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Hilbert transform

Definition
Let f € C5°(R). The Hilbert transform of f, denoted by Hf, is
defined by the following Cauchy singular integral :

Hf(x) = T lim / ") dy, as.xeR
27 e—0 |X—y|>e X—=Yy




In Fourier analysis, we can prove that, for all € L?(RR),

Hi(¢) = ié’?(g)./ V¢ € R.

Using the Plancherel formula, we then obtain

|Hfllo = Ifla, 'V € L2(R).

Thus, the Hilbert transform H is an isometry in 2.



The LP continuity of H

In 1927, Marcel Riesz proved the following remarkable
Theorem (M. Riesz 1927)

For all p > 1, there exists a constant C, > 0 such that
IHfllp < Cpllfllp, VF e LP(R).
According to D. L. Burkholder and P.-A. Meyer, the LP continuity

of the Hilbert transform is one of the greatest discoveries in
analysis of the twenty century.



Riesz transforms on R”

In 1952, Caldéron and Zygmund developed the real method in
the study of singular integral operators on Euclidean spaces.
One of the most important results of the Calderon-Zygmund
theory is the following

Theorem

For all p > 1, there exists a constant C, > 0 independent of n
such that

IRifllp < Collfllp, Vfe LP(RT),

where R;, j = 1,..., n, are the Riesz transforms on R", formally
defined by

0
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Riesz transform on Gaussian spaces

Let L = A — x - V be the Ornstein-Uhlenbeck operator on the
Gaussian space (R", dv,), where

e 2

Following P.-A. Meyer, the Riesz transform associated to the
Ornstein-Uhlenbeck operator is defined by

1 [~
V(L)‘sz:ﬁ/o Vefoj;,

where f € C3°(R") satisfies

() = | Hx)d(x) o0,



P.-A. Meyer’s inequality
Using a probabilistic approach to the Littlewood-Paley-Stein
inequalities, P.-A. Meyer proved the following remarkable

Theorem (P.-A. Meyer 1982)

For all p > 1, there exists a constant C, which is independent of
n = dimR" such that

IV(=L)""?H]lp < Collfllo, ¥ f € LP(R", ).
Consequently, it holds that
Co " (Ifllo + 1VFllp) < 11 = L)'2fllp < Co(lIfllo + IV Fll)-

Moreover, the above inequalities remain true on the infinite
dimensional Wiener space equipped with the Wiener measure.

In 1986, G. Pisier gave an analytic proof of P.-A. Meyer’s inequality
without using the Littlwood-Paley-Stein inequalities.




Using the P.-A. Meyer’s inequalities, Airault-Malliavin and Sugita
proved the following beautiful result which consists of the base
of the quasi-sure analysis on infinite dimensional Wiener space
(Malliavin 82/97, Ren 90, Bouleau-Hirsch 91, etc.).

Theorem (Airault-Malliavin 1990, H. Sugita 1990)

All the positive distributions (in the sense of Watanabe) on the
Wiener space are probability measures.



Riesz transforms on Riemannian manifolds

Let (M, g) be a complete Riemannian manifold, V the gradient,
and A the Laplace-Beltrami operator on (M, g).

The Riesz transform on (M, g) is formally defined by

R=vV(-A)""2
More precisely,

1 [ at
Rf = — Vel (f — Eyf)—,
ﬁ/o ( O)\/?

where Eyf denotes the harmonic projection of f onto
Ker(A) N L2(M).



By the Gaffney L? IBP, Strichartz proved that

Proposition (Strichartz JFA1983)
For all f € L?(M), it holds

IVAIE = —((Af,£) = |(-0)/2f]5.
Therefore, for all f € L2(M) with Eof = 0, we have
IV(=2)7"2f]l2 = |Ifl,

where Eqf denotes the harmonic projection of f ¢ L?(M) onto
Ker(A) N L2(M).

Equivalently, on any complete Riemannian manifold (M, g), the
Riesz transform R = V(—A)~ /2 is an isometry in L2 :

1Rf|l2 = [If]2.




Fundamental problem in harmonic analysis

Problem (E.-M. Stein 1970, Strichartz 1983)

Under which condition on a complete non-compact Riemannian
manifold, the Riesz transform is bounded in LP for all (or some )
p > 1 (but p # 2), that is, there exists a constant C, > 0 such
that

|Rflp < Collflo, ¥ f € LP(M)?




Some results in the literature

@ Non-compact Rienannian symmetric space of rank 1 Strichartz
(JFA1983)

@ Riemannian manifolds with bounded geometry condition and
strictly positive Laplacian in L2
Lohoué (JFA85, CRAS85, CRAS90, Orsay94, MathNachr2006)

@ Riemannian manifolds with Ricci curvature non-négative or
bounded from below
Bakry (87, 89), C.-J. Chen (88), Chen-Luo (88), J.-Y. Li (91),
Shigekawa-Yoshida (92), Yoshida (92, 94)

@ Riemaniann manifolds with doubling volume property and an
on-diagonal heat kernel estimate
Coulhon-Duong (TAMS99, CRAS01, CPAMO03),
Auscher-Couhon-Duong-Hofmann (ASENS04),
Auscher-Coulhon (ASNSPO05), Carron-Coulhon-Hasell (DMJ06).

@ Counter-examples: Lohoué(94), Coulhon-Ledoux (94),
Coulhon-Duong (99), H.-Q. Li (99), Carron-Coulhon-Hassell
(DMJ2006).



Littlewood-Paley-Stein functions

@ The vertical Littlewood-Paley-Stein function acting on scalar
functions is defined by

00 5 1/2
0100 = ([ t|ve @ a0 at)
J0O
where f € C3°(M), A is the Laplace-Beltrami operator acting on
scalar functions.
@ The horizontal Littlewood-Paley-Stein function acting on
one-forms is defined by
0o | g 1/2
g1(w)(x) = (/ t'ate”amw(x) dt) :
0

where w € C3°(M,AT*M), and [J denotes the Hodge Laplacian
acting on one-forms.




By spectral decomposition and the Littlewood-Paley identity, it
has been well-known (e.g. Chen 1985, Bakry 1987, ...) that

(V(a—2)""2f,w)) < 4lge(Dlpllgi (@)llq,

where 1 + 1 = 1. Thus, if one can prove that the following two
Littlewood-Paley inequalities :

1g2(N)llp < Aplifllp, 191(w)llq < Ballwllq,

then we can derive the continuity of the Riesz transform
V(a—L)""?onLP

IV(a—2)""2fp < 4AxBq| fllp.



Bakry’s work on Riesz transforms

Using a probabilistic approach to the Littlewood-Paley-Stein
inequalities, Bakry proved the following remarkable

Theorem (Bakry 1987)
Let (M, g) be a complete Riemannian manifold, ¢ € C?(M).
Suppose that there exists a constant a > 0 such that

Ric + Hess¢ > —a.

Then, for all Vp €]1, oo, there exists a constant C, > 0 such
that
IV(a—L)""?fllp < Cplfllp, Vfe C(M),

where
I11:= [ Ifpe v,
JM




Ricci curvature

By the Gauss lemma, in the geodesic normal coordinates near
any point p in a Riemannian manifold (M, g), we have

gj = 5 + O(|x[?).

In these coordinates, the metric volume form then has the
following Taylor expansion at p:

1
dyg = <1 — éFl,,/X,X/ + O(’X|2)> dVEuclidean-



Manifolds with unbounded Ricci curvature

Theorem (Li RMI2006)
Let (M, g) be a complete Riemannian manifold, and ¢ € C?(M).
Suppose that there exists a constant m > 2 such that the Sobolev
inequality holds
Il 2o, < C([IVHll2 + [If]l2), Vfe Cg°(M).
Suppose that there exist some constants ¢ > 0 and e > 0 such that
(K+0)” € LET (M, p),
where
K(x) = inf{{(Ric +Hessp)v,v) : ve TM, |v|=1}.

Then, the Riesz transform V(a — L)~ '/? is bounded in LP(M, e~ ?dv)
for allp > 2 and for all a > 0.




Manifolds with unbounded Ricci curvature

Theorem (Li RMI2006)

Let (M, g) be an n-dimensional Cartan-Hadamard manifold. Suppose
(C1) there exist a constant C > 0 and a fixed point o € M such that

Ric(x) > —C[1 + d?(0,x)], Vx € M,
(C2) there exist some constants ¢ > 0 and ¢ > 0 such that
(K + )~ € LEt<(M),
where
K(x) = inf{(Ric(x)v,v) :v e TyM, |v| =1}, Vx € M.

Then, for all p > 2, the Riesz transform Y (—A)~'/? is bounded in L”.




Probabilistic representation formula of Riesz
transforms

Let X; be the Brownian motion on R” with initial distribution dXx,
B; the Brownian motion on R starting from y > 0 and with
generator %22. Let

7y = inf{t > 0: By = 0}.
For any f € C3°(R"), the Poisson integral of f is given by

u(x,y) = e YVTRE(X) = Ey ) lf(Xs,)]-



Duality between BM issue from co and Bessel 3

In his paper Le dual de H'(R") (LNM581, 1977), P.-A. Meyer
described the duality between the Brownian motion issue from
infinity and Bessel 3 as follows :

D’une maniére intuitive, on peut donc dire que le retourné du
processus de Bessel issu de \g est le “mouvement brownien
venant de l'infini et tué en 0”, ou

Ao = dX ® dp.



In 1979, Gundy and Varopoulos (CRAS 289) proved that for all
f € C3°(R"), one has

1 . v o0

y—00

X, =X

In 1982, Gundy and Silverstein reproved this formula using the
time-reversal technique.



Representation of Riesz transforms on Riemannian
manifolds

@ (M, g) a complete Riemannian manifold, ¢ € C?(M),
L=A-V¢-V, du=e %dv,

@ the Bakry-Emery Ricci curvature associated with L is
defined by
Ric(L) := Ric + V?¢,
@ X; the L-diffusion on M with initial distribution 1,

@ B; the Brownian motion on R issue from y > 0 and with
E[B?] = 2t. Set

1y = inf{t > 0: By = 0}.



Let M; € End(Ty M. T3 M) be the solution to the following
covariant SDE along the trajectory of L-diffusion X;

%Mt —  _Ric(L)(X)M,,
Mo = ld7 m,
where - o
ot = Vgt

denotes the Itd stochastic covariant derivative with respect to
the Levi-Civita connection on M along {X;,0 < s < t},

Ut € End(Tx M, T3 M) is the It6 stochastic parallel transport
along {Xs,0 < s < t}.



Probabilistic representation formula of Riesz
transforms

Theorem (Li PTRF 2008)

Suppose that Ric + V¢ > —a, where a > 0 is a constant.
Then

1 _
sV(a-1) 1/2f(x)

= lim E, [ / ea(s‘T)MTMS‘1Ve‘BsVa‘Lf(Xs)st]XT:X].
—+00 0

In particular, if Ric + V2¢ = —k, then Va > max{k, 0},

1 _
sV(a-1) 12f(x)

= lm V e(“““)VeBsmf(xs)st’XT‘X]'
Y=o 0




Example : Riesz transforms on R"

Let
M=R" ¢=0.

We have

L=A, Ric+ V?p=0.

Thus, we can recapture the Gundy-Varopoulos representation
formula of Riesz transforms on R" :

;V(—A)sz(x)_ylirp E, UYVeBsmf(XS)dBS | X, = x| .
——+00 0



Example : Riesz transforms on Gaussian spaces

Let )
=R 0= "5 9(2

We have
@ L = A — x -V is the Ornstein-Uhlenbeck operator on R”,
@ Ric+V?p=1d
Thus we can recapture Gundy’s representation formula (1986)
for P.-A. Meyer’s Riesz transform:

%V(a— L)~12f(x)
= lim £, [ / " e@r sy e BvValf(X,)dBg | X, = x] :
Y—+oo 0
In particular, when a = 0, we get
1

EV(—L)*VZf(x): lim £y VyeSTVeBsmf(xs)dBSyxTx].
Y—+00 Jo



Example: Riesz transforms on Spheres

@ Let M = S" and ¢ = 0. We have Ric = n— 1. We then
recapture Arcozzi’s representation formula (1998)

1V(a— Agn) 12f(x)

2
= "T Ey, [/ ’ e(a+n—1)(S—T)vest\/afAsnf(Xs)st | Xr = X
Y=+ 0

@ Let M= S"(v/n—1)and ¢ = 0. We have Ric = 1. This
leads to

YV(a- a2 H(x)

= IiT Ey, [/ ’ elatD(s-1)ye-Bsva-Buf( X )dBs | X, = x| .
y—+00 0



Example : P.-A. Meyer’s Riesz transform on Wiener
space

Taking n — oo in the above formula, and using the Poincaré
limit, we can obtain Gundy’s representation formula on Wiener
space (1986)

1 _
EV(a — L)~ 2f(x)

Ty
= ||T Ey |:/ e(a+1)(S*T)Vest\/afo(Xs)st |X'r = x|,
Yy—+0oo 0

where
@ [ denotes the Ornstein-Uhlenbeck operator on Wiener
space,

@ X; denotes the Ornstein-Uhlenbeck process on Wiener
spacee.



Sharp estimates of Riesz transforms

In 1972, Pichorides proved that the LP-norm of the Hilber
transform is given by

s
||H||p,p = cot (2,0*) , Vp>1,
where
p* = max< p, Pt
7 p . 1
In 1996, lwaniec and Martin extended the above result to Riesz
transforms on R”. They proved that

T
IRl = cot (55 ) o> 1.



Using the Gundy-Varopoulos representation formula and the
sharp LP Burkholder inequality for martingale transforms,
Banuelos and Wang (Duke Math. J. 1995) gave a probabilistic
proof of lwaniec-Martin’s result. Moreover, they proved that

IRllpp <2(p" —1), VYp>1,

where
R=v(-n)""2



Sharp LP estimates of Riesz transforms on
Riemannian manifolds

Based on our martingale representation for the Resz transform
V(a— L)~'/2, and using the sharp LP Burkholder inequality for
subordinations of martingales, we have proved the following:

Theorem (Li PTRF 2008)
Suppose that Ric(L) = Ric + V¢ > 0. Then, for all p > 1, we have

IV(=L)""2llpp < 2(p" — 1),

Suppose that Ric(L) = Ric + V?¢ > —a, where a > 0 is a constant.
Then, for all p > 1, we have

IV(@—L)""2)lpp < 2(p* = 1)(1 + 4] Tillp),
where, denoting B; the Brownian motion on R® with By = 0,

Ty =inf{t>0:||B] = 1}.




Theorem (Li PTRF2008)

Let M be a complete Riemannian manifold with non-negative
Ricci curvature. Then for all 1 < p < oo, we have

IV(=8)""2llpp < 2(p" —1).

Moreover, at least in the Euclidean and Gaussian cases, the
upper bound of type O(p* — 1) for the LP norm of the Riesz
transform V(—A)~'/2 js asymptotically sharp when p — 1 and
p — o<.

Our results extend the estimates due to lwaniec-Martin
(Crelles96), Banuelos-Wang (DMJ95)

IV(=Agrn)/?|pp < 2(p* — 1), Vp>1.




Application : the Poincaré LP-inequality

Theorem (Li PTRF2008)

Letp>1,q9= pf 7. Suppose that there exists a constant p > 0 such
that

Ric(L) = Ric + V2¢ > p.
Then for all f < C3°(M), we have the following Poincarée inequality in
LP
IV(=L)""2]lq,q

/2

infop(—L) \ {0} > 0.

I = u(H)llp < IVEp-

Equivalently,




Note that: on all complete Riemannian manifold, we have

IV(=L)""2|l22 = 1.
This leads us to recapture the famous Bakry-Emery criteria:

Theorem (Bakry-Emery 1985)
Suppose that there exists a constant p > 0 such that

Ric(L) = Ric + V2¢ > p > 0.

Then for all f € Cg°(M), we have

If = ()l < 2.

NG

Equivalently, infoa(—L) \ {0} > 0.




Riesz transforms on differential forms

In 1987, Bakry studied the Riesz transforms associated with
the Hodge Laplacian acting on differential forms over complete
Riemannian manifolds.

In 1990s, Shigekawa and Yoshida extended Bakry’s results to
Riesz transforms associated with the Hodge Laplacian acting
on vector bundles over complete Riemannian manifolds.

In a paper which will appear in Revista Iberoamericana Mat., |
established the martingale representation formula for the Riesz
transforms acting on forms on complete Riemannian manifolds.
This leads us to obtain the sharp and explicit LP-bound of the
Riesz transforms on forms.



Application: the LP-estimates and existence theorems
of d and 0

In two recent submitted papers, using the LP-boundedness of
the Riesz transforms and the Riesz potential, | established
some global LP-estimates and existence theorems of the
Cartan-De Rham equation on complete Riemannian manifolds

dv=qa, da=0

and the Cauchy-Riemann equation on complete Kahler
manifolds



Theorem (Li 2009)

Let M be a complete Riemannian manifold, ¢ € C?(M) and
du = e~?dv. Suppose that there exists a constant p > 0 such that

Wi + V29 > p,
and
Wi_1 + V24 > 0,

where Wy denotes the Weitzenbdck curvature operator on k-forms.
Then, for all o € LP(NT*M, 11) such that da. = 0, there exists some
w € LP(N—1T*M, 11) such that

dw = a,

and satisfying
C * _ 1 3/2
o], < SP =17
VP

vl




Thank you!
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