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Navier-Stokes equation with Lévy Noise

° The Ergodicity
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The Navier-Stokes equations are the fundamental model of the
fluids. Despite their great physical importance, existence and
uniqueness results for the equations in the three-dimensional case
are still not known, and only the two-dimensional (2D in short)
situation is amenable to a complete mathematical treatment. In
the past years, many authors studied this equation in the random
situations. Most of the works are with Gaussian white noise, e.g.
(12, [3]. [8]-[13]) and references cited there. As we know, there are
a few articles for the non Gaussian white noise, see [1] [4]-[7] [14]
ets for the Lévy space-time white noise and Poisson random
measure.
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This talk is concerned with 2D Navier-Stokes equation with Lévy
noise. The existence and uniqueness of the global strong and weak
solutions and the existence of invariant measures is proved in [4].
But in that framework, it seems that it is impossible to get the
strong Feller property. In the article [5], we prove the solution in a
suitable state space, on which the solution is strong Feller. Our
approach is based on the methods of [8]. For getting the
ergodicity, the priori estimations and stopping time technique
which were used in [5] play the key role in the proofs.
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(Q,F, P) : a complete probability space

{F:,t > 0} : an increasing and right continuous family of complete
sub-o-algebras

N(ds, du) : the Poisson measure with o-finite intensity measure
n(du) on measurable space Z.

N(ds,du) = N(ds,du) — n(du)ds : the compensating martingale
measure.

W (t) : the cylindrical Wiener process with covariance operator I.
@ is a trace class.

Assume: W (t) and N (dt,du) are independent. T? = R?/Z? : the
torus.
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Consider the following stochastic equations in T?

dX(t) = WAX () — (X(8) - V) X (£) — Vp(t)] dt
+ fZ f(X<t_)7 U)N(dt, du)7

div X (t) =0,

X(0) ==,

and

dX(t) = [vAX(t) — (X(t) - V) X(t) — p(t)] dt

+ [z f(X(t=),w)N(dt, du) + VQdW (t),
div X(t) =0,
X(0) = =z,

where X (t) and p(t) represent the velocity and pressure of the
particle at time ¢, the positive parameter v is the kinematic
viscosity.
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We consider a Hilbert space H which is a closed subspace of
L?(T?,R?)

H= {u € L*(T?,R?),divu = 0 and / u(z)dr = 0} .
T2

V= {u e HY(T?,R?),divu = 0 and / u(z)dr = 0}
T2

Let H™! be the dual space of H!. The above two equations are
equivalent in H™! with the following
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dX(t) + [VAX(t) + (X(¢) - ~V) X(t) — Vp(t)]dt

{ = fZ f(X(t—),u)N(dt,du), t >0, (1)
X(0)==

and

dX(t) + [VAX(t) + (X (1) - V) X(t) — Vp(t, §)]dt
{ = [, [(X(t—),uw)N(dt,du) + /QdW (t), t >0,
X(0) = =.
()
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Taking the inner product of (1) and (2) with a function v € V
respectively, and integrating the second and the pressure term, we

have
A(X(0),0) + v((X (1), 0)) +B(X (1), X (2),)
= [, (F(X(t=),u),v) N(dt,du), (3)
<X(0),1}> = <.%','U>
and
2(X(t),v) + v((X(t),0)) + b(X (t), X (t),v)
= [, (F(X(t=),w),v) N(dt, du) + {VQdW;,v),
(X(0),v) = {z,) “

with
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Define the bilinear operator B(u,v) : VxV — V—1,
(B(u,v),w) = b(u,v,w), Bu= B(u,u), w,v,w €V,

An alternative form of (3) and (4) can be rewrite as following:

%X(t) b vAX(t) + BX(t / F(X N (dt, du),
X(0) ==z
(5)
and
th( t)+vAX(t) + BX(t)
= [, F(X(t=),u)N(dt, du) + vQaw (1), (O
X(0) ==.
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Definitions of weak solution

Suppose X(t) be right continuous with left limit in H. If for ¢ > 0,
Syl X (s)2 + | BX (s)[?]ds < oo and for v € D(A), and P — a.s.

(X(t),v) = (z,v) —1//0 <X(s),Av>ds—/0 (BX(s),v)ds
[ ev@awe)+ [ [ (x(-),u),0)Nds, du).
0 0 JZ
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Fixed the measurable subset U,, of U with U,, T U and
A(Up) < o0.

Hypothesis 1. There exists positive constants C, K such that
(1) JIF(0,w)[2A(du) = C < oc;

(2) S f (2 ) — Fly, w)|2A(du) < Ko -yl

(3) Subjaycar Jye £z wW)PA(du) L0 as, k1 oo,
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Theorem 1. Suppose that Hypothesis 1. hold.

(i) For the initial value z € H, Eq.(1) and (2) has a unique global
weak solution on H.

(ii) There exists an invariant probability measure for X; which is
the solution of equation (1) and (2) on H which is loaded on V.
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Hypothesis 2. There exists positive constants C, K such that, for
some o € [1/4,1/2), e >0

(H1) @ : H — H is a linear bounded operator, injective, with range
Z(Q) dense in 2(A1+%) and 2(A2) C Z(Q) C D(AiT5+e);

(H>) / 1A% £(0, u)PA(dw) = C < oo;

(H3) / A (f () — £y, w))PA(du) < K| A%(@ — )P,
x,y € D(A%);

(Hy) sup |A® f(x,u)[*X(du) — 0, as m — oo.
zeg(A) Jug,

Dong Zhao Academy of Mathematics and Systems Science, C.  Ergodicity of Stochastic 2D Navier-Stokes equations with Lévy



Let z be the Ornstein-Uhlenbeck process that is the solution of

dZt -+ Aztdt = Qth,
zZ20 — 0.

Theorem 2. Suppose that Hypothesis 2. hold.
(i) For z € 2(A®), there exists a unique solution X of (1),(2)
such that, for P-a.s. w € Q,

X = z € D([0, T], 2(4%)) 1 L5 (0,T; 9(A3+%),

(i) (P:)e=0 of (2) is a strong Feller group on Cy(Z(A%)).
(iii) The solution X of (2) is irreducible on Z(A%).
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Theorem 3. Suppose that Hypothesis 2. hold. Then there is a
unique invariant measure for X; which is the solution of (2).
Furthermore, the transition probability P(t,x,-) and P(t,y,-) of
the X are absolutely continuous for different =,y in Z(A®), and
they are also absolutely continuous with the invariant probability
on Z(A®). Furthermore, X; is ergodic on H.
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Outline of the proof the Theorem 1(i).

Step 1: Consider the case of A\(Z) < oo.
There exist a global strong solution.

Step 2: Consider the case of \(Z) = .

Let Uy be a measurable subset of Z with A\(Uy) < oo and
Ui T Z, then prove the solution X} has a limit X, and X is the
desired global strong solution.
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Step 1: Since the character measure A\(Z) < oo, we can arrange
the jump times of N(dt,du). Assume the jump times of N (dt,du)
are 01(w) < og(w) < ---, each g;,i =1,2,--- is stopping time.
Since for ¢t € [0, 01),

//f (s—,w)N(ds, du) //f (s, u)A(du)ds.

the equation (5) is equivalent with the determined integral
differential equation

d);t() +VAX(t) + B(X(t) = —/Zf(X(t),u)/\(du), (7)
X(0) ==z, x€ L*T?).
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We will show that there exist a weak solution of equation (7) by
using the Galerkin methods.

Let E,, = span{ej,ea, - ,en},(n=1,2,---), P, is an
orthonormal projection from L?(T? R?) — E,,. Denote by | - |,
and || - ||g, the norm of H and H! on E,, respectively. Let
Xn(t) =375 1(Xn(t), ej)e;, the orthonormal projection of X (t)
on E,, and consider the following ordinary differential equation

dXn ()

— VAX(t) + PaBXn(t) — /Z Pof(Xn(s), w)A(du),
X,(0) = Px.

Lemma 1 Equation (8) has a unique strong global solution in
C([0, T); D(A)) N L2(0, T; H).
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Proof: Existence. Let X, (t) be the local solution of equation

(8).

Take the inner product of with AX,,, we have

5 SIXR(OI + VIAXn (O + (PuBXn(8), AKX (1)

= [ (P00, A (O) M),
From the hypotheses of f, the Young inequality

2 2
X ()P + V1A X (1)

§|AXn(t)‘2 + %[(QA(Z)K)l/Q‘Xn(t” + (QA(Z)C)I/Q]Q,

IA
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Integrate the inequality on both side from 0 to t, we have

¢
X O+ [ |AXa()Pds
0
2,2 [ 1/2 2]?
< ] +V/ [(QA(Z)K) 21X (s)[+(2A(Z)C) 2| ds.
0
Thus X, is uniformly bounded in L®°(0,7;V) N L%(0,T; 2(A)).

Furthermore we can prove that {dX,(t)/dt},>1 is uniformly
bounded in L?(0, T; H).
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By using the Alaoglu week compact Theorem , the Reflexive weak
compactness theorem, we extract a sequence such that

X, > X in L>®(0,T;V),

X, =X in L*(0,T; 2(A)),
d d , )

X = X in L0, T; H).

for some X € L>(0,T;V) N L2(0,T; 2(A)).
It is easy to show that X is the strong solution of equation (8).
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Uniqueness. Let X and Y be two solutions of (8). Set
U(t) = X(t) — Y(¢) and consider

GUOHAT@+BXO-BY () = [ (9.0 - FCX(0, 0] N
Z

Taking the inner product with AU, by the Gronwall inequality

} |

2

WOl < [UO)|I exp {/\
1

KX || e o,7v)

1%

\AX s)|ds

27K%THYH%OO(O,T;V) K\N2Z)T
4 4=
4v v
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Step 2: A\(Z) = 0.
Let U,, be a measurable subset of Z with A(U,) < oo and U,, T Z,

we want to prove the solution X, has a limit X, and X is the
desired solution

For every k > 1, consider the equation

dX™(t) + vAX"(#)dt + BX"(t)= | F(X*(t=),w)N(dt, du),t > 0,
X"(0) = z, o
9)
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By using It6’s formula,we have

t t _
XPP2 = Jaf? — 20 /0 X7 %ds + 2 /0 /U (X™, F(XT,u)) N (ds, du)

e[ ;L,u>rN<{s},du>]2

s<t

t ~
< Jof? — 2 / IxplPas+2 [ [ o fx ) Nds,du

/ / FX™ ,w)|>N(ds, du). (10)

Dong Zhao Academy of Mathematics and Systems Science, C.  Ergodicity of Stochastic 2D Navier-Stokes equations with Lévy



For any fixed £k > 1 and n > 1, define the stoping time

t
= inf {t >0: | X2 v/ 1 X7)%ds > k} :
0

By the Davis’ inequality, Young inequality, Gronwall inequality

T,:L/\t
E sup |X§-X;n2+uE/ [ X — X™|%ds
s<7'k/\t 0
KC(k,t KC?%(k,t t
§< (7)5+2 (,))E/ sup |X;1/_X;7/1|2d8
£—2 0 s'<1'As

+ (C(k,tge_—;g’; (k,t) ) // no DS
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From Gronwall inequality,
TN

E sup |X"— Xm|2+yE/ | X" — X™|2ds

s<‘r,c

C(k, K, 2)E // s ) 2A(dut)ds

< C(k,K,e) sup /c | f (2, ) > A(du).

IA

el <VE
From (Hs)
TR A
lim |E sup [X7— X2 +VE/ 1X™ = X™(2ds| = 0
m—00 0

s<‘r]C At
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Since we have have

& C(t
B(t > 70) = P (sup X [ ie k) <0
s<t 0 k

for some positive constant C(¢). Then
Esup [ X — X
s<t

= Esup | X' — X" [p<rry + Esup [ X — XI5y
s<t s<t

1/2
<E sup X — X7+ (Esup rx:—xm?) B(t > )2
s<TPAL s<t
1/2 1/2
C(t
< |E sup |X?—X™? + C(t) <()> :
s<TAL k
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t t
E /0 |X2 — X |dsIyerpy +E /O |X2 = X7\ ds ey

TINAL t
E /0 |X2 — X dsjperpy +E /0 |X2 = X7\ ds (s rp)

IA

IA

TR At 1
IE/ IX7 — X™|ds + tC(6)PE (t > 77)
0
TRAL 1/2
tIE/ CUIXT — X 2ds + tC(t) (?) .
0

we have that, for any fixed ¢,

IN

t
lim [Esup ]XQ—X;TLH—E/ |X§—X§l||ds} =0.
0

m—0o0 Sgt
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This means that, {X"},>1 is a Cauchy sequence in the space Py
which is the space of all H-valued adapted cadlag process with

E (SUpth | X¢| + fOT HXsts) < oo for any positive number 7.

Hence, there exists a process X € & such that

n—oo

T
lim E sup|Xth|+/ | XI — Xs||ds | =0.
t<T 0

We can prove that X is a weak solution of (1.5).
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Outline of the proof the Theorem 1(ii).
By Ito formula

| X¢|?

t t
|z|? — 21// | Xs||2ds — 2/ b(Xs, X, X5 )ds

_|_2//Xs,fs, dsdu—i—Z/f s— u)N ({s}, du)
s<t

af2 — 20 /0 IXds+2 | /Z (KXo, F(Xo ) N(ds, du)
b [ 15 0N s, ),

IA
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From this inequality and the assumption of the proposition, we get

K(|z|* + 2Ct)

t
2
2y/ E|| X,||?ds < (Jz|> + 4Ct) +
0 V)\l -

Let P(t,x, A) be the transition probability measure of X and

define
1 [T
,uT(A):/ P(t,x, A)dt.
T 0

For R > 0, let Bg = {z € H;||z|| < R}, we have
R 9 M

for some constant M > 0. Hence {up, T > 0} is tight and its limit
is an invariant probability measure of the solution X.
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Strong Feller + irreducibility
Lemma 1. Suppose that Hypothesis 2. holds. This is a Markov
process of (2) satisfying the Feller property on Z(A%).

Lemma 2. Suppose that Hypothesis 2. holds. The solution of (2)
is irreducible on Z(A®).
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Outline of prove Lemma 1.

First prove the solution X of the truncated equation (2) has
strong Feller property, then take limitation.

we get the following Bismut-Elworthy-Li formula for stochastic 2D
Navier-Stokes equation with jumps:

DABA(Xi(o) b = 1E |p(Xila) [ ((Q@)2ala),am.)|.
(11)
where n}'(x) is the solution of the equation:
dnf(x) = — {Anf (@) + [(B(Xi(2), nf:(x)) + (B(nf:(x), Xo(2))] } dt
+ [ DIX0).2) b (@) N ),

(12)
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Set

t
T’f:{t>o:/ \|zsui4ds>k}.
0

Since from the Hypothesis 2, we have For k£ > 1,
(QQ*)y|> < Cy|A%y|? Yy € 9(A%).
Therefore, we have, for any z,y € Z(A%) and ¢ € Cy(Z(A%)),
|Pinre (@) — Piarno(y)] s
< Dot swp [& [ |40 XD 04 ds] e~ vlatan

k,heD(AX)
|A>h|<1

< Cl(R, k‘;a?, )\1,t)

[@lloollz = yllz(a0)-
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Since 7 T o0, k — 0o, This implies that P; is strong Feller on
D(A%).

Outline of prove Lemma 2.

(i) For every k > 1, we firstly prove that the equation

dX™(t) + vAX"(t)dt + BX™(t) = F(X*(t=),w)N(dt,du)
Un,

+1/QdW;

is irreducible.
(i) Let the transition probability of X™(t) is P?(z,C) and
Ptf(:c, C') be the above equation

Dong Zhao Academy of Mathematics and Systems Science, C.  Ergodicity of Stochastic 2D Navier-Stokes equations with Lévy



Pl (z,0) = e M) PI(g, C)
/ / / NP (y+ f(y, 2), C)A(d2) POz, dy).

Then we can prove the solution of the second equation is
irreducible.
(iii) Lastly for y € 2(A%),

P({[| X¢(x) — yllg(ae) > 2¢}
< P{l| Xi(z) — X¢' (@)l gae) = e} +P{|X; (z) — yllgaey > €}
< 1.

Then Xy(z) is irreducible.
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