = z, xx+1 = Nf(z), is not
defined. By Theorem 4 we have necessarily

[l = Cly (f, OS> 0.

When < x,¢ >= 0 then dr(¢,z) = 7/2 and the conclusion holds. When < z,{ ># 0,
scaling x such that < x — {,z >= 0, we obtain

dr(z,¢) = [lz = Cl/<]]
and we are done.

Proofs of Theorems 1 and 2. Given an NCM sequence (f;,(;), 0 < ¢ < k, since
a(fit1,¢) < agp with associated zero (;4+1, we get by Proposition 2

dr(Cit1,G)Y(fit1, Git1) < e
By Proposition 1 we obtain

D -1
max(1, T)dR(Ci—f—la G) <c,

so that
D—1

maX(l, T

k-1
)dRr(Co, Cx) < max(1, %) ZdR(CiH,Q) < ck
i=0

and this proves Theorem 1.
As previously we have

dr(Git1, G)V(fit1,Gy1) < ¢
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and by Proposition 3

dr(Cit1, C)V0dR(Cia1, Xpyy) T < dr(Cirs GV (fig1, Gigr) < ¢

so that
i =
r(Cos Ck) < Z (Giy1,G) < exgt (E > dr(Cisa, Efm))
i=0 i=0

and this proves Theorem 2.
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