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1. Introduction

The main goal of this paper is to show that the problem of finding approximately
a zero of a polynomial system of equations can be solved in polynomial time,
on the average. The number of arithmetic operations is bounded by ¢N* where
N is the number of input variables and c¢ is a universal constant.

Let us be more precise. For d = (di,...,d,) each d; a positive integer, let
H(q) be the linear space of all maps f : ctt — ¢, f = (f1,..., fn), where
each f; is a homogeneous polynomial of degree d;.

The notion of an approximate zero z in projective space P(C"*1) of f has
been defined in [Bez I, Bez II, Bez IV, Malajovich-Mu=F1loz]! and below. It
means that Newton’s method converges quadratically, immediately, to an actual
zero ¢ of f, starting from z. Given an approximate zero, an € approximation of
an actual zero can be obtained with a further log |loge| number of steps.

A probability measure on the projective space (of lines) P(H ) was de-
veloped in [Kostlan], [Bez I] and “average” below refers to that measure. Let
N =dimension H g as a complex vector space.

Main Theorem. Fizing d, the average number of arithmetic operations to
find an approximate zero of f € P(Hq)) is less than cN*, ¢ a universal constant,
unless n < 4 or some d; = 1.

Remark. Ifn <4 or somed; =1, we get cN®.

The result is also valid in the non-homogeneous case f : C* — C".

The import of the Main Theorem can be understood especially clearly in
the case of quadratic polynomials. Thus consider the case d = (2,...,2) of
this theorem. Here we have that the average arithmetic complexity is bounded
by a polynomial function of the dimension n since an easy count shows that
N < n3. This seems quite surprizing in view of the history of complexity results
for polynomial systems (see [Bez I| for references).

1Bez I, Bez 11, Bez IV refer to the corresponding papers [Shub-Smale].



The special case of quadratic systems has extra significance in view of the
NP completeness theorems of [BSS].?

Here it is shown that the decision problem “quadratic systems” is N P com-
plete over R or over C. This problem is given k quadratic inhomogeneous
equations (homogeneous over R is sufficient), in n variables, to decide if there
is a common zero. For various reasons, it seems unlikely that there is a polyno-
mial time algorithm, even with exact arithmetic (in the sense of [BSS]) for this
problem.

Moreover in the recent “weak model” of [Koiran], quadratic systems def-
initely do not admit a polynomial time algorithm, so that P # NP, as was
shown in [Cucker-Shub-Smale].

One might reasonably ask about the analog of the Main Theorem for the
worst case, rather than the average. In a trivial sense the corresponding conclu-
sion can’t be true since some polynomial systems have no approximate zeros.

But there seems to be a deeper sense in which the result (or a modification
thereof) fails for the worst case. The algorithms we use here are robust in
that they work well in the presence of round off error (see [Kim, Malajovich-
Mu=F1loz]).

This could be made more formal, more conceptual, by the introduction of
a “d-machine”, see especially [Malajovich-Mu=F1oz], but also ([Priest], [Shub],
[Smale, 1990]) for background.

A §-machine is defined to introduce a relative error § at each computation
node of a [BSS|] machine.

Then it could no doubt be proved that a d-machine would be sufficient in
our Main Theorem, where § > 0 could be well-estimated.

On the other hand for n > 1, polynomial systems may have one dimensional
sets of solutions (“excess components”) and that fact seems to imply, that the
worst case complexity problem is undecidable with §-machines, for any é > 0.
Even the linear case produces an argument. These ideas need formalization
and development, but one would expect that to happen in view of [Malajovich-
Mu=F1loz].

The algorithm of the Main Theorem, developed in [Bez I, Bez II, Bez IV],
is a homotopy method, with steps based on a version (projective) of Newton’s
Method. There is a weak spot in its present use in that the existence of a start
system-zero pair (g,¢) is proved, but not constructively. Thus the algorithms
depends on d = (dy,...,d,), and even on a probability of failure o. It is not
uniform in the sense of [BSS] in d and o.

In Section 2 an obvious candidate for (g, () is given. If our (highly likely)
conjecture stated there is true, then the uniformity of the algorithms is achieved.

The Main Theorem has the following generalization, which includes the case
studied in [Bez IV]. We say that z1, ...,z arel (distinct) approximate zeros of
[ € P(Hay) if they converge under iteration of (projective) Newton’s method
to [ distinct roots (y,...,¢; of f.

Generalized Main Theorem. Fizing d, the average number of arithmetic

2BSS refers to the paper [Blum-Shub-Smale].



operations to find D > 1 > 1 approxzimate zeros of f € P(Hq)) is less than
cl?N*%, ¢ a universal constant, unless n < 4 or some d; = 1 in which case
cl?N® suffice.

Here D =[], d; is the Bezout number.

2. Main Theorem, Weak Version

Let H(q) be as in Section 1 and we suppose it endowed with the Hermitian inner
product in [Kostlan], [Bez I] invariant under the unitary group U(n + 1). Then
S(H(ay) denotes the unit sphere in H 4y and

V ={(f,¢) € S(M(a) x P(C*™)| f(¢)=0}.

Then let 3 be the set of singular points of the restriction 71 : V. — S (Hay)

(ie.(f,¢) such that the derivative D7y : Tj (V) — Ty(S(H(ay)) is singular).
Compare all this with the similar notions for V' of [Bez I, Bez II,= Bez IV]. In
fact one has the fibration V' — V with fibers SO(2) induced by the fibration
S(H(ay) — P(H(ay); thus the vertical distance to ¥’ of [Bez I] defines a similar
vertical distance p (same notation) and neighborhood N,(2/) of 3 in V.

Let £, be the space of great circles of S(H4)) which contain g € S(Hq)).
Let ¥ : S(Hq)) — {+g9} — Ly, ¥(f) = Ly be the map which sends f into the
unique great circle containing f and g.

For such an f we may define f/f = frfl(Lf) cV. If LynN S = 0, where
3 = ﬁ'l(i’ ) is the discriminant locus [Bez I], then f/f is a one dimensional
submanifold in V oriented by going from ¢ to f omitting —g. If in addition, ¢
is a zero of g, then there is a unique arc in IA/f starting at (g, ¢) and ending at
the first point of 7 (f) met on f/f. Let us call that arc ﬁ(f,g,().

Remark. ﬁ(f,g,() may be interpreted as a path of zeros of “the homotopy”
tf+ (1 —t)g ast goes from 0 to 1.

Our Hermitian structure on H(4) induces natural Riemannian metrics and
probability measures on S(Hq)), P(H(q)) and Ly see [Bez II, Bez IV]. More-
over with these measures, the natrual maps S(H)) — P(H(q)), ¥ : S(Ha)) —
{£g} — L, are measure preserving, in the usual sense that meas 1)~ 4 = meas A.

Fixing (g,¢) as above let ¢ = 0(p,9,(), 0 < o < 1 be the probability
that L(f,g,¢) meets Np(i’) for f € S(H(4)). Later we will see how o may be
interpreted as the “probability of failure”.

Theorem 1. For each p > 0, there is a (g,() € V such that

o< cp2N2713D3/2 .

Here, as throughout this paper, ¢ is some universal constant. Moreover

D = max (d;)
i=1,...,n



Proposition. We have n3D3 < ¢N wunless some d; = 1 or n < 4 in which
case there is a slightly weaker estimate.

The proof is left to the reader (use ( p :{ " ) <N).

Using this proposition and [Bez I] for the case n = 1, one can use Theorem 1
to get the estimate:
o< cp2N 3,

Theorem 1 has a ready interpretation in terms of the condition number of

fs
Ng,((f) = max Pnorm (R, 2) .
(h,2)€L(f,9:0)
Here see [Bez I, Bez 11, Bez IV] for pinorm(h, 2) as well as the condition number

theorem )

p(h, z) = o 2) (h,2) eV, (orV).

Let
Sgc.p ={f € S(H@) — {xg}| L(f,9,¢) N N, (%) # 0}

Theorem 2. Given p > 0, there is a g € S(H(qy) such that

1 Z ((C) 0 VOl SQ,C,P
2 _9©= < cp?N?*nPD?/?.
D Vol S(Hgy) 70"

Note that Theorem 1 is a consequence of Theorem 2, since the left hand side
of Theorem 2 is an average over the zeros ¢ of g. For at least one (, one gets
less than the average. Hence there exist a pair (g,() € V such that

Vol Sg’gp

— P96 - 2N2 3D3/2
7 Vol S(H(d)) =P "

proving Theorem 1.

Conjecture. The pair (g,¢) of Theorem 1 given by gi(z) = zg"'_lzi, i =

1,...,n, and { = eg = (1,0,...,0) makes the conclusion of Theorem 1 true.
The truth of this conjecture would make our algorithms more constructive

and in fact algorithms in the sense of [BSS] with input, (d, o, f).

Remark. Let S, , = U Sg.¢c.p- SO

¢
9(¢)=0

Vol (Sg,) <> Vol Sgcp
¢



In this way it is seen that Theorem 2 is a sharp form of Theorem 2 of [Bez IV].
In fact that suggests a proof. Theorem 2 is proved in the next section following
[Bez IV], but with a multiplicity function taken into account.

Next we use the Main Theorem of [Bez I] and Theorem 1 above to obtain a
weak version of our main result.

Main Theorem (weak version). Let be given a probability of failure o, 0 <
o < 1. Then there exists (g,() € V such that a number of projective Newton
steps k sufficient to find an approximate zero of input f € S(Hq)) is

3
p< N
g

. cN*
(If n < 4, or some d; = 1, one obtains only — ).
o

3/2

Proof. The Main Theorem of [Bez I] asserts that k < ¢ . But by The-

P2
orem 1, we can take o = ¢p?N2D?3/?n3. Thus by the Lemma, we obtain the

estimate of our Theorem.
The number of arithmetic operations of a projective Newton step can be

cN . . .
bounded by ¢, so we get —— arithmetic operations.
o
This theorem is easier to prove than the Main Theorem, the weakness coming

1 1
from the factor — which can’t be averaged. Thus we must be able to replace —
o

1
by ——, Sections 4, 5, 6, and 7 are devoted to this.
o

3. The proof of Theorem 2 of Section 2

As we have noted Theorem 2 of Section 2 uses a sharpened form of Theorem 2 of
[Bez IV]. This suggests a proof. To this end we sharpen accordingly, Theorem C
of [Bez IT] and then Proposition 4a, 4b of [Bez IV].

Let My, : S(H(q)) — Z* be defined by: My, (f) is the number of roots of f

in ng(i’) (perhaps oo) or more properly, the cardinality of 77 *(f) N ng(i’).
Here we are following the notation of Section 2.

Theorem 1. For any p >0

1

S Ma,(f) < cp*n®N?D.
Vol S(H(d)) ~/S(7‘l(d)) p( )

This is a sharper version of Theorem C of [Bez II], but the same proof works.

Define for (g,¢) € v, Ly, C Ly as follows: Suppose that

LN =0 (L,XA:CS(H(d))).



Then #;*(L) — L is a D-fold covering map and #; *(L) — #; *(—g) consists of

D open arcs in V. Let Ag ¢ denote the arc among then that contains ¢. Then
define: )
Locp={L € Ly|Agc N Ny(X') # 0}.

Lemma 1. With notation as above,

>, ¢ Vol Syc, > ¢ Vol Ly,
g(¢)=0 9(¢)=0

Vol S(H(d)) o Vol L,

The proof follows from the fact that ¢ : S(H4)) — {£g} — L, preserves the
probability measures and that

Sg.co CUTH(Lycp) -
Lemma 2. For any p >0, d= (di,...,d,) thereis a g € S(Hq)) such that

Vol £ _
Zg(<§=o O Rk - <cp2> ' Vol g1

Mo, (f).
Vol £, D3/2 ) Vol S(H4)) /sm(d,)) A7)

(Here Vol S* = 2n).

Note that Lemmas 1 and 2, and Theorem 1 give the proof of Theorem 2 of
Section 2. One has to just check that the constants come out correctly.

Thus it remains to prove Lemma 2. For this we sharpen Propositions 4a,
4b, of [Bez IV] as follows.

Let £ denote the space of great circles in S(Hq)).

Proposition. a) There is a g € S(H(q)) such that

1 1
- Moy < ——— Mo, (f).
Vol L, /L rer Y= Nol L /ﬁ rer 20(/)

Moreover, b)

1 Vol St /
Moy(f) = o Moy (f)-
Vol L /L/feL 20(/) Vol S(Hay) S(Ha) /)

The proof follows so closely that of Propositions 4a, 4b of [Bez IV] that we
leave it to the reader.

Corollary. For any d,p there is a g € S(H(q)) such that

1 Vol St
IR PTT Sy
Vol l:g /LQ/L 2p( ) Vol S(H(d)) S(Hay) 2p( )



Let 7, : L, — Z* be defined by: 7,(L) is the number of A, meeting
N, (2.
Then from the definitions

> Vol Lyc, = / 7,(L).
: LeL,

9(¢)=0

(From the Corollary of Theorem 1 of [Bez IV] we have

cp?

(L) < (DB/Q)l [ ().

Therefore we obtain for any g € S(Hq)),

Vol £ 2\t
ZC 0 9,C:p S 1 cp / / MQp(f) )
Vol L:g VOI ,Cg D3/2 LyJL

The corollary of the previous proposition now finishes the proof.

4. Integral Geometry

The goal here is to estimate the volume of certain real algebraic sets. The
arguments go back to Crofton and Santal=F3, but we use a modern form closer
to [Bez II, Bez IV].

The following theorem illustrates what we are doing.

Theorem 1. Let M C P(]Rl) be a real algebraic variety, given by the vanishing
of real homogeneous equations with its complexification having dimension m and
degree &, over C. Then the m-dimensional volume of M is less than or equal to
§Vol P(R™*).

The affine version can be dealt with by the same methods and in fact is in
[Smale, FTA] for the 1-dimensional case in R

Let V C S(Hg) x P(C™*') be as in Section 2 with restrictions of the
projections denoted by #; : V — S(Hay), 72 : V — P(C"1). Let L be a
great circle in S(H(q)), with LN = @. Then #7'(L) is a 1-dimensional (real)
submanifold in V. Also 7 (77 1 (L)) is a curve B in P(C"1).

Theorem 2. The length of B is less than or equal to 2D2.

We sketch some basic results on integration, especially Fubini’s theorem, in
a Riemannian manifold setting (the Coarea Formula, see [Morgan]).

Suppose F': X — Y is a surjective map from a Riemannian manifold X to a
Riemannian manifold Y, and suppose the derivative DF(x) : T,,(X) — T (Y)



is surjective for almost all z € X. The horizontal subspace H, of T, (X) is
defined as the orthogonal complement to ker D f(x).

The horizontal derivative of F at X is the restriction of DF(z) to H,.
The Normal Jacobian N;F(z) is the absolute value of the determinant of the
horizontal derivative, defined almost everywhere on X.

Example 1. Suppose a compact Lie group G acts transitively and isometrically
on a manifold S. Fizing so € S, the normal Jacobian of the map G — S,
g — gso 1S a constant.

More generally it is easily seen that:

Proposition 1. Let F: X — Y be a map of Riemannian manifolds, equivari-
ant under the action of a compact group G of isometries of X andY. If G acts
transitively on X then the normal Jacobian is a constant.

Fubini’s theorem takes the following form.

Coarea Formula. Let F': X — Y be a map of Riemannian manifolds satis-
fying the above surjectivity conditions. Then for p : X — R

/}(w(x)—/yﬁ_l(y)w(w)m-

Here the usual integrability conditions of Fubini’s theorem are supposed.

Next suppose that G is a compact Lie group acting transitively and isomet-
rically on the manifold S. Let N be a submanifold of S such that the subgroup
Iy of G leaving N invariant acts transitively on N. Thus the quotient space

Gn=G/In={gN |g € G}
represents the various images of N under applications of elements of G.

Our application will be to the case S is real projective space P(]Rl), G is the
orthogonal group O(l) and N is P(R*™') considered as inbedded in P(R') as a
coordinate k subspace. In this case G can be identified with the Grassmannian
G}, of k-dimensional linear subspaces of P(RR').

Returning to the general setting let W C G X S be the submanifold

W ={(gN,s)|s€gN}.
Let py : W — Gn, p2 : W — S be the restrictions of the natural projections.

The following can be easily proved:

Proposition 2. The above W is indeed a submanifold, the product action of
G on Gy x S leaves W invariant, and acts isometrically and transitively on W.
Moreover py and po are equivariant under G.

Corollary to Propositions 1 and 2. The normal Jacobians of p1 and ps
are constant.



Since G acts on S it acts also on the tangent bundle T'(S) by the derivative.
It also acts on the associated bundle G, (T'(S)) with fiber, all m planes through
the origin in T,(S). We say that the action of G on S is m-transitive if this last
action is transitive. Note that in our application, m-transitivity is satisfied for
all the relevant integers m.

Proposition 3. Let M be an m-dimensional submanifold of S. Suppose that
G as above is also m-transitive on S. Let M = p;*(M) C W. Then the
restriction p2|M M — GnN has normal Jacobian a constant ¢ (possibly not
defined everywhere) depending only on G,S, N and m.

Proof. Define an associated bundle E(T'(W)) = E over W of T(W) as follows.
Let w € W: we will define the fiber E,, by

By = {Dp2(w)" (L) C Ty | L € G (Tpo(u)(5))} -

Then the induced action of G on F is transitive by our hypothesis of m-
transitivity. Let H, be the orthogonal space to ker Dpi(w) in E,. Then
Nip1| g (w) is the determinant of the restriction of the derivative of p; to H,.
By our transitivity we are finished, noting also that the surjectivity of the deriv-
ative holds everywhere if at one point.

Theorem 3. Let M be as above. Then
¢ / Vol (g N M)
Vol W() gNeGN g

where c is the constant of Proposition 3 and Wy = p, (so) for some fized sg € S.

Vol M =

The volumes are of course in the appropriate dimensions.

Proof. Apply the Coarea Formula and Proposition 2 to p restricted to M to
obtain: )
Vol M = Vol M Vol Wy .

Next apply the same argument to py restricted to M to obtain:

- 1
Vol M = Vol (gN N M <7> .
gNEGN ( ) Nipily

By Proposition 3, and by elimination of Vol M we obtain the result.

Returning to our special case of projective spaces recall that Gy, denotes the
space of k-linear subspaces of P(R').

Theorem 4. Let M c P(R') be an m-submanifold. Then

Vol P(R™) 1
Vol M =
” T ol PR™T2) Vol G,

/ Vol (LN M).
LeGy



Proof. It suffices to prove that

¢ Vol P(R™M) 1
Vol Wy Vol P(R™+F=1+2) Vol G}, ’

Apply Theorem 3 to M = P(R™"!). So

Vol P(R™!) = VolCWo/L . Vol (LN P(R™)).
eGg

The theorem follows, noting that Vol (L N P(R™!)) = Vol P(R™1F~1+2),

We now pass to the proof of Theorem 1. Thus let My, C P(C') be the
complexification of M C P(R') of the theorem. So M = MbﬁP(]Rl), P(RY ¢
P(C"). The real dimension of M is less than or equal to m and we suppose that
it is m. The generic (I—m — 1) linear subspace in P(R") meets M transversally
and in at most § points since its complexification can meet M, in at most J
points of transversal intersection. Thus

/ Vol (L A M) < dVol (Gp_y_1).
LeGi_m-1

Since Vol P(R!') = 1, and we are finished by Theorem 4.

We proceed to the proof of Theorem 2.

Real projective 2n + 1 space P(R*™ V) fibers over P(C"1) with S! fibers,
by the isometric action of the unit complex numbers= mod+1. Let

q: P(RQ(n-i-l)) N P(@n—i—l)

be this fibration. Denote by A, ¢~1(B) where B is as in Theorem 2. Note that
A is a surface.

1
Lemma. a) The length of B equals — area A.
™

b) A generic (2n — 1) linear subspace of P(R*™ V) meets A in at= most D?
points.

We first show that Theorem 2 follows from the Lemma.
We use Theorem 4 just as in the proof of Theorem 1. Thus

Area A < D? Vol P(]R3)

2V < Vol P(R3)D?
Vol PRT) = VoL PRY)

Vol P(R?)
™

and so length B < D? proving Theorem 2.

So it remains to prove the Lemma.

10



Part a) of the Lemma is again a (rather simple) case of the coarea formula.
Now consider b). The idea is to lift the setting to P(IR*"*?) and then complex-
ity.

Observe that L C P(Hg)), so #; 'L C L x P(C"*!) C P(H(g) x P(C"*1)
and of course 7 'L C V.

The following diagram helps:

0 (L) = (L x POR*™2)

\ lq* q
#7U(L) = (L x P(C™) AT 2 P(C)

Here ¢, : L x P(R*"*%) — L x P(C"*1) is induced by ¢ and V = ¢; (V).
Thus A = #aq; 47 L.

Now L may be described as tg; +(s—t)gs for particular g1, g2 € H(qy, t,s € R
and thus L may be identified with P(R?) ¢ P(C?). Then ¢;'#;'L = X may
be defined by the 2n= real homogeneous equations

tRef + (s —t)Reg =0
tImf + (s — t)Img = 0.

These equations are homogeneous of degree 1 in (s,t) and= (di,...,d,) in
(xj,y;) where z; = x; + V-1 y;. Complexifiying these equations in s,¢, 25, y;,
we obtain a variety X, in P(C?)x P(C?*("*1)). The generic 2n—1 linear subspace
K C P(R*"*?) has= the property that the complexification P(C?) x K, meets
X in at most D? points of transversal intersections (via elementary intersection
theory).

This yields the upper bound D? for the number of real intersection points,
finishing the proof of the Lemma and hence Theorem 2.

11



5. Some approximate zero Theory

In this section we do some of the a-theory and approximate zero= theory of
[Smale, ICM] and [Bez I} in the projective Newton setting. See also [Malajovich-
Mu=F1loz].

We take a slightly different perspective than [Bez I], but still relying on it in
part. In this account we do not attempt to get the best constants.

Let f: C""t — €, f = (f1,..., fn) where f; is analytic and homogeneous
of degree d;, e.g. f € Hq).

Recall that the projective Newton method is a map Ny : C"T! —= C"*1,
defined by X — X — (D f(2)|nunz)” " f(z) and an induced map Ny : P(C"H1) —
P(C"*1) which we have denoted by the same letter.= We also sometimes iden-
tify  and its equivalence class in P(C"*1). Also Ny is obviously not defined
everywhere, so the above represents a certain abuse of notation.

A point x € €C" ! or P(C**!) will be called an approzimate zero ! for f if
the sequence z; defined by = zp and Ny(z;) = ;41 is defined for all natural

2i—1
numbers 4, and there is a zero ¢ of f such that dg(z;, () < (§> dr(zo,().=

Here dp is the Riemannian distance in P(C"*!) and ( is the= associated zero
of z,ie. ¢ =limx;.

The next theorems are devoted to giving criteria for a point to be an ap-
proximate zero in terms of invariants «, By, 7o and the distance function dg.

Bo(f, ) 2)lvune) ™ £ (@)

el H
70(f,a:)=sup< H Df(x)|Nunz) Dk H) [[|]
E>2

Oé(f, J?) = ﬁO(fa x)’YO(fa J))

Bo, Y0, « are taken as infinite if (Df(x)h\]unggf1 does not exist.

Note. We have not restricted D* f(z) to Nullz as in [Bez I]. This change does
not effect the Theorems of [Bez IJ; they still hold with this .

If ¢ is a simple zero of f, i.e. (Df(()|Nu11<)71 exists, then ( is a fixed point of
Ny. We begin by showing that Ny contracts discs of a certain size in P(C"1),
centered at ¢, towards (.

Theorem 1. There are constants ¢ > 0 and G, > 0 such that given f as above,
and z,¢ € P(C™Y) with

f(¢)=0
dR(x,C) <1

Tn [Smale, ICM] there are approximate zeros of the first and= second kind. Our approx-
imate zeros here correspond to the second kind.

12



dR(xv C)P)/O(fa C) < iy )

then || DN (@)|| < edr(@,O)vo(f,C). Here DNj(z) : T, P(C"1) = Ty, ) P(C™)
is the derivative.
Remark. Theorem 1 is sharpr if we maximize ., and minimize c. In any

case in the sequel we assume Uy < %"
c

Let B, (x) denote the closed ball of radius r around z.

Corollary 1. Ifr < min(l,%), then Ny : B,(¢) — P(C"*1) is well
YolJ>

defined and N¢(B(¢)) C By(¢). It is a contraction with contraction constant
cro(f,9), so Np(Br(€)) € Br(¢), " = er®y0(f, Q).

Proof. Observe that B,(¢) is convex. By Theorem 1 the length of the image
of a curve of length L in B¢(r) is at most cryo(f,{)L. This establishes the
assertions on the contraction constant. Applying the contraction estimate to
the straight lines from ¢ to =, z € B,((), shows that N;(B,(¢)) C By (¢),
" =cr?y(f,¢). Ascryo(f,¢) < 1, Ny is indeed a contraction and N¢(B,(¢)) C

B:(Q).

Contraction mappings have a convenient property, which we pause to record.

Let X be a complete metric space with metric d, ¢ : X — X a contraction
map with contraction constant & and unique fixed point p.

Proposition 1. Let ¢, X,p, k be as above. Then for any x € X

1

el 9(e) < d(r,p) < T d,0(a).

Proof. Both inequalities are standard. We prove only the left hand one.

d(z, p(x)) < d(x,p) + d(¢(z),p) < (1 + k)d(z,p) .

Corollary 2. If f(¢) =0, dr(z,() <1 and dr(z,{)Yo(f,¢) < Gx. Then x is
an approximate zero of f with associated zero (.

Proof. By Corollary 1,
dr(Ny(2),¢) < edr(z,¢)*v0(f,9)

and by induction

dr(N¥(x),¢) < (cdr(z, Onol(f,))* 'dr(@,C).

N | =

1
Since 4, < 2’ cdp(z,()(f,9) <

13



Theorem 1 follows immediately from the next two propositions which are of
independent interest.

Proposition 2. Let f be as above. For x € P(C"+!)

IDNy(2)|| < 2a(f, ) .

Proof. Let
E, = x + Nullz
ENni() = N¢(z) + NullNg(z) .

We use E, and Ey, (;) as charts for P(C"*!) at  and Ny(z) respectively in the
obvious way.
Let v € Nullz.

DNy(x)(v) = 7 (D f(@)|zvute) " DoDf (@) xune (v) (Df (2)vune) " (&)

where 7 is the orthogonal projection onto the null space of N¢(x).
Thus |[[DNy(2)v||gnsr < 29(f, 2)B(f, 2)||v]|gnsr- Recall that Ny(z) € = +
Nullz so [Ny (2)l[gn 2 [|2|gass-

Now
DNy (@)ollgnes
DN b1y = T TN
NP = N @)l
1DN; @l _ o g oy Iellonss
[ [

= 2a(f,z)||v| |TwP(b"+1) .

For the next proposition we use a simple geometry lemma.

Lemma. Let z,y € C**' —{0}. If dr(z,y) < 1 in P(C"*Y) then € Ay +
|l — Ayl

Null\y for some A and ol = tandg(z,y).
Y
—A
Proof. I ||x||y|| = sindg(x,y) by Proposition 4, Section I of [Bez I]. So
|l — Ayl|
= tandg(z,y)
[[Ayll

Proposition 3. There exist constants ¢ > 0, @, > 0 such that, if
dR(J?, C) < 1 (md
dR(J?, C)'YO(fa C) < ﬁ* .

14



Then 2a(f,z) < cdr(z,{)vo(f, Q).

Proof. It follows from the lemma that

||z = A]|
[1AC]

where z € A + Null\{. Also, vo(f, A{) = vo(f,¢) so

dr(z,¢) < < tan(1)dr(z, ()

_ lz = ]|
dR(JT,C)'Yo(f,C) and u= W’YO(IJC,Q)

also differ at most by a multiple of tan(1).
Now apply Proposition 2, Section III-2 of [Bez I] to conclude that 2a( f, ) <
K2u

S

we have been using the notation of [Bez IJ.

k = k(u) and ¥ (u) are close to one for u small so we are done. Here

Next we prove a version of the a-Theorem.

Definition. Let ;YO(fv CL‘) = maX(’YO(fa (E), 1) and &(fv LE) = ﬁo(fa x)ﬂO(fa (E)
Theorem 2 (Projective a-Theorem). There is an Gproj > 0 such that if
G&(f, ) < Gproj then x is an approximate zero of f.

Compare this to [Malajovich-Mu=F1oz|.

In fact, we will prove a little more:

Proposition 4. There are constants o, > 0, ¢ > 0 such that if a(f,z) < a.
then there is a zero ¢ of f and dr(z,{)vo(f,¢) < cal(f,x).

First we prove Theorem 2 from Proposition 4.

Proof. Just let dproj = min(o, E) and apply Proposition 4, Corollary 2.
c
Now we prove Proposition 4.

By the Domination Theorem (following the notation of that theorem) (The-
orem 2, Section I-2 of [Bez I]) for a(f,z) < «ao there is a zero ¢ of f in

E, = z + Nullz such that ||z — ¢|| < m.
v(f,x)
Thus
r—C
b—tluf.e) < rlalf. o), (¥
Now if &(f,z) is small so is Bo(f,z) and so is ||37||;||C|| by the Domination
Theorem again. Thus ||$||;||C|| and dg(z,() differ by a multiplicative constant

15



close to one and dg(z, () is also small. Since € is a zero, ker Df(¢)~! = Null(¢)
and
<1.

H (DF(Q)xune) ™ DF(C)INulta

Hence in Proposition 2, Section III-2 of [Bez I], x may be taken as 1 and

70(f7 CL‘)
00 = ST a — e 2)

Substituting in ()

dR(iL’, C)')/O(fy C) < Ca(fa (E)

for o(f,x) small enough. Finally a(f,z) < &(f,x) so if dproj is small enough
we are done.

6. The Homotopy

The goal of this section is to give the proof of Theorem 1 below.

Throughout this section we suppose that (ft,{;) is a curve in V-3,0<
t < 1. Except for Proposition 1 and Lemma 1, we assume moreover that f; can
be represented as f; = tf + (1 —t)g for some f, g € S(H(q))). Let 4 be an upper
bound for 1 and ~o(f¢, (), 0 <t < 1.

Theorem 1. With f; as above, there is a partition
to =0, ti <tliyi, ty =1
with
zo = (o, r; = Ny, (vi-1), i=1,...,k

well-defined for each i and x; is an approximate zero of f;, with associated zero
Ct,. Also
k< epgge)(f)(1+ D¥?L)

where L is the length of the curve (;. Moreover, (as we will see) t; can be easily
calculated at t;_1.

Recall that Ny, is given by projective Newton’s method.
Towards the proof we have:

Proposition 1. There exist universal constants o, u* with the following prop-
erty. Suppose
t, t+Atel0,1], z, € P(C*)

satisfy:
Ydr(ze, Gt) < u”

ABo(frry ) <o all 1 €[t t+ At

16



then for all t’ € [t,t + At], 4dr(2’, () < u*, where x' = Ny, (x;) and z; is an
approzimate zero of fy with associated zero (.
Moreover given any positive constant K we may take u* < Ka*. In fact

1
= — 9 .
K 18 in what follows

Proof of Proposition 1. As long as a® < Gproj, T¢ 15 an approzimate zero
for fu from Theorem 2 of Section 5. That (p is the associated zero is a simple
continuity argument. As usual there is a constant Ky close to one such that,

*

Kloz

dr(Ny, (z¢), ) < K1Bo(fer,2e) <

So from Proposition 1 of Section 5,

2K1a*
dR(mta Ct') S ;

and by Corollary 1 of Section 5
2K 0%\ 2 R 2K a*)2%¢
dr(Ny(x4),CG) < ¢ (—1> g = u
Y Y
¢ the constant of Corollary 1.

Choose a*, u* so that:
2K%c(a*)? < u*

and u* < Kao*.

Lemma 1. There are universal constants K > 0, u.. > 0 with the following
property. If f € P(Hay), f(¢) =0 and

dr (l‘, C)’YO (

[, Q) < wss
In(e,0) < 5

then /.Lnorm(f7 33) < K/Jnorm(fa C)

For the proof we may take z € ¢ + Null(.
Following [Bez I] and the notation there,

pnorm(£,2) = 11| | (D @) vune) ™ A2 A( o)

< 1| (DF @)™ DF@)vunc| [ (PF@)lvane) ™ DFC) e

H(Dﬂomum) NGER <||c||d>||||A< Ly )H

17



= fimorm (f, C) H(Df(xﬂNunz)_l Df($)|Nu11<H H(Df(fﬂﬂNung)_l Df(C)|Nu11<H

NG

|z =<l
<]

plicative constant close to 1, and the same for v and dgr(z, {)vo(f,9)-
By Proposition 1, Section III-2 of [Bez I

Let o9 =

and u = royo(f, () so ro and dg(z,() differ by a multi-

- 14 12)1/2
H(Df(x”Nullz) ' Df($)|Nu11<H < G .
1— o ((27u)u)
P (u)

By Lemma 3 (2), Section II-1 of [Bez ]|

| s@ane) " D@ ane]| < E5

and these quantities are both bounded as soon as dgr(z,({)yo(f,g)= is small
enough.
Finally

1/2
K 2
% _ (1 +7"(2))1/2 S <1 + <31> ) for K1 near 1

d;
SO (M) is also bounded and we are done.

[1<1]
Now let

W, = || (Dfs(an) vue) ™ ((F = 9)(a)|

By = ||(Dfiw0) )™ DS = ) (@)

Proposition 2.
G,) Bt S 2Mnorm(ft; J)t).

b) B7 < Bolfer, i) < BT

where
gt = AWy % Bo(fs, 4)
At = |t —t
z At < =
as long as < B

18



Proof. We may assume ||z;|| = 1. Then

B < ||0fio) )| 1D( = 9@
< ulfuw) (IDF ()| + 1Dyl
S Qﬂ(ftvxt)

using Proposition 2, Section III-1 of [Bez I]. Finally

M(ft; l‘t) S /J/norm(ft; It)

proving a).
Since

Bolferswe) = || = 1) (Do (@) lxune) ™ ( = 9)(@2) + (D () lzuna,) ™ £ (1)

Proposition 2 b) follows from:

Lemma 2.

a) H(th’ (xt)|Nullxt)_1 D fi(x¢)|Nul=z, !

<
L= [t" =] [[ Bl

1

bHD/ )] ull=z >
) ||(D fer () INunz, ) fe(zt) Nun=z, min — 1+ |t/ — t|||B]]

Proof.
D fo () xutte, = Df(@e) Nute, + (¢ = )D(f — g)(@e) Inutiz,
50
(Dfe(xe)INute,) ™ D) = T+ (' =) (D fo(we) e, )™ D(f = g)(a)

Now the minimum norm

_ 1

(D @) xute) ™ Dfol) vane,

min H(th(xt”Nullxt)il thl(i[,’t)|Nullxt

> 71 .
= 14|t —t|B,

Which proves b) of Lemma 2. Part a) follows from the additional fact that if

1
I = A7'B]| < e <1 then [ B4 < —.
— C

Define
/l = /J/g,g(f) = mtax /J/norm(fta Ct) .

19



Choose 4 = D3/2[i. This is permissible by Proposition 3, Section I-3 of
[Bez IJ.

Set o** = min(a*, u*), «
tively.

Also At = [t/ — .

*

, u** of Proposition 1, Lemma 1 above respec-

Proposition 3. With notation as above, there exists a universal constant c as
follows. Given t with
Ydr(xt, G) < u”

then there is a At such that

ok

+A o
ﬁ(t)sﬁ

and
*%

or else  dr(Ce, Cernt) > Coi .

At >

=0
2

In fact At is easily computed as will be seen. Also there is an obvious
adjustment to make in case t + At > 1.

Proof. If "
n @
1 ..
let At = —. Then by Proposition 2
20
a**
6(ft/7 xt) < ~
v

Moreover by the same proposition, By < 2pnorm(ft, ). Then by Lemma 1

we obtain
1 1 1

— > > .
2Bt 4Mnorm(ft; xt) 4K,Ufnorm(ft7 Ct)
Otherwise let At be the solution of

At =

EES

+A :a
BT (A) 5

1
Then At < BYeR and it only remains to show that
t

EES

«

dr(Ce, Cr) > ¢ 5

Lemma 3. Under the conditions of Proposition 3
1 a**

a) dr(xe, ), dr(zy, () < = P
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a**

b) 5o(ft,xt>gé —
(0]

ok

c) B~ (Lt) >

=

d) dr(ze, ze) >

ok

) dlGn ) 2 57

|'_A B|’_' -
> '

Since e) gives our proof of Proposition 3 it only remains to prove Lemma 3.
The first part of a) is in the hypothesis and since (Proposition 2)

ok

Bo(fur,x4) < BH(AL) = O‘ﬁ ,

proposition 1 yields the second part of a).

Use a) (first part), that Go(f:, () = 0 and Proposition 2, Section II-1 of
[Bez I] to easily obtain b).

For c) we argue as follows:

1
Recall AtB; < 3 Since

_ AW+ Bo(fe, &) o™

+
S 1 — AtB; A
using b)
> — — > = .
AtWy > 55 Bo(fe;Ce) = 3 A
Therefore

(o) = W= folinG) 2 (3 1) o7 1o
1+ At By 3\8 8/ # 6

We obtain d) using Proposition 2, So(fy,x:) > 7 (At) and ¢). This uses the
definition of Gy as the Newton vector and the exponential map.
Finally e) follows from

dr(Ces Cv) = dr(ze, v ) — dr(2e, () — dr(ze, Cp)
using a) and d).

We finish this section with the proof of Theorem 1. We use Proposition 1
and 3. Let tg =0, t; = t;_1 + At according to Proposition 3.= So at each step
At satisfies one of the alternatives in b).

Since

ZdR(Cti)Cti—l) 2 L’ ﬂ:M(g7C)(f)
We get the result.
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7. The Main Theorem

The goal of this section is to prove the Main Theorem of Section 1. To this end
we first prove two theorems on the number of projective Newton steps sufficient
to find a zero.

Theorem 1. Fird = (dy,...,d,) and a probability of failure o, 0 < o < 1.
Then there exists (g,() € V such that the number k of projective Newton steps,
starting from (g, ), sufficient to find an approxzimate zero of input f € S(Hqa))
18

k< cN3 o 1
~ gl-e’ ~ logD
cN*
(or —— if somed; =1 orn <=4).
o

Thus the set of f where the algorithm fails to produce such an approximate
zero in k steps has probability measure less than o.
For the proof we have:

Proposition 1. Fiz (d) = (dy,...,d,) and suppose (g,() €V, f € S(Ha)) —
{xg} and 0 <& <1 are given. Then

k< clpug,e)(f)? (D) D2

steps of Projective Newton’s method are sufficient to produce an approximate
zero of f.

In Section 2 we have defined g ¢(f) and an arc f/(f,g, ¢) in vV C S(Hq)) x
P(C"1). Let L be the length of o (L(f, g, ¢)).
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Lemma.
a) L < 2D2.

b) L <mpgc(f).

Part a) of the lemma is a consequence of Theorem 2 of Section 4. Part b) is
a projective space version of the Proposition, Section 1D of [Bez IV]. The proof
is the same noting that p(h, z) < finerm(h,z) for all (h,z) € V, and that the
length of a great circle in S(Hq)) is 27.

Returning to the proof of the Proposition, we have from Theorem 1, Sec-
tion 6, that

g,y (f)LD?/?

steps of projective Newton suffice. Hence by the lemma b),
Cﬂ(g,() (f)275L5D3/2

steps suffice.
Finally from the lemma a)

C/J(gyc) (f)2751D2€_D3/2
steps suffice.

so that D?* is a

Proof of Theorem 1. In Proposition 1 take ¢ =
0g
universal constant.

By Proposition 1 we need to show there exists (g,() € V such that the

o N3
Jfunction u(g7<)(f)2’5D25D3/2 is bounded above by Cl
S(Hay) of probability measure at least 1 — 0.

— for a subset of [ €
o

Solve the equation o = cp>? N>n3D?/? for p. Apply Theorem 1, Section 2 for
this p and the condition number theorem to conclude the existence of (g, () such
that 0 5132

2(1—¢e) _ cN“n>D
(o) 7 = ——=—
for all f in a subset of probability measure at least 1 — o. Now Proposition 1,
Section 2 and a little arithmetic finish the proof.

Theorem 2. The average number of projective Newton steps sufficient to
find an approzimate zero of f € S(H(qy) is less than or equal to c(log D)N3.
(clogDN* if some d; =1 orn < 4).

In Theorem 2 we employ a quasi-algorithm. This construction fails to be
an algorithm because its employs an infinite sequence (g;, ;) € Vi =1,2,3,...
without exhibiting them.

The idea is quite simple. Start with (g, () as in Theorem 1 (in this Section)
to insure a “small” chance of failure say ¢ = = initially. If on input f the

algorithm fails, halve the chance of failure and start over.
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More formally let parameters of our quasi-algorithm (g;, (;) € V be given by
1
Theorem 1 (in this Section), with probability of failure o; = 70 1=1,2,3,4.

N3 N4
Let K(o) = % (or ﬁ if some d; =1 or n < 4).

For input f, ¢ = 1, do K(o;) projective Newton steps for the homotopy
(1 —t)g; + tf starting at (. as in Theorem 1 of Section 6.

If Xk (o,) is an approximate zero of f by the alpha test, Theorem 2, Section
5 halt and output X (s,)-

If not set ¢ =i + 1 and repeat (some f).

The average number of steps of this algorithms is less than or equal to

e} 00 1
Zai ZK(O’j) SC/ZUiK(Ui) Sc"/ K(o)do.
i=1 j<i i=1 0

The first inequality follows by summing a geometric series. For the second note

that o; = |o; —0y-1], i = 1,... with o9 = 1, that K is monotone on the interval
K(os) _ .
oio1] and ——~ =217 50 the R
[01701 1] an K(Uiﬂ) so the Riemann sum
o0 1
> oi = oialk(oq) < 2“—5)/ K(o)do .
i=1 0

1
Finally / K(0)do = clogDN? (or clog DN* if some d; = 1 or n < 4).

See [Shub—Smale, 1986] for more arguments of this sort.

Proof of the Main Theorem. To prove the Main Theore, we need only
make the passage from the number of Newton steps to the number of arithmetic
operations. This argument uses well-known facts from numerical analysis about
the number of arithmetic operations needed for approximations, for solving linear
problems, etc. We omit the details.

Proof of Generalized Main Theorem. We sketch some of the changes
necessary for the proof.

Theorem 1 of Section 2 has the follow version which also follows from The-
orem 2 of Section 2.

Fizing g € S(Ha) and (1, ...,¢ € P(C™), 1 distinct zeros of q. Let o3 =
a1(p,9,C1,---, Q) 0 < o1 < 1 be the probability for f € S(Hqy) that for some

i=1,...,0, L(f,g,¢) meets Nc(i’).

Theorem (1 Section 2)°. For each p > 0 and I, 1 < 1 < D there is a
g € S(Ha)) and distinct zeros C1,...,¢ € P(C™Y) of g such that

o < p2n3D3/2l.
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Now we can apply Proposition 1 to each of the [ homotopies starting at (g, (;),

i=1,...,1 as in the proof of Theorem 1. To prove an l-zero version (change an
cN3 372
approximate zero to [ approximate zeros and k < —— to k < —— ) one factor

of [ is for the probability estimate the other because we follow [ homotopies.
The [-zero version of Theorem 2 follows similarly.
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