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Abstract

Approximating a SDE driven by a Lévy process involve
approximating the jump part and the Brownian part. The rate of
convergence of SDE driven by Brownian motion is well understood.
In the first part of our talk, we discuss the rate of convergence of a
pure jump Lévy process.

This will indicate what is the right effort that one has to invest in
order to achieve some prescribed error. The difficult question is
how to perform an analysis of such a scheme.

We use the Kusuoka scheme method developed for continuous
diffusions and apply it to Lévy driven SDE's. This leads to an
algebraic decomposition method which is of independent interest.



Setting & Goals
Setting

t t
Xi(x) = X+/O Vo( —(x ))ds—i—/0 V(Xs_(x))st—i-/O h(Xs—(x))dYs.
(1)
with Cp° coefficients
Vo:RV RNV =(Vy,...,Vy),h: RV - RN @R
B; is a d-dim. BM and Y4 is an d-dim. Lévy with triplet (b,0,v)
satisfying the condition

/ (1A ly[P)u(dy) < oo
Rd

0
for any p € N.
Goal
Our purpose is to find discretization schemes (Xt(n)(x))t:O,T/n,...,T
for given T > 0 such that

ELF O () - ELF o) < S0



0a. Known general methods: Approximate by compounded Poisson
(ignore small jumps). Protter, Talay, Kurtz, Meleard, Mordecki,
Spessezy, et al.

Adaptive Weak Approximation of Diffusions with Jumps by E.
Mordecki, A. Szepessy, R. Tempone and G. E. Zouraris

Let
N
Ye=D Vi
i=1

Algorithm:

1. Simulate the jump times 7; and the corresponding independent
jump sizes Y.

2. Given a fixed deterministic partition t; simulate the Brownian
increments

3. Adaptive step: Find an expansion of the error in order to choose
the fixed partition t; "optimally”.
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» Questions (We are interested in stable like Lévy measures.):
la. Proof for Asmussen-Rosinski type approach
1b.Do we need to simulate all jumps if one wants an
approximation of order 1 or 27 (Partial answer in the first
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lc.Limiting the number of jumps

» 2a. First, we consider the case where \70 = V; =0 (joint with
Peter Tankov) to study the rate of convergence due to jumps
only.
2b. Once this is done then one can incorporate the Brownian
motion and/or drift so that each component lead to the same
order of error. (joint with Hideyuki Tanaka)

> 2a. Proof through a variation the classical method
2b. Proof through a "semigroup type approach”

» 3b. Ideas come from Kusuoka type approximations
S. Kusuoka. Approximation of expectation of diffusion processes
based on Lie algebra and Malliavin calculus. Advances in
mathematical economics. Vol. 6, 69-83, Adv.-Math. Econ., 6,
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One dim. SDE's driven by pure jump Lévy process

Y is a (b,0,v) Lévy process.
e 1= f\z\>e v(dy). We suppose that lim._g \. = o0o.

be :=b— fe<|z|S1 zv(dz). Ug = f|Z|S5 2*v(dz)

t . t
Y: = bt+/ / yN(dy, ds)+/ / yN(dy,ds), te]0,1].
0 Jlyl<1 0 Jly|>1

Let X be the scheme:

1. Consider only jumps bigger than ¢. (jump times T7)
2. Approximate the small jumps with the Asmussen-Rosinski
approach

3. Solve as explicitely as possible the SDE with small noise

between jump times and add in the jumps

S

~ 1 ~ ~
dX, = h(X:_) {de +oedW; + bedt + S (H(Xe) - h’(xn(t)))agdt} .



The solution is computed with

dXe = h(X.)dt, Xo= x. (2)
In the one-dimensional case, the solution to (2) is:

X: = 0(t;x) = F1(t + F(x)),
where F'(x) = %
We define X(0) = Xo and for i > 1, t € (T¢, T¢, ], we define
X(t) = 0(be(t = 0e) + 0o (W(t) = W(ne)) — %h'()?(m))ff?(t —0e): X(me)),
(3)

where 7y :=sup{T7 : Tf < t}. Here W denotes a 1dim BM

X(T7) = X(Ti=) + HX(TF-)AZ(T?).



(Ha) e Cl he Cland [|zPw(dz) < oo.
(H,) feC), he ), and [|z|*v(dz) < oo for all k > 1.

Theorem

(i) Assume (H3) or (H3). Then

|E[f(X1) — F(X0)]| < C( (02 + [be) + /||< !yI3V(dy)>-

(it) Assume (Ha) or (Hy), let v satisfy

/MQ y3v(dy)

for some measure vg . Then

< /| vl vo(dy) (4)

o2
[E[f(X)—f(X)]| < C ( (02 + |be]) + / ly|*(vo + V)(dy)> :
ly I<e

Note that in this case |b-1 is bounded.



E[f(X1) — f(X1)] = E[u(1, X1) — u(0, X0)]

92u(t, X, .
HCLOPETES

1
= dtE
0

- /| (e K ASY) ol K0 - X b Ky)

ou(t /(v
+/0 th[l 2 (ax )(Xt)(h( Xe) = W (Xy0) | -




Example. [Stable-like behavior] Assume that

u(z) = £

z)= |Z|1+a’

where g has finite nonzero right and left limits at zero as, for
example, for the tempered stable process (CGMY). Then
02 = 0(e27%), \. = O(e79),

/ y[Po(dy) = O(*) and / y[*v(dy) = O(*2),
lyl<e ly|<e

so that in general for a € (0,2)

1-3

E[f(X1) — F(X1)]] < O(A: @),

and if the Lévy measure is locally symmetric near zero and
a € (0,1),

Qs

E[f(X1) — F(X0)]] < O(xe ™ =).



Comments and Conclusions
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Comments and Conclusions

1. Simulating many jumps imply fast convergence rate if there is
concentration of jumps around zero. But the fact that small jumps
are simulated by Brownian motion are also a component of the
error.

2. How to match this with the simulation of the Brownian
component (Euler?)? How to carry the error analysis?

3. We also want to state other approximations on weak form.
conclusion: we need a "separating” technique (which will be called
coordinate process).

Next: An alternative proof for weak approximations



Set-up for the proof of weak approximation

Define:
Pif(x) = E[f(Xe(x))]

Q: = Q : operator such that the semigroup property is satisfied
in {kT/n; k=0, ...,n}.

Q: =~ P; in the sense that (P; — Q;)f(x) = O(t™*1). Then the
idea of the proof is

n—1

'DTf(X) - (QT/n)nf(X) = Z(QT/n)k(PT/n - QT/n)PT_Ltle(X)'

k=0

For the proof to work we essentially need:

Assumption R(m, d,,): The local difference Pr/, — Q1 /, has to be
a "small” operator.

Assumption (M): The operators (QT/,,)k and P;_ k17 have to
be stable. ’

Next; We need to find a stochastic representation for @ and
interpret the composition.



Simulation (stochastic characterization): Let M = M;(x) s.t.
Q:f(x) = E[f(M(x))]. Then

Qrf(x) = (Qr/a)"f(x) = E[f(MF/, 0+ 0 M7, (x))]

Example: Euler-Maruyama scheme:

M:(x) := x + Vo(x)t + V(x)B: + h(x) Y satisfies

Next: One has to be able to find stochastic approximations from
the form of P /,. The idea is to approximate the generators.

Assumption R(m,d,): The local difference P; — Q; has to be a
"small” operator for small t.
Assumption (M): The operators (Qr/,)* and Py_ 17 have to
be stable. ’
From now on: think that t is small (say t = T/n)



The algebraic structure

Pe=eft =3 Lf+0(t™)
k=0
Note that L= >"9*1 L.
. Mtk
Pl = etli — ﬂLf( + O(tm+1)
k=0

Goal: Approximate etl, through a combination of L;’s s.t.
k
eft — ) getiMi. . e = (™)
j=1

tij > 0, A,',J' S {Lo, Li,..., Ld+1} and weights {fj} C [0, 1] with
Zj’le §j = 1. If needed one may need to further approximate each
e (m-th order scheme).



How does the algebraic argument work?

For simplicity let d + 1 = 2 then

t2
et =1+ tL+ 5L2 + 0(t%)

t2 t2
ethietle ~ (] 4 1y + EL% + )+ thy + 5L§ +..)
t2
=l+tl+ (L3 + L3 + LiLo) + O(t?)
then

etL _ etLletL2 — O(t2)
R SR IO PR S P 3
et — —eftet? — —ef2et = O(¢).
2 2
Finally one needs to obtain a stochastic representation for
%etLle"“L2 + %etL2etLil and possibly approximate each " coordinate”.



Examples of schemes:
Ninomiya-Victoir (a):

1 1
7e%LoetL1 . etLd_He%Lo + 5e%Loef.‘Ld_'_l . etLle%Lo
Ninomiya-Victoir (b):
7etLoetL1 .. etLd+1 + EetLd+1 .. etL1 etLo
2
Splitting (Strang) method:
t t t t
eELO v eELdetLd+1 ede ...e2

So the idea is

k
A1 te. ;A
P:f = etlf ~ E gjetl,JAl,J.. €00 f
Jj=1

k
~ ST GE[F (Mu(trg, Ma(t2, (oo Mi(t1,))-..))]
=1



First example: Coordinate processes

Define the coordinate processes X; +(x), i =0, ...,d + 1, solutions
of

Xo}t(X) =X + /Ot Vo(Xo’s(X))dS

t .
Xio(x) = x +/ Vi(Xio(x)) o dBl 1< i<d
0

t
Xay1,t(x) = x -I-/ h(Xd+41,5—(x))dY:
0

Define
Qief (x) == E[f(Xie(x))]
whose generators are (7(y) = ylly| <1
Lof(x) = (Vo)) Lif(x) = 5(VPH)(x), 1< i <d

Lat1f(x) := VF(x)h(x)b +/(f(X + h(x)y) — f(x) = VE(x)h(x)(y))v(dy)



CJ' = C(RV): the set of C™ functions f : RY — R s.t. for each
multi-index a with 0 < |a| < m, |0¢f(x)] < C(a)(1 + |x|P) for
some positive constant C(a).
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> If f € C, with p> 2, then Q:f € C, and

sup [|Q:fllc, < Kllfllc,
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for K > 0 independent of n. Futhermore, we assume
0 < Qf(x) < Qeg(x) whenever 0 < f < g.
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General framework
Assumptions M

> If f € C, with p> 2, then Q:f € C, and

sup [|Q:fllc, < Kllfllc,
te[0,T]

for K > 0 independent of n. Futhermore, we assume
0 < Q:f(x) < Qrg(x) whenever 0 < f < g.
> For fy(x) := |[x|?P (p € N),
Qefp(x) < (14 Kt)fp(x) + K't
for K= K(T,p), K =K'(T,p) > 0.

» For me N, 6, : [0, T] — Ry denotes a decreasing function

s.t. 5 ( )
mlt
g =0.

limsup
t—0+

Usually, we have 0,(t) = t™.



Main hypothesis R(m, o)

For p > 2, there exists ¢ = g(m, p) > p and linear operators

()% 'C2k—> p+2k(k—0,1,...,m)s.t.
(A): For every f € C2(m +1) with 1 < m’ < m, the operator Q;
satisfies
Qef(x) = (&) ()t + (Errt™F)(x), t€ [0, T],  (5)
k=0

(

where Err{™f € Cq, and satisfies the foIIowing condition:
(B): If f € C’" with m” > 2k, then e f € C +2k ¥ and there
exists a constant constant K = K(T,m) >0 such that

||ekf||cm//_2k < K||f||cm// kzO,l,...,m. (6)
p+2k P
Furthermore if f € CF',"” with m” > 2m’ + 2,
, Ktm/+1 | ~mrr if mM<m
B, < Mg it
q Ktdm(t)||fl|crr i M =m
P

forall0<t<T.



Weak approximation result

(C): For every 0 < k < mand j > 2k + 2, if

f € G3Y([0, T] x RN), then e f € C;7,7%([0, T] x RN).

Define J<m(Q:)(F)(x) = 2ok_o(exf)(x)t*

Theorem

Assume (M) and R(m, dm) for Py and Q¢ with J<m(Pr — Q) = 0.

Then for any f € C,f(’"“), there exists a constant

K = K(T,x) > 0 such that

Pri(x) — (Qry)F ()| < Kom( L) Il an (7)

n p

Theorem
Assume (M) and R(m + 1,8m+1) for Q¢ with J<m(P: — Q:) = 0.
Then for each f € C,?("’+3), we have

post) - @ = K o((1) vana(D)) @



Combination of " coordinates” and their approximation

Theorem B
Assume (M) and R(2,82) are satisfied for Q) _ _
(i=0,1,...,d +1) associated with indep. processes Xo, ..., X411

with J<o( Qi+ — Qf") = 0. Then all the following operators satisfy
(M) and R(2,02):

a X +2—i
-V(a) Q§ )= t/2 HdH Qt Qt/2 t/2 Hd+1 e Qt/2
( ) th) 1 Hd+1 Qt 41 Hd+1 QXd+1 i

Spllttlng Qtsp) Qt/Z Qt/2Qt Xe1 Qt/2 . Q;;OQ
where (5(6, .. ,Xd) is a further indep. copy of (Xo, ..., X4).
Moreover, we have
ng(an)) = JSZ(QSb)) =Jo(Q SP)) = k 0 k,Lk In particular,
the above schemes define a second order approximation scheme.



Recall the set-up:

1.P, = etl = exp (Oo7q tLi).

2. Through an algebraic combination is enough to obtain an
approximation for exp(tL;) for small t. In fact, one may even
consider exp(tL}) and try to use the same algebraic combination.
3. Given an order of error tM (think M = 3 for simplicity). First,
obtain the algebraic combination that will give you this error. Then
approximate each term in the algebraic decomposition up to this
error.

4. Put the whole approximation scheme together.



First Example (Diffusion coordinate)

Theorem
Lett>0. Ai=B[V;: RV — RN € C°. Let z be the exponential
map defined as the solution of the ode
dz;'(x)
dt

Fori=0,1,...,d, the sde

= Al(z(x)), zh(x) =x, se]0,1]. 9)

t .
Xis() =x+ [ VX)) o dB] (10)
0
has a unique solution given by

Xi +(x) = 7} (x).



Example: Compound Poisson

Nt
Yt - Z J,'
i=1
where (N;) : Poisson (\) and (J;) are i.i.d. R%-r.v. indep. of (N;)

with J; € ﬂp>1 LP.
In this case Y; is a Lévy process with generator of the form

LdHf(X) — /Rd(f(x +y) — f(x))v(dy)

where 7 =0, b=0, ¥(RY) = A < 0o and v(dy) = AP(J; € dy).
Then in this case

X (x) = x + /th(Xsd“(x))dYs, t €0, T] (11)
0

which can be solved explicitly.



Indeed, let (G;j(x)) be defined by recursively
Gy =x

Gi = Gi_1 + h(Gj_1)J;.

Then the solution can be written as X7 ™!(x) = Gp,(x). Define
for fixed M € N, the approximation process )_(d+17t = Guam(x).
This approximation requires the simulation of at most M jumps. In
fact, the rate of convergence is fast as the following result shows.
Proposition Let M € N. Then the process Gy,am(x) satisfies
(M) and R(M, tV=%) for arbitrary small x > 0. Furthermore

X
Jem(Qaq1,e — Q7)) =0.



Infinite activity approximated by a process with no small
jumps
Define for € > 0 Lévy proc. (Yf) with Lévy triplet (b,0,v°)

v (E) :=v(En{y:ly| >¢}), E € B(RY). (12)

Consider the approximate coordinate SDE
-_ t -_—
Kol = x+ [ MXarra (Vs
0

LyZ1f(x) = VF(x)h(x)b+ / (F(x+h(x)y)=f(x)=VF(x)h(x)7(y))v*(dy)

Now we derive the error estimate for )_<d+17t.

Theorem
Assume that 0?(e) := f|y‘<5 ly|?v(dy) < tM*L for e = £(t) € (0,1]

. Then we have that Q! satisfies (M) and R(M, tM).
Furthermore J<p(Qqg+1,¢ — Qfd“) =0.



Asmussen-Rosinski type approximation

Consider the new approximate SDE

t t
Xar1.6(x) = x+ / h(Xgy1.s(x)Z2dW; + / h(Xg11.5-(x))dYE
0 0

where W; is a new d-dim.BM indep. of B; and Y, and

Yo = Jiy1<e Wy v(dy).

Theorem

Assume that 0 < ¢ = ¢(t) < 1 is chosen as to satisfy that
Jiy1<e ly[3u(dy) < tM+1.Then we have that Q)" satisfies (M)

and R(M, tM). Furthermore J<p(Qu+1.c — t)_(d“) =0.



Example: Other decompositions with at most one jump
per interval

7(y) = y1jy|<1, assume that fly|<1 lylv(dy) < .
Then we decompose the operator

Loy1 = L31+1 + Lc21+1 + L3+1

LY 1f(x) == VF(x)h(x) (b —/8

<ly|<1

yl/(dy)>
2, F(x) = /| (O ) = () = V(R )()
13, F(x) = / (6 b0 = £} ()

The operator L%,H can be exactly generated using

Xc}ﬂ,t =X+ (b - f€<|y‘§1 )/I/(dy)) fot h ()_QH’S) ds. Therefore
we only need to approximate L3+1 and Lzﬂ.



Approximation for ijﬂ.

Laaf(x) = /| - (f(x + h(x)y) = f(x) = VE(x)h(x)y)v(dy)

X7 (x) = x + h(x) Wi/ A

W'is a d-dim. BM with cov. matrix given by ¥;; = |Y*|7" Y7 Y7
which is indep. of everything else.

Ye ~ Fe
Fa(d)/) = )\;1 Mr 1|y|§€”(d)/)

Ae = / " w(dy) < oo
ly|<e



Lemma
(*)1.Assume that flylée ly|3v(dy) < Ct and

SUPc¢(0,1] f\y|§€ ly|*~"v(dy) < oo then
‘E [f()_(fﬁ)} —f(x) — tLﬁHf(x)‘ < Hf”cg (1+ [x|PT2)¢2

That is, condition R(2, t?) is satisfied
)(P 2)

2. Assume that sup.c(q 1] f\ylSs ly|*+ v(dy) < oo, then

assumption (M) is satisfied with
E[[X3nt0[ ] < 1+ Kol + K'e

for all p > 2.



The approximation for ijﬂ

13,,F(x) = / {F(x+ h(x)y) — F(x)} (dy)

e<|y|

=3, | x if S¢ =
Xe (X)_{ x+h(x)Z5 if ST =1

7~ G.
Ge(dy) = C7 1)y 5v(dy)

C = /|y>5 v(dy)

5S¢ is a Bernoulli r.v. indep. of Z¢ with

|CCIP[ST=1]—t| < CF



Lemma
(**)1. Assume that |C1P[S° = 1] — t| < Ct? then

E[(50)] - 700 — tt3 7 00| < €2 Fl ey P [ ity

ly|>e

That is, condition R(2, t?) is satisfied.
2. If C-1P[S® = 1] < Ct then assumption (M) is satisfied with
E[[)3500|] < 1+ ko)l + Kt

for all p > 2.



Approximation for ijﬂ: Weighted version / : RY — R,
(Importance sampling)

12,1 F(x) = / (F(x + h(x)y) — F(x) — VF(x)h(x)y)(dy)

lyl<e
XZ€(x) = x + h(x) Wer/Ae
Ya ~ Fa
Fl(dy) = Al(y)1}, <cv(dy)
= [ i)
ly|<e

W is a d-dim. BM with cov. matrix given by ¥;; = I(Y®)1Y? Ye
which is indep. of everything else.



Lemma
1. Assume that f‘y|<€ ly]*v(dy) < Ct and

suPce(0,1] Jiy<e YI*1(y) "t u(dy) < oo then
|E[F(X29)] = F00) = tl3a F(¥)| < Cllfles (1 + xPF2)e2

That is, condition R(2, t?) is satisfied.
2. Assume that sup.¢(q 1] fly|<5 \y|Pl(y)*pT72y(dy) < oo, then
assumption (M) is satisfied with

E[[Xnt[ ] < (a+ Kol + K'e

for all p > 2.



The approximation for ijﬂ: Localized version

Lafl) = [ {f(x+ hbx)y) = £} r(dy)

e<|y|
o3, | x if 5¢ =
Xew(x) = { X+ h(x)/(ZEJ)_lZe” if S¢=1

e,l
25~ e,

Gei(dy) = CH(y)L )y 5ev(dy)
C,= I(y)v(d
; /| (y)(dy)

S¢ is a Bernoulli r.v. indep. of Z%! with

P [se=1] — ¢ < ¢



Lemma

1.Assume that
Jiyse YU = 1) + Iy [PF3lI(y) =t = 1P*2u(dy) < Ct and

’C;,lP [so/=1] - t‘ < Ct? then
|E[F(R)] = F0) =t f(x)] < CE2 Il (1 + [xP+2).

That is, condition R(2, t?) is satisfied.

2. Assume that .

SUP.¢(0,1] MaXj=1,...p /|| e I(y)*~ |y v(dy) < oc.then assumption
(M) is satisfied with

p
[ijl ‘ } < (1+ Kt)|x|P + K't

for all p > 2.



Example: Tempered stable
Let a Lévy measure v defined on Ry be given by
1 _ _
I/(dy) = W(C+e >\+|}/|1y>0 +c_e )\7|}/|1y<0) dy

» Gamma: Ay,c. >0, c. =0, a=0.

» Variance gamma: Ay, A_,cy,c_ >0, a =0.

» Tempered stable: A, A_,c;,cc >0, 0<a<?2.
Then, we have that for a € [0, 1)

/ yFuldy) ~ 50, k> 1.
ly|<e

Therefore sup.¢ (g 1] ‘f|}’|<5 ly|v(dy) < oo, then the conditions of
the approximation Lemma (*) are satisfied if r > o, r + « < 4 and
1

€ = t3-a. approximation Lemma (**) is satisfied for example in
the following case. Let P[S® = 1] = e~ %2(5:t) where

a(e,t) = —e%log (2 +t)e ) ase = t7a then we have that

a(e(t), t) = —t7 log (¢ + 1)t 7+ ) .
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representation and concatenate. But there is a technical
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Relation with the Cubature method
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