COMPLEXITY OF BEZOUT’S THEOREM 1IV:
PROBABILITY OF SUCCESS; EXTENSIONS

MICHAEL SHUB! AND STEVE SMALE!

ABSTRACT. We estimate the probability that a given number of projective Newton steps
applied to a linear homotopy of a system of n homogeneous polynomial equations in n + 1
complex variables of fixed degrees will find all the roots of the system. We also extend the
framework of our analysis to cover the classical implicit function theorem and revisit the
condition number in this context. Further complexity theory is developed.

1. Introduction.

1A. Bezout’s Theorem Revisited.

Let f: C""! — C" be a system of homogeneous polynomials

f:(flaafn); degfz:dz, ’L=1,,7’L

The linear space of such f is denoted by H) where d = (di,...,d,). Consider the
algorithm proposed in Bez 12 to solve f({) = 0 approximately. This goes by following
solutions of f;, 0 < ¢t <1 where f; = tf + (1 —t)g. Here g € H(g) is a certain universal
system whose zeros are supposed to be known. Each step of this path-following algorithm
is a version of Newton’s method called projective Newton. Our complexity result here puts
a bound on the number of these steps, a bound depending only on d and the probability of
success 0. Note that some f € H gy have a continuum of solutions so that the introduction

of o is natural.

Theorem A. A number of projective Newton steps sufficient to find all the approximate
zeros of f € Hqy with probability o of success is

cD3*Dn?(n + 1)(N — 1)(N —2)
1—0
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where D = max;(d;), D = [[;_, d; and N is the dimension of Hay-

Remarks. (1) An approzimate zero is defined in Bez I (also see below) without recourse to
an arbitrary €. Newton’s method starting at an approximate zero converges quadratically,
immediately to an associated actual zero.

(2) Projective Newton steps are defined in Shub [1993], and in Bez I, one can see the
detailed full algorithm.

(3) See Bez I, II, III for background. The present paper uses some of these results. In

particular, Theorem A uses the main theorem of Bez I and Theorem C of Bez II.

cd®
1—0c"

(4) For the case n = 1, the number of steps is
(5) Renegar [1987a] is an important predecessor to this paper. His result specialized

to the case n = 1 has a factor %. In Smale [1981], there is a similar result (n = 1) with

a (1571)7, but this paper has no theory for systems. There are much better results dealing
with n = 1, and no probability o. For example Shub-Smale [1985], [1986], Kim—Sutherland
[1991], Renegar [1987b], Neff [1993] and especially Pan [1987].

(6) The constant ¢ in Theorem A and (4) can be estimated from the explicit constants
of Bez I and is not very large.

(7) The proof of Theorem A is given in section 2 below.

(8) Let us elaborate on 0. The space H g is given a unitarily invariant Hermitian inner
product which induces a Riemannian metric and probability measure on the associated
projective space P(Hq)). Then given o, 0 < o < 1, there is a set in P(Hq)) of measure
o such that for f in that set, the bound of Theorem A holds.

(9) What is g of Theorem A? Our theory asserts the existence of such a g, but it is
not known how to find it. In fact that is the main problem of Bez III (even for n = 1).
Besides the references in Bez 111, see also Conway—Sloan [1988], especially section 2.3 and
the references there.

(10) For finding one root of f € Hq) it seems likely that one can eliminate the factor
D in the bound of Theorem A. One might use Theorem B of Bez II.

(11) The number of steps in Theorem A must be interpreted as the number of parallel
steps; the algorithm moves along D paths at a time, one for each root, and each path takes
the number of steps displayed in Theorem A.

1B. The Condition Number Revisited.

Consider the implicit function theorem. Assume that F': RF x R™ — R™ is a C! map

(F' could be defined locally or over C). Suppose that F'(ag,yp) = 0 and that the matrix
%—g(ao, Yo) : R™ — R™ is non-singular. Then there exists a C' map G : U(ag) — R™ such
that F(a,G(a)) = 0 for all a in the open set U(ag) C R¥.
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We call the matrix DG(ag) : R™ — R™ the condition matriz at (ag,yo). The condition
number (essentially as in Wilkinson [1963], and Wosniakowski [1977]) is then defined by
p = p(ag,yo) = ||DG(ap)||, operator norm. Thinking of a as input and y as output, u is a
bound on the infinitesimal output error in terms of the infinitesimal input error.

Remark. The map G is given only implicitly, yet the condition matrix

OF _,OF

DG(ag) = 5—y(a0’y0> %(Gmyo)

is given explicitly, and so is its norm, the condition number.

Example 1. Let Py = {(ag,...,aq) = a € R*T1} represent the space of polynomials of
degree d and define F' : Py x R — R by F(a,y) = Zg a;y*. Then pu(f,¢) bounds the
infinitesimal change in the solution of f(¢) = 0 as a function of an infinitesimal change in
the coefficients (see e.g. Wilkinson [1963], Demmel [1987], [1988], Bez I, II, III).

Example 2. Generalize Example 1 to systems of polynomials f : R* — R" (or f:C" —
Ccm).

Example 3. Let 7 be a linear subspace of Py over Cand F': 7 xC — Cbe F(f,() = f({).
Defining the condition number of these sparse systems is a great convenience.

Example 4. The special case of Example 3, 7 = {f € P | f(z) = 2¢ — a} defines the
condition number for the d*" root.

As in Example 3, if Py is replaced by a linear subspace 7 C Py, the “sparse case”, only
infinitesimal changes in 7 are taken into account in the condition number, say puz(f, ().
Then pr(f,¢) < u(f,¢) and for certain 7, u7 may be much smaller than u(f, ().

We extend the framework of the implicit function theorem. Let F' be as above. Let
V ={(a,y) € R* xR™ | F(a,y) =0} and 7, : V — R¥ be the restriction of the projection,
and suppose that zero is a regular value of F.

Proposition. Dy is singular at (a,y) € V if and only if %—5(@, y) is singular.

Here Dmi(a,y) : To (V) — RF is the derivative defined on the tangent space. The
proof is standard.

Suppose D is non-singular at (ag,y0) € V and G : U(ap) — R™ is as above. If g is the
branch of 7, ! taking ag to yo then mog(a) = G(a), where my : V — R™ is the restriction
of the projection. The branch g is defined on a neighborhood of ag with values in V', but
may be “topologically continued” to become defined on a larger domain of R¥.

The last situation permits a direct extension to Riemannian manifolds. Let X be
a manifold of “inputs”, Y a manifold of “outputs” and V C X x Y the manifold of
solutions to some computational problem. (Algorithms attempt to invert, or approximate

the inverse of, w1 : V' — X.) We suppose dim V' = dim X as some kind of local uniqueness
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hypothesis. If (a,y) € V is a solution then the condition matriz DG(a) : To(X) — T,(Y)
is defined provided Dmq(a,y) is non-singular. In this case p(a,y) = ||DG(a)||, otherwise
“u(a,y) = o0” and (a,y) is ill conditioned. The set of ill-conditioned (a,y) in V' is defined
by the “equation” Det D (a,y) = 0 and denoted by ¥'. Let m(¥') = ¥ C X be the set
of ill-conditioned inputs.

This framework includes the condition number defined in Bez I, and clarifies it. This
is Example 5. Moreover there is an aspect of universality in the preceeding treatment of

condition number.

Example 5 (See Bez I). X =P(Hy), Y =P(C""!) and

V ={(f,¢) € P(H(a)) x P(C"*') | f(¢) = 0}.
DG(f) : T (P(H(ay)) — Te(P(C*1)). u(f, ) = IDG(f)]-
It can be shown that
p(f,Q) = IFIHIDF O Nt AU

Here Df(¢)|n. : Ne — C" is the derivative restricted to No = {v € C"** | (v,¢) = 0},
and A(]|¢]|4~1) is the diagonal matrix Diag(||¢[|4 71, ..., [|¢[|*~1). Compare Bez I, II.
If f € Ny C Hegy, ( € Ne € C**1, then

iy oy = Lo

A P
H : | _ HCH(C”‘H
e = o

hence p may be thought of as a relative condition number as in Wozniakowski [1977]. In
general, condition numbers for homogeneous problems will have natural relative condition
number interpretations.

In Bez I, II, III we normalized p using factors of dz/ 2. That is

fnorm (£, C) = I FIIIDFO IR A ) A% )]

Henceforth we will call that the normalized condition number. (In Bez I, this was called
tproj(f,¢).) The normalization gave the condition number theorem, restated below, a
shorter form.

Now one may describe p in the case of sparse systems of homogeneous polynomials
as well, as in Example 3. This permits the sharpening of various results of our previous

papers in the sparse case, as will become evident in the following.
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Remark. The condition matrix has an interpretation in economics as the matrix of com-
parative statics. For example it dictates how infinitesimal equilibrium allocations change
as a function of infinitesimal endowment charges (see e.g. Smale [1981]).

In the situation of Example 5, we restate the condition number theorem proved in Bez I
and Bez II.

Let ¥ C V (see Example 5) be the ill-posed set, i.e. (f,{) € ¥/ if and only if ( is a
degenerate root of f (or the derivative Df(¢) : C**! — C" has rank < n). The map
w1 V. — P(C"*1) has fiber V; over ¢ € P(C"*1), given by

Ve ={f € P(Hw) | f(¢) =0} =13 (Q).

Thus as a subspace of P(H(g)), V¢ has an induced metric d¢. The condition number
theorem gives a formula for p(f, () in terms of this fiber distance.

Condition Number Theorem (Bez I, II, III). For (f,() € V C P(H4) x P(C**1)

_ If]
A fl sinde (A(d)?) £,0), 2N V)

u(f, Q)

A corollary to the condition number theorem computes p(f) = max w(f,¢) in terms of

£(¢)=0
min d. in the obvious way

/1l

(f) = .
BT AW £l ming sinde (A7) £,0), 2 N Ve)

Next, we consider the condition number for the eigenvector, eigenvalue problem and
show how it fits into the preceeding picture and how a coresponding condition number
theorem holds. For background see Wilkinson [1984], Demmel [1987,1988].

Let M(n) be the space of all n x n complex matrices and V' be the subvariety of
M(n) x P(C") x C defined by

V ={(M,v,\) € M(n) x P(C") x C| Mv = \v}.
The tangent space to V' at (M, v, A) is defined by
(M, 0,A) € Tar(M(n)) x T,(P(C")) x C
satisfying (just differentiate Mv = A\v)

(M — X))o+ (M — X))o =0, (0,v) = 0.
5



If M is a regular value of the restriction m : V' — M(n) of the projection, then v and
)\ are each linear functions of M. These functions are the condition matrices, say

Ky (M, v, \YM =%, Ky(M,v, \)M = .
Multiplying (M, \) by a sccalar ¢ and leaving v fixed we see that

1
Ki(cM,v,c)\) = =K (M, v, \)

c
Ko(eM,v,c\) = Ko(M, v, N).

The Hermitian structure on P(C") is the usual one, so for

<U1, U2>(C”

e €0 ) =

We take trace(AB*) = (A, B) as a Hermitian structure on M(n). Here B* is the Hermitian
transpose of B. The induced norm is the Frobenius norm [|A[|* = 3=, / |a;;|*. The condition
numbers are then defined from the condition matrices as usual, say

Cz(M, v, )\) = HKz(M7 v, )\)H, 1= 1, 2.
Define the “ill-posed” variety Y’ by
Y = {(M,v,\) € V | rank(A\ — M)* < n — 1, some integer k > 0}.

Consider
%4

T/ N\ T2

M(n) P(C")xC
where 1 and 79 are the restrictions to V' of the natural projections from the product space,
and ¥ = 7 (¥'). On V—771(¥'), m; is an n-fold covering map. The fiber V,, , = 5 (v, \),
of my is an affine subspace of M(n) of codimension n. Let d, » be induced metric on V,, y.

Second Condition Number Theorem. For (M,v,\) eV

(a) Cy (M, v, \) = [dy A\(M,v,X), %' NV, )] "
[ 12
) ColMv, %) < (dv,A«M,v, NGV 1) |

As in the (first) condition number theorem one has an obvious corollary for C;(M) by
taking the maximum over (v, \) € w; }(M).
The proof of the second condition number theorem is in section 3.
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1C. Moore—Penrose, Newton and Complexity.

Newton’s method can be generalized to search for zeros of maps f: R* — R, n > m,
using the Moore-Penrose inverse of the derivative (as in Allgower-Georg [1993]).

We recall the definition of the Moore-Penrose inverse A' of a surjective linear map A :
V — W where V, W are finite dimensional vector spaces with inner products. A" : W — V
is simply the inverse of A restricted to (ker A)*. It may also be described as the unique
linear map A" : W — V satisfying AA" = I, and ATA is the orthogonal projection onto
(ker A)*. Note that AT = A*(AA*)~!, A* the adjoint.

Now we will define Newton’s method for f: R" — R™ (f could as well be defined on a
domain of R", or from C* to C™). Let Ny : R* — R" be

Ny(z) =z — Df(z) f(x)

and if ¢ is a given “starting point” in R", z; = Ny(x;—1). Note that Ny is well-defined
at x provided D f(x) is surjective. Moreover if m = n Ny is the usual Newton method.
If Df(x) is surjective then z is a fixed point of Ny if and only if f(x) = 0.

Proposition. Suppose 0 is a regular value of f : R* — R™. Let for ( € f~1(0), W =
{z e R | le?(x) — ¢ as k — oo}. By N]’? we mean the k' iterate of Ny. Then (a) the
union over ¢ € f~1(0) of W¢ is a neighborhood of f710), (v) W¢ intersected with a small
neighborhood of f~1(0) is a cell varying continuously in ¢, and (c) DN¢(C) restricted
to ker Df(¢)+ is zero. The tangent space of W¢ at ¢ is the orthogonal complement to

Tc(f~1(0)) = ker Df(().
This extends the usual basin of attraction theory from the case m = n.

Proof of the Proposition. The existence and continuity of W are contained in Theorems 5.1
and 5.5 of Hirsch—Pugh—Shub [1977]. The fact that the union fills a neighborhood follows
from a simple degree argument. We will make the size of the small neighborhood more
precise in section 5, Proposition 2.

We now give the complexity theory for using this method for finding zeros of analytic
f:R* — R™, generalizing Smale [1987], Bez I. Define for x € R",
B(f,xz) = ||Df(z) f(z)|| (or oo if Df(z) is not surjective)

TDkf(l’)
k!

1
k—1
(or oo if Df(x) is not surjective)

Df(x)

v(f,z) = max

and o(f,z) = B(f,z)v(f, ).



Theorem C1. There is a universal constant ag approzimately % with this property. If
f,x = xzq, are as above with a(f,x) < g, then all the Newton iterates xy,xa,... are
defined, converge to ¢ € R with f({) =0 and for all k > 1

1 2k -1
(% o -l < (5) o = ol

A point 2y € R” is called an approximate zero of f if (x) is satisfied. Then ( is called
the associated zero.

The proof of Theorem C1 is in section 4.

Imagine an operation (an ideal operation) which produces from an approximate zero,
the associated actual zero. This could be done in the Blum-Shub-Smale [1989] model of
computation with a “6'" type of node” for example. We will assume in our complexity
estimates below that such an operation exists. Justification is based partly on the gain in
conceptual simplicity of the results and simplicity in the arguments. Moreover the results
in Bez I give a mathematical justification. Using the robust a theory of Bez I (Theorem 3,
I-2 and section II-3), one can bypass the use of this 6/* node, at a cost of more technical
work. Using these arguments it seems likely that the use of the 6 node here could be
eliminated, obtaining estimates with slightly worse constants.

Let us see how one can use Theorem C1 to get global complexity results. Consider
ft :R* - R™, y, € R™, a homotopy and path respectively for 0 < ¢ <1 and let (, € R”
satisfy fo(Co) = yo. Define

Ay =  max afy —yp, o).

x subject to

ft(CC):yt
Observe A;; = 0.

Hypothesis. Suppose A, < o whenever |t —t/| < A = %, k a positive integer.

Corollary of Theorem C1. Let f;,y:, (o be as above and satisfy the hypothesis. Then a
number of steps (6! node) sufficient to solve f1(¢1) = y1 is k of the Hypothesis.

The proof is immediate. Let to =0, t; = t;_1 + A, so a(ft,,(,_,) < ag. Then the 67
node yields ¢;, from (;, , starting from (o with f((z,) = v,

One may use Moore-Penrose in place of projective Newton for finding roots of f € Hqg)-
In projective Newton, at z € C"™1 one restricts Df(z) : C**! — C" to the orthogonal
space N, = {v € C"*!, (v,2) = 0}. In Moore-Penrose this is simply replaced by the
orthogonal space of ker Df(z). For (f,{) € V — X', N¢ and the orthogonal space of
ker D f(¢) coincide, but this is not the case in general.

The main theorem of Bez I estimates the number of steps needed in following (; from
Co where f;(¢;) = 0, and f; is a curve in H(4). The same estimate can be proved for the

Moore—Penrose version.



Theorem C2. Let Fy = (ft,(:) be a homotopy path in Hqy X C"*t (so fi(¢) =0), and
Co satisfy f(Co) = 0. Then k = CLD3/?1? (the greatest integer in) Moore—Penrose steps
are sufficient to produce iy, Ceyy ..., Ct,, with ty =1 and so f1(¢1) = 0.

Here p1 = maxy finorm (ft, ¢¢) is the normalized condition number. L is the length of the
curve f; in P(Hg) ). We use the 6" node and our proof (see section 4) does use a couple
of results from Bez I, but is much shorter with the concepts more clearly exposed than the
proof of the Main Theorem in Bez I.

Consider the complexity of the problem of following the curve F~1(0) where F : R**! —
R™ has zero as a regular value. Here the algorithm has Moore-Penrose as one ingredient
of a predictor-corrector method just as in Allgower—Georg [1993].

Theorem C3. The complexity (number of predictor corrector steps) sufficient to follow
an arc A of F~1(0), F : R*™ — R" as above, is CyL, where L is the length of A, C a
constant (not more than 20) and v = max,e y(F, x).

Theorem C3 yields a way of dealing with the problem of producing a complexity theory
for zero-finding of real polynomial systems. The difficulty here is that the set of ill-posed
problems has codimension 1 so that paths will generally have to meet that set. Now one
could use the parameter t of the homotopy for the extra variable. If one wants to follow a
zero of f; : R* — R", just define F : R*"™1 — R” by F(t,z) = fi(x) where R"*! = Rx R".
It would be interesting to see this idea carried out to obtain explicit bounds.

Theorem C3 is proved in section 4.

The preceeding results extend to Riemannian manifolds provided with a computation
of the exponential map.

The following result has a different version in Theorem D1 of section 1D.

Theorem C4. Let F': R" — R™ have zero as a regular value and define v = max,cs-1(0y y(F, 2).
Then there is a universal constant C so that if the distance d(z', F~1(0)) < %, then 2’ is

an approximate zero.

For the proof see section 4.

1D. Complexity and Condition Number.

Approximate zeros were defined without reference to any actual zero. The corresponding
zero was then derived. We now define z( as an approximate zero of the second kind (as in
Smale [1987]) for f: R" — R"™ provided there is some ¢ € R", f({) =0, and

1 2]{:71
||xk—<||§(§) lxo —Cll, k=1,2,...

ok = a1 — Df(zr—1) "' f(ze1).
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Theorem D1 [Smale 1986]. Let f : R* — R", z,{ € R, f({) =0 and

3— V7

= I (7,0) < =

Then x is an approximate zero of the second kind.

“6'" node” has the power of producing the actual zero from

We will suppose that our
an approximate zero of the second kind.
Now consider the setting of the implicit function theorem F : R¥ x R* — R" where F

may also be defined on some domain or over C. Suppose that
t — (a(t),((t)) € R* x R", with F(a(t),((t)) =0,

is a curve, 0 <t < 1, such that 8? (a(t),((t)) is non-singular for all ¢. The idea is that a(t)
is given explicitly (the input of a problem) and ((¢) is given implicitly. Suppose that ¢(0)
is also given and that we want to find ((1). This is a general setting for path following
algorithms.

For our algorithm and complexity result, it is convenient to write ¢; = ((t) and Fi(z) =
F(a(t),x), so that Fy((;) =0,0<t<1.

The algorithm (slightly idealized) depends on a partition tg = 0, ¢; < t;41, tp = 1
1 =0,1,...,k and the condition is that (;, is an approximate zero of the second kind for
Fy.,
complexity.

and (., ,. Thus k “6!" node” operations are sufficient to produce ¢; and so k is the

We may estimate k£ thus by Theorem D1. Accordingly, the required condition to imple-
ment the above procedure is:

37
5

||Cti+1 - Cti H’V(Fti+17 Cti+1) <

Let Ai-f—l = HCti+1 Ct

(th+17 Ctz+1) So

k A, k
(*) :ZK_CZAZ'%’
1 1

(3

where ¢ = 3%\/7, is sufficient. This yields:

Theorem D2. Suppose that F;((;) is as described above, v = max; y(Fy, (;) and L is the
length of the curve t — (;. Then given (y, a number of steps (“6'" node”) sufficient to
reach (, 1s 37—2\/7[17.

Use (x) and that > A;v; <4 >.A; <+yL. A number of Newton steps without using the
6" node could probably be estimated at about three times the above, using the robust o

theory of Bez I. Then one would obtain an approximate zero of f; instead of (.
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Theorem D2, while dealing with an idealized algorithm, is nice because of its extreme
simplicity in statement and proof. It displays the main complexity ingredients.

The condition (x) is sharper. For example if v(F}, (;) is monotone, the complexity is
bounded by [ [/ vedt.

In the main theorem of Bez I, the condition number u(f,¢) turns up as the main
ingredient. It is quite natural to ask why, since u(f, ¢) is an infinitesimal invariant reflecting
other aspects of computation. We are now in a position to deal with that question.

Consider the environment of the previous theorem. One of the two complexity ingredi-
ents is L, the length of the curve (;. This curve is only implicitly given, and hence L is
also. It would be preferable to replace L by a more direct invariant of the input curve a(t).

Here Fi(¢:) = F(a(t),((t)) = F(a(t),G(a(t))), and G : U — R™ is defined on a(t). Let
L, be the length of the curve a(t). Recall that the condition number p(a, (), with G(a) = ¢
at (a,() is ||DG(a)|| and so the condition number u of (a(t),{(t)) is max; p(a(t), (t)).

Proposition. L < pulL,.
Proof.

L=AHM&=AH&WWMt
:iéHDG@@»wuNwSQAHDqu»mwumw

1
<u [ I@))dt = L.
0

The proposition and Theorem D2 yield the estimate:

2
L.
3_ \ﬁw

The last results give some way for taking advantage of sparsity in complexity estimates.

(k) complexity k <

In Bez I we found that for full systems, i.e. allowing all coefficients to be non-zero for
systems of polynomials f : C* — C" of given degree (dy,...,d,), the condition number pu
squared was decisive. One factor of u? came from an estimate on 7. The second factor of
i could be interpreted as the p in (x*). But now in the theory just preceding, the sparse
case leads to the condition number p of (xx) which could be much smaller than the u of
Bez 1.

We end section 1D with a couple of remarks.

(1) The condition matrix itself leads to an algorithm of predictor-corrector type, and
its complexity may be estimated as above.

(2) Results here may be extended to maps of Riemannian manifolds using the exponen-

tial map extensively.
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General Remark. The unitarily invariant norm on ‘H 4y used in Bez I, I, I1I, IV is described
in detail by Weyl [1932] with his focus on explicit unitary invariance. Stein—Weiss [1971] use
the same norm (and corresponding inner product), but don’t discuss its unitary invariance.

As we have mentioned earlier Eric Kostlan brought this approach to our attention.

2. Proof of Theorem A.

The proof uses the main results of Bez I and Bez II. First we follow Bez I to obtain:
Theorem 1. We use some of the notation of Bez I. For example, we write fipr0;(f, () for
tnorm (f, €), the normalized condition number.

Let B,(f,s) be the d, ball of radius s around f € Hgy — {0}, where d,, is the chordal

metric

By(f,x) ={9 € Ha) | g # 0 and d,(f, g) < s}.

Theorem 1. Given Cy > 1, 3Cy > 1 with the following property. If g € Hqy, g(x) =0
and fiproj(g, ) < 0o then x may be continued to a zero x(f) for all f in By(g,s) where

1
N 01D3/2u§)roj (g7 x)

S

and
Hproj (f, x(f)) < C2Mproj (g, 37)
Proof. We prove three preliminary propositions and a lemma.
Here we recall proposition 5(b) of §I-3 of Bez I.

Proposition 1. Let f,g € Hq), then

1% ro'(gvx)(l + d (f7 g))
fproi (f5 ) < - _PDJl/de(ﬂ g)ﬂzroj(gvx)

as long as the denominator remains positive.

Lemma 1. Let f,g € Hq). Let g(x) = 0. Then

a) ﬁO(fa JJ) S ,uproj(fa x)dp(fv g)
b) 70(.]07 .77) S %Nproj (f7 x)Dg/Q
c) a(f,z) < %NprOj(ﬁ z)dp(f, g9)D*/2.

Proof. From Propositions 2, 3 and Lemma 1 of §I-3 of Bez I
ﬁo(ﬂ 1') S ,Uproj(fv $)77(f7 .CI?) S ,Uproj(fv x)dp(.ﬁ g)
which proves a), b) is Proposition 3 and c) results from multiplying a) and b).

12



Proposition 2. There is a constant K1 > 0 such that, if g € Hqy and g(z) = 0 then x
K

1
2 3/2
K2ro;(9,2) D3/

given constants Ko, K3, K4, K5 > 0, K1 may be chosen small enough such that

a’) /ﬁpl(f;])(fal‘x) < (1 + K2)Mproj (ga .1,‘)
T —x 2K
b) TRl = oD

D-1
o (B <1k,
d) Bo(f,z) < W

~ HMproj

) 70(.]07 -77) S (1+2KQ)Npr0j(g7x)D3/2
f) Ll o (f,2) < K.

may be continued to a zero x(f) of f for all f € By(g,s) where s = Moreover

Proof. By Proposition 1

a)

K
fproj (g, T) <1 + W)

Lproi(fr @) < P
(1= iam)

- Hproj (g,ZC)D

1+ K,
1—-K;

< s (98) (T ) < i 21+ )

for K; small enough.
d)

Bo(f, ) < piproj(f, 2)dp(f, g) by lemma la)

< (g, 7) L+ K Ky
> Hprojlg, 1- K, ,ugroj(gvx)DSQ

1+ K,
_ <1tK1)K1 < K3
/J’proj(gvx)l)g/2 /J/proj(gvx)l)g/2

for K7 small enough.

e)

1
70(.]07 .77) < 5 Mproj (f, x)D3/2 by lemma 1b)

=9
1 1+ Ky (1+ K>)
< S Hproi (9, ) (1 — Kl) F DY < e o (g, ) D

for K7 small enough.
2
Thus a(f,z) = Bo(f,z)v0(f,z) < 3 <if§1) K3 so for K; small enough a(f,z) < ap.
x(f) is then defined as the associated zero of f | N, for Newton’s method with starting

point x.
13



b) By d)
() Ky

B(f,x) < 1es (9. 7) D2

Thus by P.E., or Bez I,

2 (L) Ky o

[z(f) — | <
Iiproj (g, ) D3/?
c)
D—1
(L= >H) < (sl
]l ]|
21+K1K D-1
D3/2
<e GJ—FE)K
. 2(1+K1)K1
choose K sufficiently small so that e”\1-%1 <1+ K.
)
l=(f) =z 2K 1+ Ky 3/2
HlEH 0(f7 ,I) > Lioro] (97 gj)D3/2 . 5 [proj (g’ x)D

= Kg(l —+ KQ) by b) and e)
and we may choose K3, K5 sufficiently small so that K3(1 + K3) < K.
Proposition 3. Let f € Hy), = € C*t! and y € N, = x + Nullz. Then

Fproj (f? y) < Hwﬂproj (fv m) (M)D_l

() edl
where rg = ||@|J|;|9|UH’ u =19y (f | Ne,x), and
o (I+r )1/2
1= 10 (B23% + Doy (f,2)n(, ) ) L
as long as 0 <u < 1— i and ro is small enough so that the denominator of Kk remains
positive.
Proof.

toroi (fr9) = I FIL1(D £, | Null,) " (A(d}/? )|
<IFI11(Dfy | Null,) " (Df, | Null,)|| [[(Df, | Null >*1<Dfx | Null, )|

< [(Df | Nully) " Ad 2] )] HA(”y”) H

o]
—w? el
S’f w(u) ,uprOJ(fa )( )



by Proposition 1 §III-2 of Bez I, Lemma 3(2) of §II-1 of Bez I (initially from P.E.), the
definition of pipr0; and the fact that the norm of a diagonal matrix is the largest norm of

its entries.

Proof of Theorem 1. Choose Ko, K3, Ky, K5, K¢, K7, Kg > 0 so that (14 K2)(1+ K4)(1+

2y1/2 _ 2
KG)(l + K7) < 027 UrEy) (1—-Kg)?2 < (1 + K7)7 (11/)(52)) <1+ KG, and

1K (e se) Ket1) S

0< Kg < Ks.
Let C; = Kil where K, of Proposition 2 is chosen with respect to K5, K3, K4, K5. Then
in Proposition 3 with y = z(f)

l=(HI°~

1—u
—— <1+ Kg,
[kl

H<(1+K7), <14+ Ky

and fiproj(f, ) < (1 + K2)piproj(g, ). Thus

tproj (f,2(f)) < (1 + K7)(1 + Ko )(1 + K2)pproj (g, ) (1 + Ka)
< C2Mpr0j (gvx)'
O

Corollary of Theorem 1. Let L be a great circle in H ) and N, the special neighborhood
of ¥ in Hq) as in Bez I. Then there is a universal constant ¢ so that if LN N, # 0, then

c 2
Vol(L M Np,) > <47

The “Vol” is the measure of a subset of the circle and a great circle is just the intersection

of a real 2-dimensional linear subspace with unit sphere.

By Theorem 1, there is a constant Cy such that u(f) = pu(f,vi) < 2u(g, z;) < 2u(g) for
all f with d,(f,g) < Therefore, if u(g) < Qip then u(f) < % for all f such
that

1
C1(u(g))2D3/2"
1 _ 4p?
2 T O,D3/2°
4 <2—1p> D3/2 1

and g € L N (Na,)¢ (using ¢ for the complement) so

dp(f7 g) S

Now let f € LN N,, ie. pu(f) >
u(g) < 2%). Then dy(f,g) > 01%23/2. Hence if f € L N N, then the interval of d, length

Sl

402 . . . . . . .. . .
W around f in L is contained in Ns,. Since d, = sindp this interval has Riemannian

4

2
‘volume” is greater than —£ O

2
length greater than % and so that its 573 -

Let S be the unit sphere in Euclidean space E of some dimension and £ be the space of
great circles of S. The orthogonal group O of E acts isometrically on the product S x L
by (z,L) — (Ox,OL) for O € O. The subspace

V={(zL)eSxL|xzelL}
15



is invariant under this action, and O acts transitively on V. For z € S, let L, = {L € L |
x € L}

Proposition 4. LetU C S, W C L be open sets. Then
(a) there is an x € S such that

Vol(L, N W) < Vol W
Vol L, — VolL~

(b) fLeL VolUN L) = Vow\(%%? VolUd

Here Ly is just a standard great circle and Vol Ly = 2.

For the proof of the proposition let 71 : V.— S, m3 : V' — L be the restrictions of the
projections and U’ = 7, U, W' = 7y 'W.

First we prove 4(b). Let o € S and Ly = L,,. Let NJ; and NJ, be the normal
Jacobians of the maps 7; and my respectively (from the coarea formula as in Bez II).
These are constants by the orthogonal invariance. We use & to denote the characteristic
function.

Lemma.
NJs

/L/ﬂ;lLX(u’mmlL) = (N—Jl) Vol(U) Vol(Lo).

Proof of the Lemma.

1
X / —]_L :/X /:
L], wmrensin= [ xe

1 1
XU nv,)=— Vol 1
/Sle/Vz U’ NVz) = < Vol(U) Vol(£o)

where V, is the fiber over x of 7y, proving the lemma.

In the lemma consider the special case Y = S, U’ = V to obtain that

NJ> _ Vol(L) Vol(Lo)
NJ;  Vol(Ly) Vol(S)

Observe that
/ XU Nry'L) = VolUNL).
wglL

Putting this, and our evaluation of %—f into the lemma yields Proposition 4b.

Now for part (a) of the proposition. The coarea formula gives

/‘/X(W’):[SNL(A/WX(W’HV%)
16



and .
X (W' :/—/ XYW AL = — Vol W Vol L
/V W)= [ [, Rovnn = o

Thus

N
// X(W'nVv,) Nj Vol W Vol L

_ Vol Ly Vol § Vol W
N Vol L

by the computation of N J ~7- above. Therefore

Vol W minges [, X(W' NV;)
Vol L — Vol Ly

~ Vol(L, nW)

N Vol L,

for some particular . This proves Proposition 4a.

We now apply Proposition 4 to the case where E = Hy), with £,.S defined for this
specialization. Then for g € S (i.e. g € Ha), |lg|| = 1), Ly is the space of all great circles
in H gy containing g. Define

Loy ={L€L,| LON,#0}.

Theorem 2. There is a constant ¢ > 0 such that for each d = (dy,...,dy), there is a
g € Hg) of norm 1 and

Vol L, 4 2 2 3

Dl il 1)(N — 1)(N — 2)D*/?D.

oL, cp°n”(n + 1)( )( )

For the proof we use Proposition 4 taking U« = Ny,, and W = {L € L | LN N, # 0}.

Using the Corollary of Theorem 1,

2
Vol W - g/ Vol(Lﬂng)g/Vol(Lﬁng)
c, c

D3/2

which by Proposition 4b is
. Vol £ Vol Lo Vol ng

Vol S

By Proposition 4a there is x = g so

Vol(£, nW) _ ( cp? )‘1 Vol Ly Vol Ny,

Vol L, D3/2 Vol S
17



Now use Theorem C of Bez II. It yields (for n > 1):

Vol ng
Vol §

Joining this with the previous estimate yields Theorem 2 (note that L, "W = L, ;). The
case of n = 1 is implied by Theorem D of Bez II.

< 4p*n?*(n+1)(N —1)(N - 2)D.

Proof of Theorem A. Fix g as in Theorem 2. Give f € P(Hqgy), the homotopy 0 <t <1,

ft = tf + (1 —t)g has length less than or equal to one. Let p(f,g) =sup,{fi} NN, = 0.

co D3/
’ p%(f,g)
all the approximate zeros of f, with co around 10. Now by Theorem 2 the probability

Then by the main theorem of Bez I projective Newton steps are sufficient to find

that p(f,g) > s is greater than or equal to the probability that the great circle through
FON,=0>1—cs®n2(n+1)(N — 1)(N — 2)D3/2D.

3/2
S

Thus the probability that <22~ steps suffice is greater than or equal to 1 — es?n?(n +
1)(N — 1)(N — 2)D3/2D setting t = cs?n?(n+1)(N — 1)(N — 2)D3/?D we find that with

probability 1 — ¢, C3n2(”+1)(N;1)(N—2)D3D

steps suffice.

3. Proof of the Second Condition Number Theorem.

Note that V;, » is the set of M having v as a A eigenvector and that if M € X' NV, ,,
then A is a multiple eigenvalue.

The unitary group U(n) acts on P(C") in the natural way and acts on M(n) by sending
A — UAU! for U € U(n). Moreover if (M,v,\) € V, Mv = lv so, UMUY(Uv) =
A(Uv). Thus V is invariant under the product action of U(n). Since m : V. — M(n),
7o : V. — P(C™) x C both commute with the action of U(n), it follows that K;(M,v,\),
i 1,2 are also invariant under the action of U(n). Thus K;(M,v, ), i = 1,2 only depends
on the linear map M | v+, where v is the Hermitian complement of v in C*, and not on
a particular basis.

Let M = w,. M | v+ and M; = 7,M | v+ where 7, and 7, are the orthogonal
projections of C* onto v and v respectively. Since U(n) acts transitively on P(C") we
may assume for proof that v = (1,0,...,0) and thus that (M,v,\) € M,  has the form

(A My -
M = (O i ) In general we assume ||v|| = 1.

Lemma 1.
a) Ki(M,v, \)M = (M1 — M)V, M(v)
b) Ko(M,v, \)M = &2

(y,v)
where y satisfies (M* — X )y = 0, M* the adjoint of M.

Proof. The equations

(%) (AT = M)v+ (AT —M)o=0
18



(4 (b.) =0
define (M, 0, \) € Tiaon)V CTyu(M(n)) x T,(P(C")) x C. Applying m,. to (*) gives
Tyr M(v) = myr (M — M),

and since © € v by (x%) m,L M(v) = (A — M)o proving a).

For b) note that (y, (Al — M)u) = 0 for all u € C". Take the inner product of (x) with
y to obtain (y, (N — M)v} = 0 so that
(y, Mv)

A= (y,v)

= KQ(M,/U, )\)

Lemma 2.
a) [|Ky(Myw, M| = (M = M)7H|
b) | Ko (Myo, N)|| < (1+ [ M|P|(A oy — M)7H)H2.
: A M
Proof. Assume M = A My ,v=1(1,0,...,0) and write M = | . :1). Then for
0 M) My M
) . A My . . :
a), v = 0 for M of the form 0 M since the eigenvector v is constant for these pertur-
bations. Thus K1 (M, v, \)M factors through projections on My and || Ma|| = |7, Ma(v)].
For b) y may be taken as

(%) y=v+ Aoy — M)~ (M = D),
for Image(M* — \I) C Ker(M — \I)* C vt. Applying (M* — \I) to both sides of (x) gives
(M* = X)y = (M* — X)v + (M* = XI)(AL,_y — M)* "1 (M* — XI)v
= (M* — M) — (M* — X)v =0,
using (M* — XI)(M,,_1 — M)*~' = —I,_;. Now from (x)
Iyl < 1+ (AL = M) P (M = AL
< LA [[(A = M) Mol
< L+ [|(M = )12 )M

using ||A*|| = ||A]|. Also from (x) it follows that (y,v) = (v,v) = 1. Thus

(y, Mv)
(y,v)

| Ko (M, 0, M| = < llyl 1]

using Lemma 1, Cauchy—Schwarz and the above. The estimate of ||y||? finishes the proof
of b).

For the proof of the theorem we also require
19



Proposition 1 (Eckart and Young [1936]). [[A™!| = m where A € M(n), S C M(n)
1s the set of singular matrices and dp is the Frobenius distance.
A My

Proof of Theorem. Assume M = o a1 )

v = (1,0,...,0). Then it is simple to see

A M,
0 N
M(n —1) to M such that AI,_; — N is singular. That is,

that the closest matrix in V,, yNX' is N = ( ) where N is the closest matrix in

dy x((M,v,0),%' NV, 5) = dp(M,N)
= dp(M,_1 — M, S)
= |(AL—y — M) 7Y

by Proposition 1. Here S is the set of singular (n — 1) x (n — 1) matrices. Now Lemma 2
finishes the proof of the theorem.

4. The Proofs for Section 1C.

The proof of Theorem C1 is adapted from Smale [1986], or P.E.

Lemma. Let f:R* - R™, 2,2/ € R* and u = ||z’ — 2||7(f,2). Let V, =ker Df(z)* and
. : R* — V. be the orthogonal projection. Suppose u < 1 — 4 Then
1 2
(a) IDSE DI - ml < (1) ~1<1
- (1—u)?
b D) Df(2)|v.| < ———
(b) IDFE DF @Il < s

where Y(u) = 2u? — 4u + 1

© ps s < S
Proof of the Lemma. For (a) expand D f(z') by the Taylor series
k
Df(z")y=Df(z) + 2 (IZ f(f))' (2 — 2)F L,

Apply Df(2)T, noting Df(2)'Df(z) = 7. to obtain

2
DS DA ~ ol < Skt -1 = (1) -1
k=1

20



(compare P.E.).
Next note that

IDf()Iy! DF()lv. = Iv. || < |IDF(2)IDf(2') 7],

so as in P.E., (b) follows. Here Iy, : V, — V., is the identity. Finally (c) is a consequence of
the fact that for any surjective linear A : R**! — R" and hyperplane V C R*t!, v € R”,
AL ol < AR ol

Using the lemma, the proof of Theorem C1 follows just as in P.E.

We now prove Theorem C2. This uses Moore—Penrose (i.e., Newton’s method extended
by Moore-Penrose) to follow a curve (ft, ;) in H(gy x C**! with f,(¢;) = 0, using z},, =
thi+1 (x;). Using the sixth node we may take z; = (;,, each i = 0,1, ...,k provided that
alfe, G,) < og for t; <t <tiqq.

By Bez I, especially the higher derivative estimate,

2771)3/2

Oé(ft,(ti) < ,Unorm(ftagti) 9

where n < d,(ft, fi,) = dp, is as in Bez I and d,(f, g) = sind(f, g), d(f, g) the Riemannian
distance in P(Hq)).
Use Proposition 5, see I-3, Bez I to obtain

Mnorm(ftia Ctl)(l + dp)
1-— Dl/de,unorm(ft,-a Ctl)

_nd+dy)
~ 1—DY2d,u

,unorm(fta Ct,) S
, U= m?X ,unorm(fta Ct)

To apply Theorem C1, we thus need

p(1 + dp) ‘D32
1 — DV2d,p 2

dp < Op.

There is a universal constant ¢ which makes d, < —-555 sufficient. Thus we obtain the
P > ZD3/
complexity k = 2,2D%/2L. O

Proof of Theorem C3. Let zero be a regular value of F : R**! — R" « € F~1(0),
w € T,(F~1(0)), and ||@|]| = 1. Suppose that

(%) a(F,u+ hu) < .
Then the predictor-corrector algorithm with the 6! node produces

u— u+ hi—u € F~H0)
21



where v’ is the zero associated to the approximate zero u + hi.
The estimate () has two parts, the estimate for v(F, u + ha) and for 5(F,u+ hi). One
uses Lemma 2c of P.E., extended by Moore—Penrose, to see that

Y(F,u+ hu) < ¢y, for by < e

and for allu € A C F~1(0).
The Taylor expansion of F' about wu yields

_ D*F(u) (hi)*
Pt i) = Y0 PO
k=2
since the first two terms are zero. Compose with DF(u + ht)T to obtain
(u+ h)TDF (u) DF (u)T Dk F(u) || h*
k! '

B(F,u+ by < 37 12E
k=2

Here we used DF(u)DF (u)' = I.
Lemma (c) from the beginning of this section applies to yield

(1—hy)?
Y(hy)

Thus we obtain 8(F,u + hi) < ch?y and so o(F,u + hi) < c(hy)? for hy < ¢/. Thus
(%) is satisfied provided that h~ is less than an easily estimated constant.

“[%

|DF(u+ hi)' DF(u)]| < hy<1-—

To finish the proof of Theorem C3 we need to relate h to the complexity. It is sufficient
to show that ||u/ — ul]| > ch where v/ € F~1(0) is obtained by the predictor-corrector
step, and ¢, as usual, is a new universal constant. In fact it is sufficient to show that
|(u+ hi) —u'|| < eqh, ¢1 a small universal constant. Since u+ ht is an approximate zero,
|lu+ hi — /|| < 26(F,u+ hu) and B(F,u + hu) < c(hy)h. But hy can be assumed to be
universally small as above. O

Proof of Theorem CJ.

Lemma. With the setting of the theorem, let uw = ||z — 2'||y(F, z) where F(z) = 0. Then
Zfiﬁ(U,) > 07 Oé(F, Z/) S ﬁ

Proof of Lemma. Use Proposition 2 of II-1 of Bez I, extended to Moore—Penrose as before.

Then
(1—u)a(F,z)+u

P(u)?
But a(F, z) = 0 since F(z) = 0, proving the lemma.

There is a constant ¢ such that if u < ¢, 75 <ag. Soifz € F7Y0) and ||z —2'|| < 2,
alF, ) < ap. O

a(F,2") <

Then we are finished by Theorem C1.
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5. Estimates of DNy.

Proposition 1. Let f be an analytic map f : R* — R™, x € R*, f(x) = 0. Let
u=|z—yly(f x). Then

HDNf(y)—DNf(a:)Hg“_u) <( ! )2—1)+ 2u

] V2
as long as Y(u) >0, i.e. u <1 — %=,

Proof.

DN (y) — DN,(z) = D(Df" o f)(y) = D(Df" o f)(x)
= D(Df(y)")f(y) = Df(y)'Df(y)
—D(Df(y)") f(x) + Df(x)'Df(z)
=D(Df(y)")f(y)+ Df(x)'Df(z) - Df(y)'Df(y)

g g

A B

we will prove in the lemmas below that

(+) 4] < w?ﬁ

and

" (1 —u)? 1 B
) 21 < S5 (e 1)

Recall that Df(x)TDf(x) is orthogonal projection on ker Df(z)%, and Df(y) Df(y) is
orthogonal projection on ker Df(y)L. First we estimate the norm of o : ker Df(z) —
ker D f(x)® such that ker Df(y) = graph(c) = {(v,0(v)) | v € ker Df(z)}. Write Df(z)
as (0,C)

C :kerDft - H O:kerDf — H

the zero map and D f(y) = (D1, D) in these coordinates.

(1— u) 1
Lemma 1. |o] < o) <(17u)2 - 1).

Proof. ¢ = —D;'D; so |lo| < | Dy 'C|| Hclelu Now HD—lcu < Q;“)Q by Lemma b)

(u)
§1c), and [|C'Dy || = || Df ()t 2050 20T < -1

(1- u)2
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Lemma 2. Let E C Hy x Hy be given as the graph of o : Hy — Hs. Then ||rg —mg, || <

||| where mg and Ty are orthogonal projection on E and H respectively.

Proof. Let A : V. — H; x Hy. Then orthogonal projection (Image A) is given by
A(A*A)~1A*, A* the adjoint of A. Thus

e (I+o*0) -1 (I+o%*0)to
EZTH =\ g(I+o0*0)t  o(I+o0*0) lo*

and the norm of the matrix as an operator is easily seen to be less than or equal to ||o||.
Lemma 1 and Lemma 2 prove (xx). Using that |[7p. =7y || = [(I—7g)— (I —7m,)|| =
|me — 7, ||. Now we turn to ()

D(Df)Nf(y) = —DfH(y)(D*f(y)Df(y)* + D*f(y) ) Df(y)Df()*) ' fy)
+D*f(y)" (Df(y)Df(y)*) " f(y)
= =Df () (D*f(y)Df*())(DF(y)Df(y)") " f(y)

-~

E

+ (I = DfT(y)Df()(D*f(y)" (Df(y)Df(y)") " f(y))

-~

G H

G is a projection so ||G|| = 1. We will prove || E|| < F7mz and |HI < LR
Lemma 3. ||E]| < a(f,y).
Proof.

IE|| < [IDf)ID> F) 1Df*(Df () Df()*) " fw)
<~(f,y)B(f.y) = a(f.y).

The notation D?f(y)* has the following interpretation D?f(y)(u, ) for fixed u is linear.
D?f(y)* means the adjoint of this linear map.

Lemma 4. [D?f(y)*(Df(y)Df ()" )" f(W)]l < a(f, ).

Proof.

ID?f(y) (Df()Df()) " fWIl < ID*F(y) (Df(y)Df(y)*) ' Df(y)llx
IDf ()" (Df()Df(y)*) " fw)ll
using that Df(y)Df(y)*(Df(y)Df(y)*)~" = Id
<(f,9)B(f,y) = a(f,y) using that [|A*[| = [|A]| for linear A.

0]
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Now the proof of Theorem C4 gives a(f,y) < ﬁ proving (*) and the proposition.

We make part of Proposition §1C more precise for analytic f : E — F, where E,F,
are Hilbert spaces. Suppose 0 is a regular value for f and ¢ € f~1(0). Write E =
ker Df(¢) @ ker DF(C)*. Let Sy = ¢+ {(y) € ker DF(C) @ker DF(€)* | ||| = [lyl]}. Let
So =+ {(x,y) €ker DF(C) Dker DF(E)* | ||lz|| < |lyll}. Let ¢ = (1, ¢2) with respect to
ker Df(¢) @ ker Df(¢)*, and let B,(x) denote the ball of radious 7 centered at .

Proposition 2. There is a universal constant ¢ > 0 such that for analytic f and ¢ as

above and v = y(f, ()
a) V.= f710) N B=(¢) = Nyzo N (51N B=(Q))
b) V is the graph of Ct function o, : Be(¢1) — ker Df(¢)* and || Doy (¢1+2)| < 3=y

)
Woioe = {(2,9) € Be(Q) | N}(2,y) € B=(C) ¥n >0

and N7 (x,y) — ¢ asn — 0o} = [),50 N "(S2N Be (€))
d) ngoc is the graph of a c' function

0w+ Be((2) — ker Df(C),

Doy (G2) =0 and  sup  |[[Doy(y)|| < 1.
yGB% (¢2)

Proof. To see V as a graph over Bg(Ci) restrict f to ({1 + x) X ker Df({)* and apply
Lemma 1b §1C to deduce that a(f | (¢1 +z) x ker Df({)*, ¢ +2) < Ttz Now choose
u small enough so that this quantity is less than ag. Now Hirsch—Pugh—Shub [1977]
Theorem 5.1, the use of a bump function and remarks on center manifolds finishes the rest
of the proof. The estimate of || Do, (¢1 + x)|| follows from Lemma 1.
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