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Abstract

The focus of this paper is the homogeneous convex feasibility problem, which is
the following question: Given an m-dimensional subspace of R™, does this subspace
intersect a fixed convex cone solely in the origin or are there further intersection
points? This problem includes as special cases the linear, the second order, and the
semidefinite feasibility problems, where one simply chooses the positive orthant, a
product of Lorentz cones, or the cone of positive semidefinite matrices, respectively.
An important role for the running time of algorithms solving the convex feasibility
problem is played by Renegar’s condition number. The (inverse of the) condition of
an input is basically the magnitude of the smallest perturbation, which changes the
status of the input, i.e., which makes a feasible input infeasible, or the other way
round. We will give an average analysis of this condition for several classes of convex
cones, and one that is independent of the underlying convex cone. We will also
describe a way of deriving smoothed analyses from our approach. We will achieve
these results by adopting a purely geometric viewpoint leading to computations in
the Grassmann manifold.

Besides these main results about the random behavior of the condition of the
convex feasibility problem, we will obtain a couple of byproduct results in the do-
main of spherical convex geometry.

Kurzbeschreibung

Den Mittelpunkt dieser Arbeit bildet das homogene konvexe Liésbarkeitsproblem,
welches die folgende Frage ist: Gegeben sei ein m-dimensionaler Unterraum des R";
schneidet dieser Unterraum einen gegebenen konvexen Kegel nur im Ursprung, oder
gibt es weitere Schnittpunkte? Dieses Problem umfasst als Spezialfille das lineare,
das quadratische, und das semidefinite Losbarkeitsproblem, wobei man als konvexen
Kegel den positiven Orthanten, ein Produkt von Lorentzkegeln, bzw. den Kegel der
positiv semidefiniten Matrizen wéhlt. Fiir die Laufzeit von Algorithmen, welche
das konvexe Losbarkeitsproblem 16sen, spielt die Renegarsche Konditionszahl eine
wichtige Rolle. Die Kondition einer Eingabe, bzw. ihr Inverses, ist gegeben durch
die Grofle einer kleinsten Stérung, welche den Status der Eingabe von ‘feasible’ zu
‘infeasible’ bzw. von ‘infeasible’ zu ‘feasible’ &ndert. Wir werden eine Durchschnitts-
analyse dieser Kondition fiir verschiedene Klassen von konvexen Kegeln angeben,
sowie eine, welche unabhangig ist von der Wahl des zugrunde gelegten konvexen
Kegels. Wir werden desweiteren einen Weg beschreiben, auf dem auch geglattete
Analysen mittels unseres Ansatzes erzielt werden konnen. Wir erreichen diese Er-
gebnisse mit Hilfe einer rein geometrischen Sichtweise, welche zu Berechnungen in
der Grassmann-Mannigfaltigkeit fithrt.

Neben diesen Hauptergebnissen iiber das zufillige Verhalten der Kondition des
konvexen Losbarkeitsproblems werden wir auch einige Nebenergebnisse im Bereich
der spharischen Konvexgeometrie erzielen.
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Chapter 1

Introduction

The focus of this paper is the homogeneous convex feasibility problem, which is the
following simple question:

Given an m-dimensional subspace of R™, does this subspace intersect a fized
convex cone solely in the origin or are there further intersection points?

This problem includes as special cases the linear, the second order, and the semidef-
inite feasibility problems, where one simply chooses the positive orthant, a product
of Lorentz cones, or the cone of positive semidefinite matrices, respectively. We will
give an average analysis of Renegar’s condition number for several classes of convex
cones, and one that is independent of the underlying convex cone. We will also
describe a way of deriving smoothed analyses from our approach. We will achieve
these results by adopting a purely geometric viewpoint leading to computations in
the Grassmann manifold.

1.1 Complexity of numerical algorithms

Algorithms in computer science are usually discrete, i.e., they can be described as
programs on a Turing machine. The complexity of these algorithms is therefore
commonly measured by the amount of time/space the Turing machine needs dur-
ing the computation. By contrast, numerical algorithms are usually described by
operations on real numbers. Taking into account the internal representation of real
numbers as floating point numbers, one could translate every (continuous) numeri-
cal algorithm into a “Turing machine program” and analyze it just as intrinsically
discrete algorithms like for example 3-SAT. But the drawbacks of such a procedure
are immediate: First of all, it would make an analysis extremely difficult, and second
it would hide most of the essential information. For this reason, it is appropriate
to change the model for numerical algorithms and replace the Turing machine by
a BSS machine (see [6]), which can process real numbers as real numbers and thus
has no need for a painful floating point routine. If we have a decision problem

f:R* = {0,1}, A~ f(A),

then it may happen that this problem is undecidable, i.e., there exists no BSS ma-
chine that computes the function f. This happens if the fibers f=1(0) resp. f~1(1)
are “too complicated”, for example if one of them is the Mandelbrot or a Julia
set (cf. [6]). Problems coming from numerics or, as in our case, from convex pro-
gramming, are not of this type. Broadly speaking, the boundary of the fibers
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Af~1(0) = 9f~(1) are “not too weird” and there are plenty of algorithms that
compute f.

Assuming that we have a numerical algorithm that computes f, how to analyze
its running time? It has turned out that for many numerical algorithms the condition
number plays a decisive role. We may describe the notion of condition in the case of
decision problems in the following way. Let us denote the fiber f~1(1) as the set of
feasible inputs, as opposed to the set of infeasible inputs, which shall denote the fiber
f71(0). The interesting part is now the boundary df~1(1) = df~1(0), which we
call the set of ill-posed inputs. The reason for this convention is that ill-posed inputs
should be seen as numerically intractable. More precisely, a slightest perturbation
of an ill-posed input will make the output of the algorithm worthless, and not only
the input itself, also the intermediate results share this extreme fragility. Of course,
as we have mentioned earlier, the BSS machine has infinite precision so this is in
theory no problem. But it should be evident that at least every practical algorithm
has to handle inputs, which are close to the boundary, i.e., close to the set of ill-
posed inputs, with much more care than very well-posed inputs, and usually all
hope is lost when the input is ill-posed. The condition number is basically the
inverse of the distance to the set of ill-posed inputs. Notice that this quantity only
depends on the problem and the input, but not on the specific algorithm being used
to solve this problem. This is the most important feature of the condition number
and also the reason why the condition number is used for the analysis of the running
time, because it is a purely geometric quantity that, as it turns out, captures all
the complicated algorithmics. In summary, the higher the condition the closer the
input to being ill-posed the worse the running time of the algorithm.

Numerical algorithms may fail on ill-posed inputs. Take for example the in-
version procedure of (n x n)-matrices, which is not defined on the set of singular
matrices. For this reason, a worst-case analysis usually makes little sense for nu-
merical algorithms because it is simply co. Instead, one may perform an average
analysis, which consists of endowing the input space with a probability distribu-
tion, so that the running time becomes a random variable, and then compute the
distribution or tail estimates or the expectation of this random variable.

Smale suggested in [51] to use the concepts of condition numbers and average
analysis in a 2-part scheme for the analysis of numerical algorithms:

1. Bound the running time T'(A) via
T(A) < (size(A) + (log of) condition(A))c )

where size(A) denotes the dimension of the input space, and ¢ is a universal
constant; and

2. analyze condition(A4) under random A by giving estimates of the tail

Prob [condition(A4) > ¢] .

In contrast to worst-case analyses in computer science, which are usually as-
sumed to be too pessimistic, as a single bad input may “ruin” the worst-case per-
formance of an algorithm, average case analyses are usually assumed to be too
optimistic, or at least not a convincing explanation for an observed good perfor-
mance of an algorithm, as they strongly depend on the chosen distribution on the
inputs. Usually, this distribution is chosen to be a gaussian or a uniform distribu-
tion so that the analysis becomes feasible, but these distributions are not likely to
represent real-world scenarios.
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As a way out of this dilemma, Spielman and Teng developed the new concept
of smoothed analysis, which is a blend of worst case and average analysis. Broadly
speaking, instead of considering all inputs (worst case), or one random input (av-
erage case), one considers all inputs endowed with a certain perturbation. The
variation of this perturbation determines whether the smoothed analysis resembles
more an average or a worst case analysis, and in some cases (cf. uniform smoothed
analysis) it even has the form of an interpolation parameter. Let us give a more
precise description of smoothed analysis by considering an input space M, which
is endowed with a metric, and which we assume to be compact and endowed with
a probability measure (take for example the unit sphere and the usual volume nor-
malized such that the volume of the whole sphere equals 1). Worst case, average,
and smoothed analyses of the function 4: M — R are then simply the following
three quantities

worst case ‘ average ‘ smoothed
sup € (A E(A) | su E F(A) >
Ae/I\)/t ) AeU(M) ) Ae}\)/l AeU(B(A,0)) ()

where U(M) denotes the uniform probability measure on M, and U(B(A, c)) de-
notes the uniform probability measure on the ball of radius o around A. Note that
for 0 = 0 smoothed analysis becomes worst case analysis, and for o = diam(M)
smoothed analysis becomes average analysis. For completeness, we should also
mention another commonly used perturbation model also known as Gaussian noise.
Assuming that the given input space is a euclidean space RY, this model assumes
that the input A is drawn from a normal distribution centered at A with variance o2.
The role of the specific perturbation is often secondary. In fact, there are robust
smoothed analyses for several problems in numerics (see [21] and [13]), where a
smoothed analysis for a large class of different perturbation models is provided, all
leading to basically equivalent results.

For the matrix condition number there are even smoothed analyses for very
general discrete perturbations by Tao and Vu (see [55]). Their techniques are very
different compared to those used for continuous perturbations, but again the results
are similar to the continuous case. It is an open and presumably very difficult
question if one can give smoothed analyses under this kind of discrete perturbations
for other condition numbers, like the Renegar or the Grassmann condition.

1.2 The convex feasibility problem

Let us anticipate some material that we will cover in Chapter 2 so that we can state
the main results. In Chapter 2 we will have a closer look at the Renegar and the
Grassmann condition.

A linear programming (LP) problem may be given in the following standard
form:

minimize ¢’z , subject to Az =b, >0, (primal)

maximize b7y, subject to ATy < ¢, (dual)

where A € R™*™ ¢,z € R", b,y € R™, and the inequalities are meant component-
wise. Throughout the paper we will assume that 1 < m <n —1, as the case m > n
is typically trivial.! LP-solvers usually work in two steps. First, they transform the

f m > n and b # 0, then for almost all A € R™X" the system of linear equations Az = b
either has a unique solution (m = n) or has no solutions (m > n).
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problem into an equivalent form, which has a trivial or easy-to-find feasible point,
i.e., a point xq satisfying Azg = b and g > 0 in the primal case, or a point yq satis-
fying ATyg < cin the dual case. Then in the second step they minimize or maximize
the corresponding linear functional via a simplex or an interior point method.

For simplicity, we will assume b = 0 and ¢ = 0 and concentrate on the feasibility
problem. In other words, we are interested in the homogeneous (linear) feasibility
problem

dz #0, suchthat Az =0, >0, (primal)
Jy #0, such that ATy <0. (dual)

Although it seems that this problem should be much easier than the original linear
programming problem, it is in fact basically equivalent due to the duality theorem
of linear programming.

The linear programming problem has a vast generalization to what is called
(general) convex programming. Next, we will describe this generalization. Note
that the (componentwise) inequality v > w, where v,w € R™, can be paraphrased
by the membership v — w € R, where R} = R, x ... x R, denotes the positive
orthant. In the primal convex programming problem the inequality = > 0 is thus
replaced by the request z € C', where C' C R" denotes a regular cone, which means
the following:

e (' is a convex cone, i.e., for all x,y € C and positive A, u also Az 4+ uy € C,
e (' is closed,

e (' has nonempty interior,

e ( does not contain a linear subspace of dimension > 1.

We call C the reference cone of the convex programming problem. The dual cone C
is defined by 5
C:={zeR" |z <0vzeC},

and if C is a regular cone then so is its dual C' (cf. Section 3.1). In the dual
convex programming problem the inequality ATy < c¢ is replaced by the request
ATy —ce C. A special feature of most reference cones used in convex program-
ming is that they are self-dual, which means that C = —C. See for example the
textbook [9] for more on the general convex programming problem.

Our focus lies on the homogeneous convez feasibility problem, which is the prob-
lem

Jxr #0, suchthat Az =0, z€C, (primal)

Jy #0, such that ATy e C, (dual)

where A € R™*" and C' C R” is a regular cone. We have already seen that the lin-
ear case follows by choosing C' = R} the positive orthant. Further interesting cases
are second-order cone programming (SOCP) and semidefinite programming (SDP).
They are obtained via the following choices of the reference cone C"

(LP): C = R
(SOCP): C = L™ x...x L™ (1.1)
(SDP): C

Sym’ := {M € Sym’| M is positive semidefinite} ,
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where £* := {z € R¥ | 2}, > ||Z||,# = (21, ...,7_1)} shall denote the k-dimensional
Lorentz cone, and Sym* := {M € R | MT = M} the set of symmetric (£ x £)-
matrices. These cones are all self-dual.

In terms of the general framework of decision problems that we described in the
last section, we thus have for every regular cone C C R™ and 1 < m < n —1 two
decision problems

ifdxr#£0: Az =0,z€C

else ,

fo: R™™ = {0,1}, A~ {(1)

if3y#£0: ATy eC
else .

for R {01}, A {;

To ease the notation we define the set of primal/dual feasible/infeasible instances

Fe ::f;1(1)7 e ::fl;l(o)a
Foi= [t (1), In:=f5'(0).

A well-known theorem of alternatives says that for almost all A € R™*™ either the
primal or the dual problem is feasible. More precisely, the boundaries of the fibers
of fp and fy, all coincide with the intersection Fp N Fp, i.e., we have

fpﬂ}}:afp:aIp:@}"D:@I = E(O)

(see Proposition 2.2.1). This is the set of ill-posed inputs and a central object of
our analysis. In terms of the functions fp and f, we have for A € R™*"\ X(C)

fP(A) =1- fD(A) .

In summary, we have for every regular cone C C R" and every 1 <m<n-—-1a
decision problem, which consists of the question whether the input is primal feasible
or dual feasible (or ill-posed). A condition number for this feasibility problem is
given by Renegar’s condition number. This condition number is given by the inverse
of the relative distance to the set of ill-posed inputs, i.e.,

Al

Cr: R™™\ {0 1 Gr(A) = I

R \{}_>[7OO]? R( ) d(A,E(C)),

where ||A]| denotes the usual operator norm, and d(A,3(C)) = min{||A — A’|| |
A’ € ¥(C)}. Equivalently, one can describe the inverse of the Renegar condition as
the size of the maximum perturbation of A, which does not change the “feasibility
property” of A,

@u(A)~! = max {r

||AA§T-A|:><A+AA€]: 1fA€]-')}

A+AAeF° ifAeF®

The Renegar condition is known to control the running time of geometric algo-
rithms like for example the ellipsoid or interior-point methods. For example, in [61]
an interior-point algorithm is described that solves the general homogeneous convex
feasibility problem (for C' a self-scaled cone with a self-scaled barrier function) in

O(y/vc - In(ve - 6r(A)))
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interior-point iterations. Here, v denotes the complexity parameter of a suitable
barrier function for the reference cone C. The typical barrier functions for the LP-,
the SOCP-, and the SDP-cone as defined in (1.1) yield the complexity parameters

(LP)Z vo = n
(SOCP): ve = 2-k
(SDP): ve = (.

(See for example [46] for more on this topic.) Additionally, it is shown in [61] that
the condition number of the system of equations that is solved in each interior-point
step is bounded by a factor of €, (A)?. See the references in [61] for further results
on the estimate of running times of geometric algorithms for convex programming
in terms of the Renegar condition.

The first part of Smale’s 2-part scheme for the analysis of the convex feasibility
problem is thus a well-studied question. In this work, we will treat the second part
of this scheme, namely, we will address the questions about the random behavior of
the condition of the convex feasibility problem.

For the analysis of the Renegar condition it turns our that it has the big draw-
back, that it mixes two causes for bad conditioning (cf. Section 2.2.1). The Grass-
mann condition is an attempt to overcome this drawback. One way to define it is
via
Gr(A°) ifrk(A) =m

e(A) = {1 if tk(A) < m

where A° denotes the projection of A on the Stiefel manifold R)"*" := {B € R™*" |
BBT = I,,}, which we like to call in this context the set of “balanced matrices”.
One can compute A° by replacing each singular value in A by 1. In Chapter 2 we
will discuss this in detail.

The Grassmann condition may be interpreted as a coordinate-free version of the
Renegar condition as it solely depends on the kernel of A (which is not immediate
from the above definition). Furthermore, the Grassmann condition is the inverse of
the sine of the (geodesic) distance to the set of ill-posed inputs in the Grassmann
manifold, which is the reason for us to name this quantity the Grassmann condition.
See Section 2.3 for more details.

The Grassmann condition is connected to the Renegar condition via the following
two inequalities (cf. Theorem 2.3.4 in Section 2.3)

ta(4) < Gr(A) < K(A)-Cs(A), (1.2)

where k(A) denotes the Moore-Penrose condition, i.e., the ratio between the largest
and the smallest singular value of A. The random behavior, both average and
smoothed, of the Moore-Penrose condition is a well-studied object, cf. [24], [20], [14].
So we may content ourselves with results about the random behavior of the Grass-
mann condition, as this will transfer to results about the Renegar condition through
the above inequalities.

1.3 Tube formulas

Tube formulas naturally arise in the analysis of condition numbers, as is immediate
from the following observation. If the condition number is given by the inverse
distance to the set of ill-posed inputs, then the condition of an input A exceeds ¢,
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D

Figure 1.1: The tube around a polytope and its decomposition

Figure 1.2: The decomposition of the tube around a polyhedral cap

iff the distance of A to the set of ill-posed inputs is less than 1/t i.e., iff A lies
in the tube of radius 1/t around the set of ill-posed inputs. So if the input space
is endowed with a probability measure u, then the probability that the condition
number is larger than ¢ equals the p-volume of the tube of radius 1/¢ around the
set of ill-posed inputs.

A prominent theorem by H. Weyl (see [63]) says that the Lebesgue-volume of a
tube of radius r around a compact submanifold of euclidean space or of the sphere
basically has the form of a polynomial in r. In fact, the volume of the tube around
a compact convex subset of euclidean space is a polynomial, the so-called Steiner
polynomial. See Figure 1.1 for a 2-dimensional example. In the sphere this is not
entirely true, as the monomials are replaced by some other functions due to the
nonzero curvature of the sphere. So one could say that for small radius the volume
of the tube is approximately a polynomial. See Figure 1.2 for an example in the
2-sphere.

We have already mentioned that the Grassmann condition is given by the inverse
of the distance to the set of ill-posed inputs in the Grassmann manifold. The main
step in our analysis is the derivation of a formula for the volume of the tube around
the set of ill-posed inputs. In fact, for the interesting choices of C, i.e., those which
yield LP, SOCP, or SDP, we will only get upper bounds, but we believe that these
tube formulas are fairly sharp.

Estimating these tube formulas to get meaningful tail estimates then still re-
mains a nontrivial task. For this reason we have decided also to include some
first-order estimates. By this notion we mean that we only estimate the linear part
of the polynomial in the tube formula and forget about the rest. This might seem
radical at first sight, but for small radius the linear part is the decisive quantity.
The simplification step eliminates numerous technical difficulties, which allows an
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improvement of the estimates for a large class of convex programs (see the next
section). But of course these first-order results have to be taken with a grain of salt,
as they are merely an indicator for the true average behavior of the Grassmann
condition.

1.4 Results

Let A € R™*™ m < n, be a normal distributed random matrix, i.e., the entries of A
are i.i.d. standard normal. We will prove the following tail estimates and estimates
of the expected logarithm of the Grassmann condition. If C' is any regular cone

then
Prob[@,(A) > t] < 6-/m(n —m)- % ,

if + > n'®. This yields the following estimate for the expected logarithm of the
Grassmann condition
Eln%:(4)] < 1.5-In(n)+ 2,

if n > 4. This estimate of the expected condition of convex programming is to
our knowledge the first known bound that holds in this generality. The first-order
estimates show no significant changes except that the tail estimate gets a smaller
multiplicative constant, and the assumption ¢ > n'-> may be dropped.

In [18] it was observed that for linear programming the average behavior of the
GCC condition number, which is a slight variation of the Renegar condition, may
be estimated independently of n and only depending on the smaller quantity m.
We can achieve this also for the Grassmann condition. In fact, we will show that in
the LP-case, i.e., for C' =R’ , we have for t > m > 8

Prob[6s(A) >t] < 29-vm - % ,
Eln%s(4)] < In(m)+4.

The first-order estimates show again no significant changes except that the multi-
plicative constant for the tail estimate is significantly smaller, and the assumption
t > m > 8 may be dropped.

In the definition of the GCC condition number the product structure of the
positive orthant R} = R x ... x Ry plays a fundamental role. It was therefore
not clear to what extent the independence of m in the linear programming case
extends to more general classes of convex programming. We will show that for a
second-order program with only one inequality, which we call SOCP-1, i.e., for the
case C'= L™, it holds that for t > m > 8

Prob[€.(A) >t < 20-vm- % ;
E[ln%:(A)] < In(m)+3.

The first-order estimates show again only some minor changes in the constants. We
may conclude that, although being merely a toy example, the SOCP-1 case is after
the LP case the second convex program, where the average behavior of the condition
is shown to be independent of the parameter n.

These are the nonasymptotic bounds that we will prove. Besides these we have
first-order estimates which suggest that the independence of the parameter n holds
for any self-dual cone, so basically for any cone that is currently used for convex
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programming. More precisely, we will show that for the SOCP case we have the
following first-order estimates
Prob[€,(A) > 1] < 4-m.%+w,

where g(n, m) denotes some function in n and m. Note that if we had a nonasymp-
totic estimate of the form Prob[¢.(A) > t] < ¢-m - ¢ where c is some positive
constant, then this would imply E [In 65 (A)]) < In(m) + In(c). The improvement of
the first-order estimate to a nonasymptotic statement remains a (technical) problem
that we are confident to solve in the near future.

The same first-order bounds hold for any self-dual cone, if Conjecture 4.4.17 is
true. This conjecture states that the sequence of spherical intrinsic volumes form a
unimodal sequence for self-dual cones. Log-concavity and unimodality is a highly
useful and widely spread phenomenon (cf. the article [54]). The euclidean intrinsic
volumes are known to be log-concave and thus unimodal, and we will show that
the spherical intrinsic volumes of a product of Lorentz cones form a log-concave
and thus unimodal sequence. We believe that Conjecture 4.4.16 and in particular
Conjecture 4.4.17 hold, but could not prove it yet. So all this indicates that the
independence of the parameter n holds for any self-dual program.

These are the results for the average case. To state also the results of the
smoothed analysis appropriately we needed some technical prerequisites that would
interrupt the course of this section. Also, these results are only first order estimates,
and compared to the average analyses they are not yet good enough to be seen as a
true representation of the smoothed behavior of the Grassmann condition. That is
why we leave out the discussion of these results at this point and refer to Section 7.3
for the details.

Besides these main results about the random behavior of the condition of the
convex feasibility problem, we have obtained a couple of byproduct results that we
will state next.

1.4.1 Spherical intrinsic volumes

In the context of tube formulas (cf. Section 1.3) one naturally arrives at the (eu-
clidean or spherical) intrinsic volumes. The intrinsic volumes are important in-
variants of compact convex sets. We will derive a simple formula for the intrinsic
volumes of a product of spherical convex sets, which is a direct analogon to the
euclidean case. The formula for the euclidean case has been known before, but we
will also give a new proof for this formula. We will also prove a simple conversion
formula between the euclidean intrinsic volumes of the intersection of a closed con-
vex cone C with the unit ball and the spherical intrinsic volumes of the intersection
of C' with the unit sphere. See Section 4.4 for more details, and see Chapter B for
the proofs.

As a corollary, we will get that the intrinsic volumes of products of spherical
balls form a log-concave sequence. The conjecture that this log-concavity property
holds for all spherical convex sets is also first formulated in this paper.

1.4.2 The semidefinite cone

Finally, we mention one result that might seem secondary at first sight, but that
we think has a great potential for further interesting research. This result is the
computation of the intrinsic volumes of the cone of positive semidefinite matrices. In
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(a) feasible (b) ill-posed (c) infeasible

Figure 1.3: The euclidean setting of the feasibility problem.

Section C.2 we will derive formulas for these intrinsic volumes (cf. also Section 4.4.1)
that include a class of integrals that can be seen as an interesting variation of
“Mehta’s integral”. We think that a good understanding of these integrals will lead
to interesting new results about semidefinite programming (cf. Section C.3).

1.5 Outline

For the different stages of our analysis we will adopt different viewpoints on the
homogeneous convex feasibility problem. First, we think of a subspace as the kernel
or the image of a matrix; second, we identify a subspace with its intersection with
the unit sphere; and third, we think of a subspace as a point in the Grassmann
manifold. Each of these viewpoints has its own justification, and it is essential to
change the viewpoint in order to get the analysis that we are aiming at.

The interpretation of a subspace as the kernel or the image of a matrix naturally
comes from the applications. Manipulating a subspace by an algorithm means
manipulating its defining matrix, so this viewpoint is the natural starting point
for our analysis. In Chapter 2 we will recall the matrix condition (Moore-Penrose
condition), describe the homogeneous convex feasibility problem, and recall the
definition of Renegar’s condition number. We will then give several equivalent
definitions of the Grassmann condition and explain the interrelation between the
Renegar and the Grassmann condition.

Replacing the subspaces by subspheres of the unit sphere comes from the specific
form of the problem that we analyze. Note that the intersection of a subspace with
a cone contains a nonzero point iff it contains a point of norm 1. In other words,
nontrivial intersection of the subspace with a cone means nonempty intersection of
the corresponding subsphere with the corresponding cap, i.e., with the intersection
of the cone with the unit sphere. The advantage of this viewpoint is that the super-
fluous “cone direction” vanishes and reveals the essential geometry of the feasibility
problem, which is in fact spherical. See Figure 1.3 and Figure 1.4 for a display of
the euclidean and the spherical setting of the feasibility problem. In Chapter 3 we
will deal with elementary topics in spherical convex geometry to prepare the ground
for the upcoming analysis. Chapter 4 mainly treats Weyl’s tube formulas and the
consequential notions of (euclidean and spherical) intrinsic volumes.

In the third viewpoint we will consider a subspace simply as a point on the
Grassmann manifold. This viewpoint is essential for the analysis as it becomes
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(a) feasible (b) ill-posed (c) infeasible
Figure 1.4: The spherical setting of the feasibility problem.

conceptually clear how to perform smoothed and average analyses. In Chapter 5
we will describe how we can perform computations in the Grassmann manifold. We
will use this in Chapter 6 where we will prove an extension of Weyl’s tube formula
to certain hypersurfaces in the Grassmann manifold. This main result then allows
us in Chapter 7 to achieve the tail estimates of the Grassmann condition that we
already presented in the previous section.

1.6 Credits

The overall geometric methods we use for our analysis grew out of the series of
papers [16], [15], [17]. In fact, this series was the starting point of our research, and
our analysis was an attempt to transfer the results of [17] to the convex feasibility
problem.

The concept of condition number in convex programming was introduced by
Renegar in the 90’s (see [43], [44], [45]). The Grassmann condition, which is the
main object of our analysis, was already partly studied by Belloni and Freund [5];
this work led us to the correct relation (1.2) between the Grassmann condition and
Renegar’s condition number.

As for the spherical geometry and the spherical intrinsic volumes/curvature mea-
sures it was a great luck for us having found Glasauer’s thesis [30] (see also [31] for a
summary of the results). We see the relation between his work and ours as comple-
mentary, as his results are in some aspects more general but in some other aspects
they are very restricted and even useless for the questions that we try to answer.
While his approach mainly uses measure theoretic arguments, we use differential
geometry as a basic tool. Our approach is thus more direct and gives more insight
in those cases that are interesting for the convex feasibility problem.

Concerning the geometry of the Grassmann manifold the articles [25] and [3]
were indispensable for us for the computations that we had to perform and also for
the understanding of the great use of fiber bundles.

For surveys on smoothed analysis of condition numbers see [12] and [11] and
the references therein. We will mention further sources that we rely on in the
corresponding sections.
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Chapter 2

The Grassmann condition

In this chapter we will recall some facts from numerical linear algebra, discuss the
homogeneous convex feasibility problem and Renegar’s condition number, and define
the main object of this paper, the Grassmann condition.

2.1 Preliminaries from numerical linear algebra

Before we discuss the convex feasibility problem, we will review in this section some
results from numerical linear algebra that we will need in the course of this paper.
Namely, we will recall the matrix condition number, and separately we will discuss
two further topics in the following two subsections. The first separate topic is the
singular value decomposition, which is of central importance to understand the
geometry of a linear operator and that we will also need for the computations in
the Grassmann manifold in Chapter 5. The second topic is the projection map onto
the Stiefel manifold and the question how a linear operator needs to be perturbed
so that its kernel or the image of its adjoint contain a given point. This last subject
will be a bit technical, but it will result in a clear connection between the Renegar
and the Grassmann condition, that we will present in Section 2.3.
For square matrices A € R™"*" the matrix condition number is defined as

_ AL AT i rk(A) = n
K(A) = {oo £ o) <.

Here, and throughout the paper, ||A|| denotes the usual spectral norm of A € R™*",
i.e.,
[Al = max{[|Az| | z € R", |lz| =1},

where ||z| denotes the euclidean norm of € R™.

The definition of the matrix condition number may be generalized to the rectan-
gular case in the following way. Here, and throughout the paper, when we consider
rectangular matrices R™*™ we assume m < n. Let A € R™*" with rk(4) = m.
Interpreting A as a linear operator A: R — R™, let A := Al(ker 4y denote the
restriction of A to the orthogonal complement of the kernel of A. The restriction A
is a linear isomorphism and thus has an inverse A~'. The Moore-Penrose inverse
At € R"*™ of A may now be defined as

AT:R™ - R",  Af(z):= A" (2).

13



14 The Grassmann condition

The generalization of the matrix condition number to the rectangular case is given
by

AT if r =-m
R(A) = {IIAH A1 () .
o0 if tk(4) <m .

The Eckart-Young Theorem (cf. Theorem 2.1.5) characterizes the matrix con-
dition as the relativized inverse distance to the set of rank-deficient matrices. Let
us denote the set of rank-deficient (m x n)-matrices and its complement, the set of
full-rank (m x n)-matrices, by

R = {AeR™™ | 1k(A) < m}
R = R™\ R = {A€R™" | 1k(A) =m} .

Besides the spectral norm we also employ the Frobenius norm
1/2
2
Jallr = (Ya3)
0,J

where A = (a;;) € R™*™. An important property of the spectral norm and of the
Frobenius norm is their invariance under multiplication by elements of the orthog-
onal group O(n) = {Q € R™" | QTQ = I, }:

1Q1-A-Q3 1 =1All, Q1-A-Qzllr = lAllr

for all A € R™*" @ € O(m), Q2 € O(n). If A € R™*" has rank 1, then A can be
written in the form A = u - 0T for some u € R™, v € R", and we have

Al =1 All7 = llull - [lo] , (2.1)

where ||z||, = € R¥, denotes as usual the euclidean norm of x.

We denote the metric on R™*" induced by the spectral norm by d(A4, B) :=
||A— B, and the metric induced by the Frobenius norm by dp(A, B) := ||A— B||F.
For A € R™*™ and M C R™*" we define

d(A,M) :=inf{d(A,B) | B € M},
and similarly for dp(A, M).

Proposition 2.1.1. Let A € R"*™ be a full-rank (mxn)-matriz. Then the distance
of A to the set of rank-deficient matrices is the same for the operator norm as for
the Frobenius norm, i.e.,

d(AvR:ﬁxn) = dF(Aa R:ﬁxn) .

Furthermore, the matriz condition of A is given by the inverse of the relative distance
of A to the set of rank-deficient matrices, i.e.,

A A
R I I
d(A,R;Z n) dF(AvRZLi n)
Proof. This follows from the Eckart-Young Theorem 2.1.5 treated below. o

IThis is unfortunately the classical notation for the orthogonal group; but the danger of confus-
ing O(n) with the set of at most linearly growing functions is marginal, as the context will make
the notation unambiguous.
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2.1.1 The singular value decomposition

For most of our considerations involving matrices, the singular value decomposition
is of fundamental importance, as it reveals the basic geometric properties of the
linear operator.

Theorem 2.1.2 (SVD). Let A € R™*", m < n. Then there exist orthogonal
matrices Q1 € O(m), Q2 € O(n), and uniquely determined nonnegative constants
o1 >...>0m >0, such that

o1 0--0
A:@-( L ;)Qg. (2.2

00
Proof. See for example [32, Sec. 2.5.3] or [60, Lect. 4]. O

The decomposition of A in (2.2) is called a singular value decomposition (SVD)
of A and the constants o; > ... > o, are called the singular values of A. The
singular values have a geometric interpretation as the lengths of the semi-axes of
the hyperellipsoid given by the image of the m-dimensional unit ball under the
map A. We state this in the following proposition.

Proposition 2.1.3. Let A € R™*", m < n, and let B,, denote the unit ball in R™
centered at the origin. Then the singular values oy > ... > o, of A coincide with
the lengths of the semi-azes of the hyperellipsoid A(B,,). In particular,

g1 = min{r ‘ Bn(T') 2 A(Bm)} )
om = max{r | B,(r) C A(Bn)},

where By (r) denotes the n-dimensional ball of radius v around the origin.
Proof. See for example [60, Lect. 4]. m|

With the help of the singular value decomposition we can give new formulas for
the aforementioned quantities associated to A.

Corollary 2.1.4. Let A € R™*", m < n, have a SVD as in (2.2). Then
1. Al =01 and ||Al|lF = /03 + ...+ 02,
+ D T . . . —1 -1 .
2. AT =Q2- 0/ 1, with D :=diag(o; *,...,0.."), if tk(A) = m,

3. ||AT|| = o,;}, and K(A) = 2L, if tk(A4) = m.

m

Proof. The first part follows from the invariance of the operator norm and the
Frobenius norm under left and right multiplication by orthogonal matrices. For the
second part we may assume w.l.o.g. that @Q; = I,,, and Q2 = I,,. For this case the
claim is easily verified from the definition of AT. The third part follows from the
first two parts. O

Recall that for A € R™*"™ and M C R™*"™ we have defined the distance
d(A,M) = inf{d(A,B) | B € M}, and similarly for drp(A, M). We additionally
define

argmind(A, M) :={B € M | d(A,B) = d(A,M)},

and similarly we define argmin dp(A, M). The next result implies Proposition 2.1.1.
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Theorem 2.1.5 (Eckart-Young). Let A € R7"*™ and let A have a singular value
decomposition as in (2.2). Furthermore, let

o1 0.0
e 23)
" 000

Then B € argmind(A, R7*"™) Nargmindp (A, R)7*™). In particular,
d(A,RG") = dp(ARG™) = om .

Proof. First of all, it is easily seen from the singular value decomposition that
|Av|| > o, for all v € S~ Let B’ € RI{*™, and let v € ker B’ N S™~ . Then

om < [[Av|| = [|(A = Bl ,
which shows that [[A — B'|| > op,. So we get dp(A,RI7*™) > d(A,RT*"™) > o,

and as B € R}7*" and dp(A, B) = 05, we have indeed an equality. O

2.1.2 Effects of matrix perturbations

In this section we will strive for a clear picture about how to perturb a given matrix
such that the defining subspaces contain some given point. We summarize the result
in the next proposition.
For z € R\ {0} and W C R™ a linear subspace, we define the angle between x
and W via
<(x, W) := arccos (M) €0,3], (2.4)

[E]

where Iy denotes the orthogonal projection onto W (cf. Chapter 3). Note that if
W = im A7 for some A € R™*", then the orthogonal complement of W is given by
W= =ker A. Note also that the angle between = and W+ is given by

<z, W) =2 —<(z,W).

Theorem 2.1.6. Let A € RI"*™ with singular values o1 > ... > o, > 0, and
let x € R™ \ ker(A). Furthermore, let W := im(AT), and let o := <(x,W) and
fi=<(z,WH) =3 —a.

la. If A € R™*" js such that x € im(AT + AT), then
1Al > o, - sina .
1b. There exists Ag € R™*™ such that x € im(AT + Al) and
[Aoll = 1Al < o1 - sine.
2a. If A" € R™*™ is such that © € ker(A + A’), then
|A] > o, -sing .

2b. There exists Ay € R™*™ such that x € ker(A + Ap) and

A0l = 1Al < o1 -sinf .
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For the proof of this proposition and for the analysis of Renegar’s condition
number in general, it will be crucial to consider matrices whose singular values all
coincide, say whose singular values are all equal to 1. Note that this is equivalent
to the assumption that ||A]| = x(A) = 1 and to the property that the rows of A are
orthonormal vectors in R”. We denote the set of these matrices by

R*™:={A e R™" || 4] = k(4) =1}, (2.5)

and we call these matrices balanced.? Note that for m = n the set of balanced
matrices is the orthogonal group, i.e., R2*™ = O(n).

While the set of rank-deficient matrices is the boundary of R7**"™ in R™*™  the
set of balanced matrices may be thought of as the center of R7**™. This is specified
by the following proposition.

Proposition 2.1.7. The set of balanced matrices is given by

Ry*™ = argmax{d(A,R*") | Ae R™*", ||A]| =1}
= argmax{d(A,R7*") | A € R™*", ||Allr = vV/m} .
In other words, a matrix A € R™*" with ||A|| = 1 or ||A||r = v/m is balanced

iff it maximizes the distance to R7}*" among all matrices with the corresponding
normalization.

Proof. From Theorem 2.1.5 we have d(A,R}*") = 0, where ||A|| =01 > ... > 0y,
denote the singular values of A. So for ||A|| 1 we have d(A,R]7*") = ||A|| = 1 iff
A € R"*™. This implies the first equality.

As for the second equality, note that || Al = /m implies o,,, < 1. Moreover, for
lAllF = vm we have 0, = 1 iff 0, =01 = ... =01 = 1, ie., if Aec R*™. O

Proposition 2.1.8. Let A € R7*"™ have a SVD as in (2.2). Then the set of
balanced matrices, which minimize the Frobenius distance to A, consists of exactly

one element A° where
1 00
=Q1'< DU :)-QQT. (2.6)
100

We call A° the balanced approximation of A.
Proof. If B € R™*" then ||A — Bl|r = |[AT — BT ||p = |ATQ1 — BTQ1||F, and the

columns of BT Q1, which we denote by w1, ..., w,,, are orthonormal vectors in R™.
Let v1, ..., v, denote the columns of Qs, so that the columns of ATQ; are given by
O1U1, .oy Op U AsS

llo - vi — wil| > |oy — 1]
with equality iff w; = v; (use o; > 0), we get

m

m
JA=BI% = [A7Qi ~ BTQul} = Y llow-vi —wil® = Y Joi — 1P
=1

with equality iff the columns of BTQ; are given by vi,...,v,,. This proves the
claim. O

2The set of balanced matrices is also called the Stiefel manifold. We prefer the term ‘balanced
matrix’ at this point because it emphasizes the property of A defining a linear operator.
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The balanced approximation A° also appears in the so-called polar decomposition
of a linear operator (cf. [32, §4.2.10]). We describe this in the following proposition.

Proposition 2.1.9. Let A € R7"*"™ have a SVD as in (2.2). Then there exist
B € RI"™™ and a symmetric positive definite matriz S € R™*™ such that

A=S-B. (2.7)
The matrices S and B are uniquely determined and given by
B=A°=(VAAT)"'. A,
S=Qi-D-Qf =VAAT
with D := diag(oy,...,0m).
Proof. Tf A has a decomposition as in (2.7), then we have

A-AT=5B BT " =5,
—_— =~
=Iyn =S
This implies S = VAAT and B = (VAAT)™1 . A, In particular, S and B are

uniquely determined by the decomposition (2.7).
From the singular value decomposition (2.2) of A, we get

A=@Q1-(D 0)-QF = i DQ] Q1 -(Im 0)-QF,
—_——

symm. pos. def. — Ao R X"
- o

which is a decomposition of the form (2.7). From the uniqueness of the decomposi-

tion (2.7) it follows that Q1 D QT = VAAT and A° = (VAAT)1. A, O

Remark 2.1.10. Let A € R7"*"™ and let A = S - A° be the polar decomposition
of A as described in Proposition 2.1.9. Then for z € R™ and A, A’ € R™*™ we have

r€im(AT + AT) <= 2 cim((4°)T + ATS™) |
reker(A+A') <= 2z €ker(A°+SA).
Another useful property of the balanced approximation A° is that it gives an

easy formula for the orthogonal projection onto the image of A. We formulate this
in the following lemma.

Lemma 2.1.11. Let A € R™" and let W := im(AT). Then the orthogonal
projection Ilyy onto W is given by

My = (A°)TA° .

Proof. Let © € R™ be decomposed into z = y + z with y € W and z € Wt. As
the rows of A° form an orthonormal basis of W, we have y = (A°)T - v for some
v € R™, and A° - z = 0. Therefore, we have

(AO)TAO.I,:(AO)TAO.(y+z):(AO)TAO(AO)T.U+(AO)TAO.Z
:(AO)T~v:y:HW(:I:). O
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The following Propositions 2.1.12/2.1.14 cover Theorem 2.1.6 for balanced ma-
trices. Here, and throughout the paper, we denote by S™~! the unit sphere in R”,
ie.,

St ={z cR" ||z =1} .

Proposition 2.1.12. Let B € R™ " and let W := im(B”) the image of BT, or
equivalently ker(B) = W+. Furthermore, let x € R™ \ {0}, and let o := <(z, W)
and B := <(z,W+) = T — a. Then for A, A € R™*"

reim(BT + AT) = |A| >sina,
r €ker(B+A') = ||A']| >sing.

Proof. If x € im(BT + AT), then there exist v € S™7! and r € R such that
(BT + AT).v =r-z. Then we have

1A > [|AT o= r-22 — BT -v || > sinf > sina,
~~ SN—~—
€lin{z} €S~ 1nw

where 6 denotes the angle between x and B v.
If (B+ A’)-x =0, we may compute, using the abbreviation z° = ||z|| 7! - z,

AT = |A"-2°| = |B-2°| = [|BTB-2°| = cosa = sinf3,
as BT B is the orthogonal projection onto W. |

We thus have lower bounds for the norm of perturbations of matrices in R7**"
such that the image resp. the kernel contain some given point. We will show next
that these lower bounds are sharp by constructing perturbations which have the
given Frobenius norms. For the geometric picture it is useful to consider rotations
in R™. A rotation takes place in a 2-dimensional subspace L of R™, and leaves the
orthogonal complement L+ fixed. For the definition of such a rotation we addition-
ally need a rotational direction, which is defined by a pair of linearly independent
points in L.

Definition 2.1.13. Let L C R" a 2-dimensional subspace, and let p,q € L linearly
independent. Then for p € R we denote by Dy, (,4)(p) the matrix of the linear
operation, which leaves L+ fixed and rotates L by an angle of p, such that p rotates
towards ¢. If |[p|| = ||lq| = 1, pTq¢ =0, and by, ...,b,_2 € Lt are chosen such that
the matrix formed by these vectors Q := (p q b - bn_g) € O(n), then

cos p —sinp
sinp cosp

DL,(p,q)(p) = Q : ! ) . QT .
1
Proposition 2.1.14. Let B € R™*" g balanced matriz with image W := im(B7T),
let z € RPA WL, ||z|| = 1, and let a := <(x,W). Furthermore, let A, A’ € R™*"
be defined by
A::B-ppT-(xxT—In) ., A':=—-B.zaz",

where p € W denotes the normalized projection of x on W, i.e., p := (cosa)™ ! -

BT Bx. Then we have tk(A),1k(A’) < 1, |A]|lr = ||A|| = sina, [|A]|F = |[|A/]| =
cosa, and
rcim(BT + AT), zcker(B+A).
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T
T

Figure 2.1: The 2-dimensional situation in L = lin{p, x}.

Additionally, if x ¢ WUW™ and Wha :=im(BT + AT), Wa, := ker(B + A'), then
Wa =D py(@) W and War = Dy, (y ) (5 — @) - W (2.8)
where L := lin{p, z}.

Proof. First of all, let us assume that Bp = e; € R™ the first canonical basis vector.
Afterwards, we will deduce the general statement from this special case.

The first row of B is thus given by p’. As pT’z = cosa we have Bxr = cosa - e;
and

A=e -(cosa-z—p)T, A =—cosa-e -z’ .

Furthermore, we have z € im(BT + AT) as

(BT + AT).ey = BT"Bp+ (cosa-x —p)-ele; =p+cosa-z—p

=cosa-x,
and x € ker(B + A') as

(B—i—A’)-x:Bac—cosa-el-J;szcosa~el—cosa-el
=0.

As for the rank, we have rk A’ = 1. Moreover, rk A = 1 except for the case x € W,
where @ = 0, = p, and thus rk A = 0. Therefore, the norms of A and A’ are given
by (cf. (2.1))

Al =[[AllF =sina,  [|A']| = [|[A"]|p = cosa .
As for the claim in (2.8), about W; and W it is readily checked that on the orthog-
onal complement of L = lin{p,z} the linear operators B, B + A, and B + A’ all

coincide, i.e.,

Blpr = (B4 A)|pr =(B+A)|pe .

It thus suffices to consider the 2-dimensional situation in L. For convenience, let us
define
J:=cosa-z—p, & =—cosa-T.

Note that A = e1-67 and A’ = e, -8’ . See Figure 2.1 for a display of the situation
in L. From this picture it is readily checked that indeed WA = Dy, (. 4) (o) - W, and
War = Dy, (a5 — ) - W

To finish the proof it remains to reduce the general case to the case Bp = e;.
Let Q € O(m) such that QBp = ey, and let

B:=QB, A:=QA, A :=QA'.
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Note that B+ A = Q - (B + A~) B+ A’ =Q-(B+A'). The claims hold if
B, A, A’ are replaced by B, A, A’, as Bp = e;. But as

hﬂAﬂ:ﬂm«QAﬂd, ker(4) = ker(QA)
for every A € R™*"™ it is readily checked that the claims also hold for B, A, A’. O

Corollary 2.1.15. Let B € R™ " and W := im(BT). Furthermore, let x €
R \W+, ice., v € ker(B), and let o := <(z, W) and 8 := <(x, W) = T —a. Then

sina = min{|A| |z €im(BT + AT)}
= min{|A||r |z € im(BT + AT)},

sin@ = min{||A|| |z € ker(B + A')}
—  min{|A|5 | 2 € ker(B + A)} .

If v € WH\ {0}, i.e., 0 # = € ker(B), then the statement still holds if the first two
min are replaced by inf.

Proof. From Proposition 2.1.12 we get
inf{||A|r | z € im(BT + AT)} > inf{||A[| | # € im(BT + AT)} > sina,
inf{||A'||r | * € ker(B 4+ A")} > inf{||A’|| | z € ker(B+ A’)} >sing.
On the other hand, Proposition 2.1.14 implies that the above inequalities are in fact
equalities, and that the minima are attained. In the case 0 # x € ker(B) we have
a =%, and min{||A’|| | € ker(B + A")} = 0 = sin3. So the second half of the
stamement still holds in this case. As for the first half, i.e., the statement involving

sina = 1, one can use a simple perturbation argument to show the claim. The
necessity to replace min by inf is easily seen by choosing n = 2 and m = 1. O

In summary, we have a quite clear picture of how to perturb balanced matrices
such that the defining subspaces contain some given point. We can transfer this to
the unbalanced situation by using the balancing procedure and thus finish the proof
of Theorem 2.1.6.

Proof of Theorem 2.1.6. Let A have a singular value decomposition as in (2.2). In
particular, A = S - A°, where S = Q; -diag(oy,...,0,) QT (cf. Proposition 2.1.9).
As
(AT +AT) v = ((A°)TS+AT) v = (47T + ATST!) - (Sv),
we get
r€im(AT + AT) «—= z cim((4°)T + ATS™1).
If A is such that these conditions are satisfied, then Proposition 2.1.12 implies
sina < JATSTY| < oyl (A

In Proposition 2.1.14 we have seen that there exists a perturbation A; with z €
m((A°)T + AT) such that ||Ai||r = ||A1]| = sina. Therefore, if we define Ag :=
S - Ay, then we have z € im(AT + Al), and

1Aollr = |IS-Aillr < o1-||ALllF = o1 -sina.
The claim about the kernel follows analogously with the observation

(A+A) z=(S A +A) 2=0 < (A°+SA) . 2=0. 0
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2.2 The homogeneous convex feasibility problem

In this section we will describe the homogeneous convex feasibility problem and give
the definition of Renegar’s condition number.

Recall from Section 1.2 that the primal and the dual homogeneous convex fea-
sibility problems are given by

Jz e R"\ {0} ,st. Az=0,zeC, (P)
Jy e R™\ {0} ,st. AlyeC, (D)

where A € R™*™ 'm < n, and where the reference cone C' C R" is a regular cone,
i.e., it is a closed convex cone such that both C and its dual C have nonempty
interior; the dual cone C' being defined by

C:={zeR"|zTz<0vVzeC}.

Note that we have used C for the primal problem (P) and C for the dual prob-
lem (D). But as (C)° = C (cf. [47, Cor. 11.7.2]), this choice only has notational
consequences. Recall also that a cone is called self-dual if C = —C. Most of the
cones used in convex programming are self-dual, including the cones used in linear
programming (LP), second-order programming (SOCP), and semidefinite program-
ming (SDP). See (1.1) for a list of the corresponding reference cones.

We may rephrase (P) by

ker(A) N C # {0},
and, using im(AT) = ker(A)*, we may rephrase (D) by
rk(A) <m or im(AT)NC # {0} .

This paraphrase of (D) already indicates that the set of rank-deficient (m x n)-
matrices R];*" will play a role in the geometric understanding of the homogeneous
convex feasibility problem.

We define the sets of primal/dual feasible instances by

Fr(C) = {AeR™™|(P) is feasible}
— {A|ker(4)N 7 £ {0}},
FP(C) = {AeR™"| (D) is feasible}
= R U {A]|rk(A) =m and im(AT)NnC # {0}} .
and accordingly the sets of primal/dual infeasible instances by
°(C) = R™T\F(C) = {AeR™"|(P) is infeasible}
= {A|ker(A)NC ={0}},
I°(C) = R™"\F?(C) = {AeR™"| (D) is infeasible}
= {A]|1k(A)=m and im(AT)nC = {0}}.
To ease the notation we will occasionally simply write F©, F°, Z%, Z® instead of
Fr(C), F°(C), I(C), I°(C).

Note that if rk(A) = m, then being primal/dual feasible/infeasible only depends
on ker(A) respectively im(AT) = ker(A)L. In particular, A then satisfies the same
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feasibility properties as its balanced approximation A°, since they define the same
subspaces.

Obviously, we have a certain asymmetry in the sets F© and F®, resp. Z® and Z°,
which makes the situation a bit unsightly. Nevertheless, the boundaries of all these
sets coincide and form the set of ill-posed inputs, which is the central object in the
context of the condition of the convex feasibility problem. Let us formulate this in
a proposition.

Proposition 2.2.1. The boundaries of F*, F°, I, I all coincide and are equal
to FFNFP, i.e.

OF" = OF° = 0I" = 9I° = F NF°.

Before we get to the proof of this proposition, let us give the definition of the
set of ill-posed inputs and of the Renegar condition.

Definition 2.2.2. The set of ill-posed inputs is defined by

2(C) = FPO)NFP(C)
= OF" = 9F° = 91" = 91" .

This leads us to the definition of the object we aim to understand. Recall that
d(A,B) = |A — B|| for A,B € R™*" and d(A, M) = inf{d(4,B) | B € M}, for
M - RMmX*n

Definition 2.2.3. Renegar’s condition number is defined by

G B (0} = (0uox] . u(4) = g s

Remark 2.2.4. 1. In Section 2.3 (cf. Remark 2.3.5) we will see that x(A4) > 1
for every A € R™*™\ {0}.

2. In Corollary 2.2.6 and Proposition 2.2.7 we will see that F* U FP = R™*",
where F¥ and FP are closed subsets of R™*™. Knowing this, we could have
avoided the definition of ¥ = F* N FP, as

d(A,FP) if Aec F*

, 2.9
d(A,F7) if Ae FP (2.9)

d(A,3) = {

but the recognition of ¥ as the central object is of fundamental importance
for the understanding of the behavior of the condition. It is for this reason
that we prefer the above definition of Renegar’s condition number.

3. Another characterization, which is actually the original definition, is given by

%n(A)"! = max {r

”A|<T_HA”:><A+A€]-" 1fAe]-'>}

A+AeF® ifAecFP

The verification of the equivalence is left to the reader.

In the remainder of this section we will give a proof of Proposition 2.2.1. The
main step is the following well-known theorem of alternatives.
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feasible infeasible

(P) | ker(A)NC#{0} | im(AT)Nint(C) # 0

rk(A) <m or rk(A) =m and
im(AT)NC # {0} | ker(A)Nint(C) # 0

Table 2.1: Overview of the characterizations of F*,Z%, F° I".

Theorem 2.2.5. Let C' C R™ be a closed convex cone with int(C) # 0, and let
W C R"™ a linear subspace. Then

Wnint(C) =0 «— WtncC # {0} . (2.10)
In other words,
either WNint(C) #0 or WHnC #{0}.

Proof. We first show the ‘<’-direction via contraposition. Let x € W N int(C)
and v € W N C, so that we need to show v = 0. For ¢ > 0 small enough we
have z + cv € C, as z € int(C). Now, we have (z 4+ ev,v) < 0 as v € C, and
(x +ev,v) = (z,v) +e(v,v) = g|[v]|> > 0 as z € W and v € W+. This implies
|lv]| = 0 and thus v = 0.

To show the ‘=’-direction, let W Nint(C) = . Let II: R® — W= denote
the orthogonal projection onto W+. If we have shown that II(C) # W=, then it
follows that there exists v € W=\ {0} such that (v,z) <0 for all z € II(C) (cf. for
example [47, 11.7.3]). Since (z,v) = (II(z),v) < 0 for all x € C, it follows that
v e C, and thus WE N C # {0}.

It remains to show that II(C) # W=. To do this indirectly, we assume that
I(C) = Wt. Let x € int(C), and let y € C such that I(y) = —I(z), which
exists by the assumption II(C) = WL. As z € int(C) and y € C it follows that
z =z +y € int(C). Additionally, II(z) = II(z + y) = II(z) + (y) =0, i.e., z € W.
So we have z € int(C) N W, which contradicts the assumption W N int(C') = 0 and
thus finishes the proof. a

As a direct corollary, we get a new characterization of the infeasible instances.
Corollary 2.2.6. The primal/dual infeasible instances are given by
I°(0) ={A]| im(A”) Nint(C) # 0}
C F°(C),
1°(C) = { A | xk(4) = m and ker(4) Nine(C) # 0}
C F(CO).
In particular, we have F*(C)UFP(C) = R™*".
Proof. This is an immediate consequence of Theorem 2.2.5. O

See Table 2.1 for an overview of the different characterizations. Another impor-
tant property of F*(C) and FP(C) is that they are both closed. Let us formulate
this as a proposition.
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Proposition 2.2.7. The sets F*(C) and F°(C) are closed subsets of R™*™.

Proof. Let A, € F*, k=1,2,..., be a sequence converging to limy A =: A. As all
the Ay are primal feasible we may choose for every k a point pi € ker(Ak)ﬁéﬂS7l_1.
By Bolzano-Weierstrass there exists a converging subsequence py,, and we denote
its limit by lim; px, =: p. As S"~! and C are closed sets we have p € C' N S
Furthermore, we have

A-p=(limAy,) - (limpy,) = lim A, -py, =0,
K3 1 1 | S —

=0

which shows that p € ker(A). So we have A € F*, and therefore F* is closed.
For the dual case we first note that we can write

R™X™ = ﬂ {A e R™" | det(A]) =0},
Ie(["])

m

where [n] = {1,...,n}, (")) = {I C [n] | |I| = m}, and

Ql,iy 0 Ql,igy,
Ar = < : : ) ,
iy 0 i,
for I = {i1,...,4m} with i3 < ... < 4y,. For every I € ([:1]) the set {A € R™*" |
det(A;) = 0} is closed, and thus R]}*" is closed. Let us denote the other part of
FP by
FP = {A|1k(A) =m and im(AT)nC # {0}}.

Let B, € F°, k = 1,2,..., be a sequence converging to limy By =: B. We need
to show that B € F°. As R}7*" C F® we may assume that rk(B) = m, and
by omitting at most finitely many By we may assume w.l.o.g. that tk(By) = m,
i.e., By € FP, for all k. As in the primal case we find points g; € im(Bf)NCNS™~1,
and by Bolzano-Weierstrass there exists a converging subsequence g, with limit
lim; g, =: ¢. It remains to show that ¢ € im(BT). Here the condition that B has
full rank will play a decisive role.

To ease the notation, let us replace (gi) by the converging subsequence (g, ),
and accordingly replace the sequence (By) by the corresponding subsequence (By, ).
Each g has a unique expression as

m

Q=) Thj Vkj, ThjER,

=1
where v 1, . . . , U m denote the columns of Bf. The columns of BT shall be denoted
by v1,...,Vpm, so that limy vy ; = v; for j =1,...,m, and

m m
= lim g = lim ( o) = o lim(rey - o) -
g = lim g, = lim D Tk vk z;l;n(rk,g Uk j)
o

j=1

So all that remains to show is the existence of the limits limy (7% ;), 7 = 1,...,m.
Because then we have limy (74 ; - vg ;) = limg(rg ;) - limg(vg ;) and it follows that
g lies in the image of BT. Let I € (["m])7 I ={i1,...yim}, i1 < ... < imm, such
that det((BT)r) # 0. Again, by omitting at most finitely many Bj, we may assume
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w.l.o.g. that det((B});) # 0 for all k. With My, := (BI)r, Gr :== (qk,irs- - Qhin) T s
and 74 = (Tk1,. .., Tkm)? We get

TR = Mk_l - qk -

As the limits of both factors on the right-hand side exist, so does the limit of the
left-hand side, which finishes the proof. O

Proposition 2.2.8. The closure of I¥ resp. I® is given by F° resp. F*, i.e.
N
Proof. As F¥ and FP are both closed, and as ZF C F® and Z® C F7*, it suffices to
show the following properties.
1. For all A € F” and for all € > 0 there exists B € Z" such that ||A — B <e.
2. For all A € F* and for all € > 0 there exists B € Z" such that |4 — B|| <e.

For the first claim, let A € FP°. We distinguish the cases im(AT) N C # {0}
and tk(A4) < m. If im(AT) N C # {0}, then it is geometrically clear that there
exist arbitrarily small perturbations B of A such that im(B7) Nnint(C) # 0. If
im(AT) N C = {0} and rk(A) < m, then this may be not so clear. So let rk(A) <

m, € > 0, let vq,...,v,, denote the columns of A", and w.l.o.g. we may assume
Um € lin{vy,...,vpm_1}. Furthermore, let w € int(C), d = ||w — vp| > 0 (as
im(AT)NC = {0}) and Av,, :==d~ ' - (w — vy,), and let
dmm e B = (1) et 5w

We define the perturbation B € R™*" via BT := (vl e U1 vin) Then we
have

A= B = - Avn| =€,
and

d d
wz(l—g)-vm—kg-v;n €im(BT),

which shows that B € Z%, and thus finishes the proof of the first claim.

For the second claim let A € FP, ie., ker(4) N C # {0}. Recall our gen-
eral assumption m < n, as we will need it here. If A has full rank, then every
small enough perturbation of A has full rank, and the same geometric evidence as
noted before shows that there exist arbitrarily small perturbations B of A such that
rk(B) = m and ker(B)Nint C' # (). Again, the case rk(A) < m requires further argu-

ments. Let v, ..., v, denote the columns of AT, and w.l.o.g. we may assume v,, €
lin{vy,...,vm_1}. Let w € (ker ANC), w # 0, and let Av,, € w- Nker AN S™L.
Denoting v}, := vy, + &+ Avy, and BT := (v1 -+ 01 0),), we get

A= Bl =le-Avn| =¢,

ker B = ker A N (Av,,)t. In particular w € ker B. So we have B € F¥ and
rk(B) = rk(A) 4+ 1. Repeating this argument if necessary we arrive at the full-rank
case, which we have already discussed. O

Proof of Proposition 2.2.1. Follows from Proposition 2.2.7 and Proposition 2.2.8 by
the fact that OM = M N M¢ for every subset M of a topological space, where M*¢
denotes the complement of M. O
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2.2.1 Intrinsic vs. extrinsic condition

In the last section we have explicitly computed several characterizations of the
sets of primal/dual feasible/infeasible instances, and in particular of the set of ill-
posed inputs. A quick look at these sets already reveals, that a part of the set of
rank-deficient matrices is contained in 3. In this section we will elaborate on this
interference by the matrix condition, in particular by considering some concrete
low-dimensional examples.

Broadly speaking, if a matrix A has a large condition %% (A) then this may have
two reasons:

1. The subspace defined by A may intersect/miss the reference cone close to the
boundary, or

2. the linear operator defined by A may itself be badly conditioned.

Moreover, these two effects interfere and thus make a direct analysis of Renegar’s
condition hard. To emphasize the different natures of these effects, we call the
condition of the operator A the extrinsic condition and the condition indicated in
1. the intrinsic condition. In the next section we will specify the notion of intrinsic
condition by introducing a new condition number. Note that it should be plausible
that one can get rid of the extrinsic condition by using a preconditioner that repairs
the bad condition of the linear operator. The intrinsic condition on the other hand
is truly at the heart of the conditioning problem and thus captures the essential
part of the Renegar condition.

The inverse of the matrix condition x(A)~! has a nice geometric interpreta-
tion: It is given by the maximal radius of a closed ball around the origin that

lies completely in the image of the unit ball in R™ under the normalized operator
AW = A7 A, ie.,

Ii(A)_l =max{r |r-B,, C A(l)(Bn)} ,

where By, denotes the closed unit ball in R™ (cf. Proposition 2.1.3). A beautiful
characteristic of Renegar’s condition number is that in the case ker(A) N C # {0},
i.e., in the primal feasible case, it has a similar description. The only difference is
that the unit ball B,, is replaced by the intersection of the unit ball with (the dual
of) the reference cone C’, i.e., we have

Cn(A) ™ =max{r | r-B,, € AV(B,NC)}. (2.11)

(See [45] or [42, Cor. 3.6].) We will use this characterization in the following example.

Let us anticipate the definition of the intrinsic condition, that we will give in the
next section, and define

C(A) = Gr(4°),
where A° denotes the balanced approximation of A as defined in (2.6). To get a

picture of these quantities let us specialize to the case n = 3, m = 2, C = Ri,
and A being one of three primal feasible matrices Ay, As, Az, that are specified in
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Figure 2.2: The singular vectors of A;, Ay, A3 and the positive orthant.

the following list along with their different conditions.

K | G | €r | K- Co
Ay = j _i’ _3) 25| 1.7 | 43 | 43
Ay = 7‘;’ ‘11 _?) 75| 4.1 |28.0 | 31
Az = j 51) _gl)) 1.0 | 104 | 104 | 104

The locations of the singular vectors of A;, A, A3 with respect to the positive
orthant are shown in Figure 2.2. In these pictures the blue arrow spans the kernel
of the respective operator. Figure 2.3 shows the images of the singular vectors of
the normalized operators Agl),Aél)7Ag1) as well as the images of the unit sphere
and the positive orthant intersected with the unit sphere. It also shows the images
of these objects under the balanced operators A, A, AS.

The first matrix A, has a kernel that hits the reference cone exactly in the center,
i.e., the intrinsic condition is best possible. The Renegar condition on the other hand
is not as good as it could be due to the non-optimality of the matrix condition. The
second matrix has a slightly worse intrinsic condition as the solution set lies closer
to the boundary of the reference cone. But the extrinsic/matrix condition is very
bad so that the Renegar condition is totally dominated by this effect. The third
matrix is nearly balanced but its intrinsic condition is the worst compared to the
other two. Finally, note that the product x(A) - €=(A4) gives an upper bound for
%r(A). This holds in general as we will see in the next section.

2.3 Defining the Grassmann condition

In this section we will define the Grassmann condition and give several equivalent
characterizations corresponding to the three viewpoints on the homogeneous convex
feasibility problem that we described in Section 1.5. We will also establish the
relationship between the Renegar and the Grassmann condition that we already
announced in Section 1.2.



2.3 Defining the Grassmann condition 29

(a) ALY (b) ALY

(f) A3

Figure 2.3: The images under Agl), Aél), Aél) and AJ, A3, A3.

Definition 2.3.1. Let C' C R™ be a regular cone, and let 1 < m < n — 1. The
Grassmann condition is defined by

Gu(A°) if tk(A) =

m
1 if rk(A) < m,

Go: R™A{0} — (0,00], 66(A) = {

where A° denotes the balanced approximation of A (cf. Proposition 2.1.8/2.1.9).

Before we state the next proposition recall that for A € R7"*" i.e., rk(A) = m,
and for W := im(AT), we have
AeFP «— WtnC #{0} < Wnint(C
AeT® <= WtnC={0} < Wnint(C
AeFP &= WNC#{0} < WHnint(
AeI® &= WnC={0} < Wtnint(

=0
#0
) =0
)#0,

(2.12)

Q¢ Q(vv

and X = F* N FP.

Proposition 2.3.2. Let C C R™ be a regular cone, 1 < m < n —1, and let
A e R™™ gnd W := im(AT).

1. Denoting by <t(x, W) the angle between x € R™\ {0} and W (cf. (2.4)), let
a:=min{<x(z, W) |z € C\{0}} ,ifAecF",

. (2.13)
B:=min {<(v,W") |ve C\{0}}, if A F".
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Then
Cu(A) ma SAETT (2.14)
T\ fAerr. '

2. Let Iy, II,. denote the orthogonal projections onto W resp. W+, and let

. max{r | r- B, "W C Iy(C' N B,)} if Ae F*,
T Ymax{r | r- B, N Wt CTLy (CNB,)}} if Ae FP,

where B,, denotes the unit ball in R™. Then

1

s (A) =

Tmax

Note that from the above proposition it follows that € (A) in fact only depends
on the subspace W = im(AT) resp. W+ = ker(A).

Remark 2.3.3. The Grassmann condition as characterized in (2.14) was considered
in [5] in the dual feasible case. Also the inequalities in Theorem 2.3.4 relating the
Grassmann to the Renegar condition was given there.

Proof of Proposition 2.3.2. (1) By definition of Renegar’s condition number, we
have

Ca(A)7h =G (A°) T = d(4°,2(0))

as ||A°|| = 1. If A € F7, then d(A°, %) = d(A°, FP) (ctf. (2.9) in Remark 2.2.4), and
thus

d(A°, %) = min {||A]| [ im ((4°)" + AT) N C # {0} or A° + A € R
= min { min {||A[| | im ((4°)7 + AT)nC # {0} } , d(A°,R™*™) L .

Note that d(A°,R7}*"™) =1, as A° € RI"*™ (cf. Theorem 2.1.5). By Corollary 2.1.15
we have for € R" \ W+ and p := <(z, W)

min {||A[| | z € im ((4°)" + AT)} = sinp,

which also holds for x € W+ \ {0}, if min is replaced by inf. As int(C) # ) we
have C' ¢ W+, which implies @ < Z. So if z € C \ {0} is such that the angle
<(x, W) is minimal, i.e., <(x, W) = a, then x ¢ W+ and there exists A, € R™*"
such that = € im ((A°)7 + Af’). On the other hand, any perturbation A such that
im ((A°)7 + AT) N C # {0} must have a norm of at least sina, so that we may
conclude

min {|A[| | im ((4°)" + AT) N C # {0}} = sina.

Altogether, we get
d(A°,Y) = min{sine, 1} =sina .

This shows (2.14) in the case A € F".
In the case A € F° we may argue analogously using d(A4°,%) = d(A4°,F"),
which implies by Corollary 2.1.15

d(A°, %) = min {|A'|| | ker (A° + A)NC # {0}} =sin .
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(2) It remains to show sina@ = ryax resp. sinf = rpax. By duality, we may
assume w.l.o.g. that A € F*. From the characterization of the Renegar condition
stated in (2.11) we get

sina = 6o (A) "t = 6. (A°)7!

1Y max{r | r- By, C A°(B, NC)}

=max {r |r-(A°)7(B,) C (A°)TA°(B,NC)},

where the last equality follows from the fact that the map (4°)T: R™ — R” is a
norm-preserving map. Using Lemma 2.1.11 we may continue

v

:max{r | r-BnﬂWQHW(BnﬂC)}
= Tmax -
This finishes the proof. O
Theorem 2.3.4. Let A € R™*™\ {0}. Then
Ca(A) < Gr(A) < k(A)-b(A). (2.15)
Remark 2.3.5. Note that as a simple corollary we get €x(A) > 1 for all A €
R™*™\ {0}, as Gr(A) > €. (A) and €5(A) > 1 by the characterization (2.14).

Proof of Theorem 2.3.4. If tk(A) < m, then 5(A) = 1 and k(A) = oo, and the
claim holds trivially. In the following we may thus assume that rk(A) = m.

If A e F*, thend(A,X) = d(A, F°) (cf. Remark 2.2.4). From Theorem 2.1.6 (1a,b)
we get as in the proof of Proposition 2.3.2

om -sina < d(A,X) < o1-sina,

where o1 > ... > o, denote the singular values of A, and «a denotes the minimum
angle between C and im(AT) as defined in (2.13). By Proposition 2.3.2 we have
%=(A) = =1~ and so we get

sin o’

g1 g1 1
en(4) = d(A, YD) = om sina K(4) - €a(4),
Gud) = — 7 > L way.

d(A,Y) ~ sina
The case A € FP follows analogously. a

In the remainder of this section we will describe another characterization of the
Grassmann condition corresponding to the third viewpoint on the homogeneous
convex feasibility problem. This characterization is also the reason for the name
‘Grassmann condition’.

For 0 < m < n the (n,m)th Grassmann manifold Gry, ,, is defined as the set of
m-~dimensional linear subspaces of R™

Gry, = {W CR" | W lin. subspace, dim(W) =m} .

Note that by intersecting each element in Gr,, ., with the unit sphere S"~1, we
can identify the Grassmann manifold Gry, ., with the set of (m — 1)-dimensional
subspheres of S™~1. In Section 3.2 we will see that this set is endowed with a
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metric dy, the Hausdorff metric, and forms a complete metric space. We use the
same symbol dy; to denote the corresponding metric in Gry, .

Another metric on Gry, ., is given by the geodesic metric, which we denote by d,.
This metric comes from the fact that Gr,, ,, is a complete Riemannian manifold. In
Section 5.3.2 and Section 5.4 we will have a closer look at this. In particular, we
will prove the following well-known facts:

e The Hausdorff and the geodesic metric on Gry, ,,, are equivalent. In particular,
we only have one topology on Gry, ,,, that we work with.

e We have dy(Wi, W) < § for all Wi, Ws € Gryy .
e The map
Grn,m - Grn,n—m ) W i— WL

is an isometry with respect to the Hausdorff metric on Gr,, ,, and on Gry, 5,
and with respect to the geodesic metric on Gry, ,,, and Gr, .

e The surjective maps

I: R — Grym, A im AT |
K:Rmmxn Grpm, A —kerA.
are continuous, open, and closed, with respect to the relative topology on
RT**™ respectively R{"m)xn (cf. Remark 5.3.6).

In this section we may use this fact as the definition of the topology on Gry, yy,
i.e., the topology on Gr,, », is given as as the pushforward of the topology on

R™*™ resp. Rinfm)xn via I resp. K.
We define the primal and dual Grassmann feasibility problems by

witnc # {0}, (GrP)

wnc #£{0}, (GrD)

where W € Gry, ,, 1 < m < n— 1, and where the reference cone C C R" is a
regular cone. Notice the full duality of these problems, i.e., there is no structural
difference between (GrP) and (GrD). Additionally, the connection between the
primal and the dual is given by the isometry W +— W+ (and the local isometry

C +— C; cf. Section 3.2).

We define the sets of primal/dual feasible/infeasible instances, with respect
to (GrP) and (GrD), by

F&:={W € Grym | (GrP) is feasible} ,
Z& = {W € Grym, | (GrP) is infeasible} ,
FL = {W € Gr, 1, | (GrD) is feasible} ,
I3 :={W € Gry, | (GrD) is infeasible} .

The relations between these sets are simpler than the relations between F*, Z%, FP,
and ZP. We describe them in the following proposition.
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Proposition 2.3.6. Let C' C R" a regular cone, and let 1 <m <n —1. Then the
sets Fo and FZ are closed, If, and 7 are open, and

FL=TIb, Fo=TIF, IL=int(Fy), ZI5=int(FL). (2.16)

Furthermore, the intersection F& N FE consists of those m-dimensional subspaces,
which touch the cone C in the boundary 0C

FENFL ={W € Grppm | WNint(C) =0 and WNOC # {0}} .

Proof. If we intersect the sets F©, ", FP, and Z” with the set of full-rank (m x n)-
matrices, then we get a characterization as stated in (2.12). From this characteriza-
tion it is seen that the sets F5, FZ, I, I, are the images of the above intersections
under the map I, i.e.,

FL = I(FTORT*) FL = I(F* nRM™)

We have seen in Section 2.2 that F* and FP® are closed, and Z® and Z® are open. By
definition of the relative topology, the same holds for the intersections with RI**™,
As the map I is both closed and open, we also have that F5 and F2 are closed, and
% and I3 are open. Analogously, we have the relations stated in (2.16).

Concerning the statement about the intersection FENFS, we have for A € R**",
W = I(A) =im(AT),

Adex=rrnre Y Wwant(C)=0and WNC £ {0}
< Wnint(C) =0 and WNOC # {0},
which finishes the proof. O
Definition 2.3.7. For C' C R™ a regular cone, and 1 < m < n — 1 we define
Yn(C) =FENFE
={W e Grpm | WNint(C) =0 and WNOC # {0}} .

The following proposition provides the namesake characterization of the Grass-
mann condition.

Proposition 2.3.8. Let C C R" a reqular cone, 1 <m <n—1, and let A € R**"
and W :=im(AT) € Gry, 1. Then

1 1
%G(A) = SinH(Wa Em(C)) - sin dg(W, Em(C)) ’

where dy denotes the Hausdorff distance and ds denotes the geodesic distance in Gry, .

Proof. We will show this in Chapter 5 (cf. Corollary 5.5.3). O
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Chapter 3

Spherical convex geometry

This chapter is devoted to aspects of spherical convex geometry, that we will need
for the analysis of the Grassmann condition. The goal of this chapter is to set
up the notation for the treatment of convex sets in the sphere, and to describe a
broad picture of the characteristics of spherical convex geometry. We include this
chapter as we could not find a single source on spherical geometry that covered all
the material we need. All what is stated in this chapter is well-known, but for the
sake of completeness we provide proofs for most of the statements.

3.1 Some basic definitions

From now on we will denote the euclidean distance in R™ by
d:R"xR" =R, d(z,y) =l -yl

and we will denote by

d: S x S" SR, d(p,q) = arccos((p, q))

the spherical distance, i.e., the angle between the points p and ¢g. Recall that a
set K¢ C R" is called convex iff for all x,y € K¢ the line segment between x and
y is contained in K°. Analogously, a subset K C S"! is called convex iff for all
p,q € K with ¢ # +p the (unique geodesic) arc between p and ¢, which we denote
by geod(p, q), is contained in K. This is equivalent to the condition that the set

cone(K):={A-p|A>0,pe K} CR"
is convex.
Definition 3.1.1. The set of nonempty compact convex sets in euclidean space
KR") = {K° CR"| K° nonempty compact convex}

is called the set of convex bodies in R™. In the unit sphere we call a set spherical
conver, if it is closed, convex, and neither the empty set nor the whole sphere

K(S™™1) := {K CS"'| K closed and convex, K # (), and K # S™"'} .
(We exclude the empty set and the whole sphere to avoid pointless case distinctions.)

35
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One of the most important aspects in spherical convex geometry is duality. Recall
that if C' C R™ is a convex cone, then its dual is defined via

C={weR"|(vz)<0VreC}.
For K € K(S™"™1), and C := cone(K), we may therefore define
K:=Cns" .
We call a cone/spherical convex set self-dual, if C=-C resp. K =-K.

Remark 3.1.2. 1. The duality map is an involution on the set of spherical con-
vex sets, i.e., (K) = K for all K € K(S"1).

2. We may give an intrinsic characterization of the dual via K = {v € §"! |
d(K,v) > %}, where d(K,v) := min{d(p,v) | p € K}.

3. The boundary of K is given by 0K = {v € §"~1 | d(K,v) = o)

In euclidean space every closed convex set admits a (global) projection map,
i.e., a map which sends a point z € R™ to the uniquely determined point in the
convex set, which minimizes the distance to x. However, in the sphere a projection
map onto a spherical convex set K € K(S"1!) is in general only defined outside its
dual K. We will see this after we have defined the normal cone and determined the
normal cones of a closed convex cone.

Definition 3.1.3. Let K¢ C R" be a closed convex set (not necessarily compact),
and let IIx. denote the projection map onto K¢. The normal cone of K¢ at x € K¢
is defined as

N, (K¢ :={v eR" |lge(r+v)=x}.

We furthermore define N7(K¢) := N,(K¢) N S" 1. For a spherical convex set
K € K(S™ 1) and C := cone(K) we define for p € K

Ny(K) :=Np(C) and NJ(K):=Ny(K)ns" .

Remark 3.1.4. 1. As the term ‘normal cone’ suggests, N,(K¢€) is indeed a
closed convex cone.

2. From the definition of the projection map it is readily seen that N, (K°) = {0}
iff x € int(K*®), or equivalently N,(K°¢) # {0} iff x € 0K*°. In other words,
the normal cone is nontrivial only on the boundary of the convex set.

3. From the fact that Ilxe is a (global) map it follows that R has a disjoint
decomposition into R™ = J, . k. (z + Nz (K°)).

Proposition 3.1.5. Let C' CR™ be a closed convex cone, and let x € C. Then

N, (C)=ztnC, (3.1)

v

where z+ = {y € R" | (x,y) = 0}. In particular, No(C) = C.
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Proof. Let v € - N C, ie., (v,z) = 0 and (v,y) < 0 for all y € C. Therefore, we
have for y € C'\ {z}

ly — (& +o)I* = lyll* = 2(y, z + v) + ||z + v]]?
= lyll* = 2(y, =) — 2(y, v) + [|=]1*> + [|v]|®
= [lz = ylI” + lv]|* = 2(y,v)
> [lz — (z 4+ )% .

This shows that Ilo(z 4+ v) = #, and thus 2+ N C C N,(C).
For the other inclusion let v € N,(C). In order to show (z,v) = 0 we may
assume x # 0. For 1 > A > 0 or 0 > A we have

ol = llz = @+ 0)* < A = A) -z = (@ +0)|* = [|Az + o]
= M|* + 2X{w, v) + [[v]|* ,

or equivalently (z,v) > —3-||z||%. This implies (z,v) = 0, as A may be both positive
or negative arbitrarily small.
In order to show v € C, let y € C'\ {z} and 1 > X > 0. We get

[]* = llo = (@ + 0)|* < o + My — 2) = (@ + )| = My — ) — ||
= Nly - z]* = 2y — 2, v) + ||v]]*
=Ny =zl = 2y, v) + vl ,

or equivalently (y,v) < 3 - |ly — z||?. Since this holds for all 1 > X > 0, we get
(y,v) <0, and therefore v € C'. This finishes the proof. O

We may now define the projection map for spherical convex sets. For K €
K(S™ 1) and C := cone(K) let

H: S" N\ K — K, Ig(p) = |Hc@)|™" Hc(p), (3.2)

where IIg: R" — C denotes the projection map onto C. This map is well-defined,
as IIo(z) = 0 iff © € C by Proposition 3.1.5. Moreover, Il is indeed the projection
map onto K, which is shown in the following lemma.

Lemma 3.1.6. Let K € K(S™ 1Y), and let T : S"\K — K be defined as in (3.2).
Then forpe S" 1\ K

argmind(p, K) = {Ilx(p)} .

Proof. Recall that K = {v € $" | d(K,v) > Z}. So we have S™~1\ K={pe
Sn=1 | d(K,p) < Z}. Furthermore, for 0 < o < 5 we have d(p,q) = a <=
d.(p,y) = sina with y = cos(a) - q resp. ¢ = cos(a)™! - y. As the sine func-
tion is strictly monotone increasing on [0, 5) and the cosine function is positive
on [0, ), the claim now follows from the uniqueness of the projection on the cone
C = cone(K). m|
From 3-dimensional examples it is seen that points in K may very well have
several closest points in K. So the limitation of the domain of IIx is essential.
The notion of the normal cone at a point of the convex set can be extended to

faces that we define next.
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Definition 3.1.7. Let K¢ C R"™ be a closed convex set. An affine hyperplane
H C R"™ is called a supporting (affine) hyperplane, if H N K¢ # () and K¢ lies
completely in one of the two closed half-spaces defined by H. A subset F¢ C K€ is
called an (exposed) face of K¢, if F¢ = K¢NH, where H is a supporting hyperplane
of K*.

For a spherical convex set K € K(S"~ 1) we call a subset F' C K a face of K, if
cone(F) is a face of cone(K).

Remark 3.1.8. One usually distinguishes between ‘faces’ and ‘exposed faces’ (cf. [49,
Sec. 2.1]). These terms coincide for polyhedral sets, i.e., for intersections of finitely
many half-spaces (see for example [49, Sec. 2.4]). In particular, any polyhedral
set can be written as the disjoint union of the relative interiors of its (exposed)
faces (see [49, Thm. 2.1.2]). Since we will only talk about faces in the context of
polyhedral sets (polyhedral cones), we will drop the additional term ‘exposed’ for
brevity.

It can be shown that for a face F'© C K€ the normal cone is the same for all
points in the relative interior

Va,y € relint(F°) : Ny (K°) = N, (K°) .

See for example [49, Sec. 2.2] for a proof of this fact. We may therefore define for
every face F¢ of K¢

Npe(K) = No(K<) and N (K) = NS(K®) |
where x € relint(F¢). Analogously, if K € K(S"~!) and if F is a face of K we define
Ne(K) = Ny(K) and NE(K) = N3(K),
where p € relint(F¢) N S"~1, F¢ := cone(F).

Lemma 3.1.9. Let C C R" be a polyhedral cone and let F™(C') denote the set of
all m-dimensional faces of C. Then C' is a polyhedral cone, and for F € Fm(C) the
normal cone Np(C) is a (n —m)-dimensional face of C. Furthermore, the map

9

F(C)— Fr~™C), Fw— Np(C) (3.3)
is bijective, and its inverse is given by F*~"(C) — F™(C), F — Nﬁ(é’)

Proof. See for example [47, § 19] for a proof that C is polyhedral. The normal
cone Np(C) is a face of C' by Proposition 3.1.5. If F € F™(C) and W := lin(F)
is the m-dimensional span of F, then it is straightforward to show that Np(C) =
WL nC and Np(C) has dimension n — m. This also shows the bijectivity of the

map defined in (3.3). Finally, recall that (C')" = C. Since F' = lin(¥") N C and
Ng(C) = lin(F)+ N C we get the claimed formula for the inverse. O

To illustrate the concept of normal cones let us consider the positive orthant
and compute the normal cones for this important convex cone.

Example 3.1.10. Let C = R"} the n-dimensional positive orthant. The cone C
is a polyhedral cone, i.e., it is the intersection of finitely many (linear) half-spaces
Qn in this case). Furthermore, the positive orthant is a self-dual cone, i.e., we have
C = —C = R™. Hence, Proposition (3.1.5) implies that N,(C) = —z*+ N C for
xeC.
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A typical k-dimensional face F' of C' with 0 < k < n is given by (in)equalities of
the form

120,220, ..., 2,20, Zp41=%Tgq42=...=x =0,
and its relative interior is defined by the (strict in)equalities
1 >0, 20>0, ..., x>0, $k+1:xk+2:~~:‘rk:0'

Note that the number of k-dimensional faces of C' is given by (Z) We will need this
later when we compute the intrinsic volumes of C. The normal cone of the above
defined face F' is given by the (in)equalities

l’lil‘g:...:l‘kio, xk+1§0,xk+2§0,...,xn§0.

3.1.1 Minkowski addition and spherical analogs
A central notion of convex geometry in euclidean space is the Minkowski addition
My + M, ::{x+y|:cEM1, yEMg},

where My, My C R™. If M; and M, are both convex, then so is their Minkowski
addition My + Ms. If additionally both sets are compact, i.e., M7 and M are convex
bodies in R™, then so is M7 + M,. In fact, the Minkowski addition gives the set of
convex bodies IC(R™) the structure of a commutative semigroup (cf. [49, Sec. 1.7]).

This rich structure of L(R™) due to the Minkowski addition unfortunately does
not exist in the set of spherical convex sets K(S™~1). However, some special cases of
Minkowski addition do have spherical analogs, which will occupy us in the remainder
of this section.

One special case of Minkowski addition is the direct product

My x My ={(z,j) |z € My, j€ My} CR",
where M; C R™, My C R™, and n := ny + no. If we set
My :={(z,0) |z € M1} CR", M,y:={(0,9)|y€ M} CR",

then we get M; x My = M; + M,. This product construction carries over to the
spherical setting in the following way.

Definition 3.1.11. For U; € S™~! and Uy C S"27! let
Uy ® Uy := (cone(U;) x cone(Us)) N S" 1,

where n := n; + ny. Recursively, we also define U; ® ... ® Uy, for U; C S™ 1,
i1=1,...,k.

If C; € R™ and Cy C R™ are two closed convex cones, then the product of
these cones C; x Cs is also a closed convex cone. Therefore, if K; € /C(S”l’l) and
Ky € K(S™271), then K1 ® Ko € K(S™1), where n = ny + na.

Another special case of Minkowski addition is given by tubes.

Definition 3.1.12. For M€ C R™ and r > 0 the tube of radius r around M*€ is
defined as

Te(Me,r):={xeR" |y e M°:d°(z,y) <r}.
For M C S™ 1 and a > 0 the tube of radius « around M is defined as

T(M,a):={peS" ' |3gec M:dpq) <a}.
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Remark 3.1.13. In the euclidean case the tube of radius r around the set M€ C R"
can also be written as the Minkowski addition

T(M® r)= M+ B,(r),

where B, (r) := {& € R™ | ||z|]| < r} denotes the closed ball of radius r in R”
centered at the origin.

In the case where M¢ C R™ and M C S™ ! are closed sets, we can also write
the tubes in the following form

T(Mer)={zeR"|d(x,M®) <r},
T(M,a)={pe "' |d(p,M) < a},

where d°(z, M®) := min{d(z,y) | y € M} and similarly for d(p, M).

Remark 3.1.14. If K € K(S™1) is a spherically convex set, and C' := cone(K),
then using the projection function ITx defined in (3.2) it is straightforward to show
that for 0 <a < §

T(K,a) =T¢C,sin(a)) N S" .

In euclidean space the tube around a convex body is again a convex body, as it
arises as the Minkowki addition of a convex body with a closed ball, which is also
a convex body. In contrast to that, if K € K(S"~!) is a spherical convex set, then
it is a nontrivial question if the tube 7 (K, ) is again convex. We will treat this
question in the following section.

3.1.2 On the convexity of spherical tubes

In euclidean space tubes of convex bodies are again convex bodies. We have seen
this in the last section. However, in the sphere the situation is very different. In
fact, we will see that if K € K(S™~1) is polyhedral, i.e., cone(K) is the intersection
of finitely many half-spaces, then for all & > 0 we have 7 (K, a) ¢ K(S™71).

The following lemma collects some trivial cases where a tube around a set fails
to be convex.

Lemma 3.1.15. Let U C S"~ 1, U # (), and let o > 0.
1. If a > 7 then T(U,a) = S"1. In particular, T (U, ) ¢ K(S™71).

2. If there is a point p € U such that also —p € U, then T (U,a) € K(S™~1) for
all a > 0.

3. Ifa> % then T(U,a) & K(S™71).

4. If a =% then T(U,a) € K(S" ') <= U = {p}.
Proof. Let’s process the statements one by one:

1. Follows from U # () and diam(S"™1) = 7.

2. Let us assume that 7 (U, «) is convex for some « > 0. We will show that in
this case 7 (U, ) = S™~!, which proves the claim as S"~1 ¢ K(S™1). Let
q € S" 1\ {#£p}. The 2-dimensional picture of the subspace L := lin{p, ¢}
shows that ¢ lies on a geodesic segment between two points ¢;, g2 in L, such
that d(q1,p) < a and d(g2, —p) < a (cf. Figure 3.1). The convexity of 7 (U, «)
thus implies ¢ € 7 (U, «), and hence T(U, o) = S~ L.



3.1 Some basic definitions 41

qz q1

Figure 3.1: Illustration for the proof of Lemma 3.1.15 part (2).

3. It is easily seen that 7 (U, §) contains a pair of antipodal points. The claim
now follows from part (2) with U’ := 7 (U, §) and the observation 7 (U, a) =
TU ,a—7%).

4. The ‘<=’-direction is trivial, so let us assume 7 (U, §) € K(S™ 1. If pjge U
with ¢ # +p, then a := d(p,q) € (0,7), and L := lin{p, ¢} is a 2-dimensional
subspace. Since L N7 (U, § — §) contains a pair of antipodal points, which is
easily verified in R?, the claim follows from part (3). O

The following proposition shows that in the most important examples of convex
cones arising in convex programming, the tube around the corresponding spherical
convex set is never convex.

Proposition 3.1.16. Let K € K(S™ 1) be a spherical convex set. If the boundary
0K contains a geodesic segment, then T (K,a) ¢ K(S™ 1) for all a > 0. Ifn >3
and K is polyhedral and contains more than one point, or if K = K1 ® Ky for some
spherical convex sets K1 and Ka, then T(K,a) ¢ K(S™™1) for all a > 0.

Remark 3.1.17. Proposition 3.1.16 implies that the map
max: K(S"71) =R, K sup{a|T(K,a) € K(S" 1)}

is mot continuous if n > 3. Indeed, we will show in Proposition 3.3.4 that the
family of polyhedral convex sets lies dense in (S™~1). So if the map quax were
continuous, then for n > 3 it had to be the zero map. But this is not true, as is
seen by the example of a closed spherical ball. More precisely, if B,(p) denotes the
closed spherical ball of radius p, 0 < p < 7, around the point p, then 7 (B,(p), ) =
By ta(p). From this it follows that amax(B,(p)) = § — p-

Remark 3.1.18. In Corollary 4.1.13, assuming K € K(S™™!) has smooth bound-
ary, we will give an upper bound for the maximal radius «g € [0,7] such that
T(K,a) € K(S™1) for all a € [0, ap).

Proof of Proposition 3.1.16. By Lemma 3.1.15 parts (3) and (4) we may assume
that 0 < a < 5. Denoting C := cone(K) we have T(K,a) = T¢(C,sin(a)) N "1
(cf. Remark 3.1.14), so we may argue over the cone C. Let p1,ps € 0K, p1 # £po,
with geod(p1,p2) C 0K, ie, (1 —=X)-p1 +X-py € OC for all A € [0,1]. Let
T = % -p1+ % - p2, and let v € NS (C). We now consider the points

q1 = cos(a) - p1 + sin(«)
g2 = cos(a) - p2 + sin(«)

./l}7
-U7
yi:%'Ql-F%'qQ

= cos(a) - x +sin(a) - v .
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Then ||g1]| = |le2]l = 1, |lyll < 1 and de(q1,C) < sine, de(g2,C) < sinea, and
de(y,C) = sina. So q1,¢q2 € T(K,) and y° = |y[|~! -y € geod(q1,q2). But
d(y°, K) = arcsin (Sll‘z”a) > a, so y° € T(K,«), which shows that 7 (K, «) is not
convex.

As for the additional statements, if n > 3 and K is polyhedral and contains
more than one point, then K either consists of two antipodal points, in which case
T(K,a) ¢ K(S"1) for all @ > 0 by Lemma 3.1.15 part (2), or the dimension of
the linear hull of K is at least 2. In the second case the boundary 0K contains a
geodesic segment, and hence 7 (K, ) ¢ K(S"~1) for all a > 0.

In the case K = K; ® Ko for K; € K(S™™1), i = 1,2, let p; € 0K;, i = 1,2.
Then {(cos(p) - p1,sin(p) - p2) | 0 < p < T} C 0K, ie., a geodesic segment is
contained in the boundary of K, and thus 7 (K, «) € K(S™"~1) for all o > 0. O

—~

—~

The assumption that 7 (K, «) is convex may not always be satisfiable, but if it
is, then we have an important property that we state in the following proposition.

Proposition 3.1.19. Let K € K(S™"!) and let T(K, o) € K(S™™1), ag > 0.
Then for all K' € K(S™ 1) such that KN K' = and d(K, K') := min{d(q,q) |
q € K, ¢ € K'} < ag there exists a unique pair (p,p’) € K x K' such that
d(p,p') = d(K, K').

Lemma 3.1.20. Let K € K(S" 1) and let T(K,ap) € K(5" 1), ag > 0. Then
T(K,a) € K(S™1) for all 0 < a < ap.

Proof. From Lemma 3.1.15 part (3) we get ag < 7, and with part (4) from the
same lemma we can easily treat the case ag = 5. So we may assume ag < 7.
We show the contraposition, i.e., we assume that for some 0 < a < «ap we have
T(K,a) ¢ K(S™1) and we need to show that also 7 (K, ag) € K(S™71).

Let p1,p2 € T(K,«) such that ¢ € geod(p1,p2) but ¢ € 7T(K,«), ie., p :=
d(q, K) > a. If p > ap, then we are done, as in this case 7 (K, «g) is not convex.
So we assume p < «ag for the rest of the proof. This in particular implies p < 5
so that the projection of ¢ onto K is well-defined. Let ¢ denote the rotation of ¢
in the 2-dimensional plane L := lin{q,IIx(¢)} by an angle of oy — « in direction
away from K (cf. Figure 3.2(a)). It follows that d(q, K) = d(q, K) + g — @ > ay.
To finish the proof it suffices to show that ¢ lies on a geodesic between points in

7T (K, ap), as this implies that 7 (K, ) not convex. To show this let
pL==a1+y1, pp=2a2+y2, with m1, 22 €L, y1,50 € L.

Let 1 and Z2 be the results of the same rotation in L that we applied on ¢, and let
Di = Z; + y;, = 1,2. Then (cf. Figure 3.2(b))

Ips = Dill = llwi — Zill = [la]| - 2- sin(*%5%) < 2-sin(2952) |
which implies d(p;,p;) = 2 - arcsin(’”%ﬁ") < ag—a, i = 1,2. By the triangle
inequality for d(.,.) we have p1,ps € 7 (K, ag). Furthermore, as the above described

operation that sends ¢ to ¢ and p; to p;, i = 1,2, is an element of the orthogonal
group, we get ¢ € geod(p1,p2). This finishes the proof. O

Proof of Proposition 3.1.19. We reproduce the proof from [30, Hilfssatz 7.1] in a
simplified form. By Lemma 3.1.15 part (3) we have ag < 7 and by Lemma 3.1.20
we have T (K, «) € K(S"™1), where o := d(K, K') < ap.
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(a) Definition of ¢ () |lp— 5|l = 2 - sin (d(g»ﬁ))
Figure 3.2: Ilustrations for the proof of Lemma 3.1.20.

We assume that we have two pairs (p,p’), (¢,¢") € Kx K', (p,p") # (¢,q’), which
both satisfy d(p,p’) = d(q,q') = d(K, K'), so that we need to derive a contradiction.
The first observation is that p’ # 4-¢/, which can be seen in the following way. As
d(p,p’) = d(K,K") < ap < §, we have p = Il (p). Similarly, we have ¢ = IIx(q’).
So if p’ = ¢’ then also p = ¢, contradicting the assumption (p,p’) # (q,¢'). If
p’ = —¢' then we have p/, —p' € T(K,«), and by Lemma 3.1.15 part (2) we get
T(K,ap) = T(T(K,a),a0 —a) € K(S"1), which is a contradiction.

Now that we have p’ # +¢’ we can argue over the geodesic segment geod(p', ¢).
As geod(p',q') € T(K,a) N K" and T(K,p)NK' = for all 0 < p < «, we get
geod(p',q¢') C {p | d(p,K) = a} = 90T (K, «). But then Proposition 3.1.16 implies
that 7(K,ap) = T(T(K,a),a0 — ) ¢ K(S™1), which is a contradiction. This
finishes the proof. O

3.2 The metric space of spherical convex sets

Besides being important in its own, tubes can be used to define the Hausdorff
distances, which turn I(R™) and K(S™1) into metric spaces. See Figure 3.3 for a
small display.

Definition 3.2.1. The Hausdorff distance on IC(R"™) is defined by
di (Kt Ks) = max{min{r >0| K§ CTKy,r)}, min{s >0]| K} C Te(KQe,s)}}
= max { max{d°(K{,y) | y € K5}, max{d(K5,z) | v € K{}} ,

for K¢, K§ € K(R™). The Hausdorff distance on X(S™~!) is defined by

du(K1, K2) = max {min{a > 0| K, C T(Ky,a)}, min{8 > 0| K; C T(K2,0)}}
= max { max{d(K1,q) | ¢ € K>}, max{d(K2,p) |p € Ki}},

for K, K5 € ’C(Sn_l)

Remark 3.2.2. Recall that for K1, Ky € K(S"™!) we have defined d(K;, Ks) =
min{d(p,q) | p € K1,q € K2}. This does not define a metric, as d(K1, K2) = 0 iff
K NK, # (), which is not equivalent to K; = K5. In general we have the inequality
d(K1, K>) < du(Ky, Ko).

Proposition 3.2.3. The map d¢: K(R™) x K(R™) — R is a metric on IK(R™), and
the map dyy: K(S"™1) x K(S"1) — R is a metric on K(S"~1). Both K(R") and
K(S™1) are complete as metric spaces. Additionally, K(S™™1) is compact.
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/CT(K5,8)}

min{r>0|K5CT°(K7,r)

Figure 3.3: The Hausdorff distance between two sets K¢, K§ € K(R?).

Proof. See for example [49, Sec. 1.8] for the euclidean statements. The statements
that the Hausdorff distance is a metric on £(S™~1), and that K(S"~1) is a complete
metric space can be shown in the same vein. As for the compactness of K(S™1), let
C(S™1) denote the set of nonempty closed subsets of S"~1. The Hausdorff distance
turns C(S™~ 1) into a compact metric space (cf. [49, p. 56, Note 2]). As K(S™"71) is
a closed subset of C(S™1), it is compact. m|

Concerning the spherical Hausdorff metric and the duality map, note that it
is not true that the duality map is an isometry. Consider for example a closed
spherical ball of radius p, 0 < p < 7, in S"=1 (we will call these convex sets
circular caps; cf. Section 3.3), and denote this convex set by K,. Then we have

du(K,,—K,) = 7 — p. But the dual Kv'p is a closed spherical ball of radius § — p,
so that du(K,,—K,) = Z + p. So du(K,,—K,) # du(K,,—K,) for p # T and

therefore the map K — K is not an isometry. But these are only ‘global’ effects,
i.e., locally the duality map is in fact isometric, which is shown by the following
proposition.

Proposition 3.2.4. Let K1, Ko € K(S" 1) with dy(K1, Ka) < 5. Then
du(K1, K) = dy (K1, Ka)

i.e., the duality map is a local isometry.

Recall that K = {p € S" | d(K,p) > %}, cf. Remark 3.1.2. In the proof we
will make use of the following lemma.

Lemma 3.2.5. Let K € K(S"~"). Then forpe S"~1\ (KUK) we have d(K,p) +
d(K,p) = 5. Furthermore, T(K,a) ={p e S" ' | d(K,p) > F—a} for0 < a < 3.

Proof. For the first part of the claim see [30, Hilfssatz 2.1] or [13, Lemma 2.3].
As for the second part, we have K C {q € S"! | d(K,q) > § — o}, and for

-
pe S\ (KUK) Wehaved(f(,p)gaiﬁ’d(K,p)z%—a. O

Proof of Proposition 3.2.4. This was shown in [30, Hilfssatz 2.2]. We reproduce
the proof for completeness. Let a 1= dy (K1, K2) < Z. If p € S"1 is such that

E.
d(K1,p) < § — a, then there exists ¢ € K1 C T (K, ) such that d(q,p) < § — o
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The triangle inequality implies that d(K,p) < 5. Therefore, we get

)

K, = {peS"'|d(Kzp) 275}
C {pesS" ' |dEwp) =5 —a}
= T(If’l,a),

whege the last equality vfollovws from Lemma 3.2.5. By symmetry, we have VK 1 &
T (K5, ), and thus dy (K7, K2) < a. Interchanging the roles of K7, Ko and K7, Ko
yields the claimed result. O

A special class of convex sets in the sphere is the family of subspheres. We dis-
tinguish between subspheres and non-subspheres, and use the following conventions:
For k=0,...,n—2

Sk .= {S c §"!|Sis a k-dim. subsphere} , (3.4)
n—2

S*(Snil) — U‘S’k(snil)?
k=0

ICc(Snfl) = K(Snfl) \ S*(Snfl)
= {K € K(S"') | K is not a subsphere} .
Note that there is a canonical bijection between S*(S™~1), the set of k-dimensional

subspheres of S"7!, and Gr,, k41, the set of (k + 1)-dimensional subspaces of R™,
given by

Crpp — SHS™ ), Wewns
SF(S" ™) — Grp et S—{p|AeR, peS}.
Note that § = S+ := WL N 5" for § € $*(S"~1) with W := lin(S9).
As the non-subspheres are central objects for our study, we will call elements in
K¢(S™™1) caps. Note that this naming is different from other works, where ‘cap’

may stand for a spherical ball (cf. for example [13]). We will denote spherical balls
by the term circular caps.

Remark 3.2.6. 1. Here is a mnemonic for this specific way of speaking:
“You can wear caps O , but you cannot wear subspheres ® 7

2. An element K € K(S" Y isacapiff pe K: —p¢ K.

3. An element K € K(S" 1) is a cap iff its dual K is a cap.

The existence of the subspheres leads to a fundamental difference between the
metric spaces K(R™) and K(S™~1). Note that X(R") is path-connected, as for every
K € K(R™) we have the continuous path [0, 1] — K(R"), t — ¢ - K, which connects
K with {0} € KL(R™). This is not the case in the spherical setting.

Proposition 3.2.7. The decomposition of K(S™~1) in its connected components is
given by

’C(Sn_l) :]Cc(Sn—l) U D Sk(sn—l) ,
k=0

and the components are path-connected (see Figure 3.4).
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g
SO(snfl) Sl(snfl) Sn72(3n71)
= Grn,l = Grn,Q = Grn,n—l
S A T T
[ 23 IEE
Kc(snfl)

Figure 3.4: The decomposition of K(S™"~1) in its connected components and their
pairwise Hausdorff distances.

Lemma 3.2.8. If K € K¢(S""!) and S € §*(S"~ ') then dy(K,S) > 5. Further-
more, if S1 € SF1(S"71) and Sy € SF2(S™7) with ky # ko, then dy(Sy,S2) = 5

Proof. From Theorem 2.2.5 it follows that KNS+ # 0 or KNS # 0, so in particular
KZT(S,a)forall0<a< ForSZT(K,a)forall0 <a< F,ie., dys(K,S)> 7.
Concerning the subspheres, let W; := 1linS;, i« = 1,2. If k; # ko then either
dim W; +dim W3 > n or dim Wi +dim W, > n, in particular dim(W;NWj-) > 1 or
dim(WiNW,) > 1. IfWiNWy- # {0}, then Sy € T(S2, @) for all 0 < o < F, hence
du(S1,S2) > Z. Similarly, one gets dy(S1,S2) > I for the case Wi- N W, # {0}.
Equality follows from 7(S, %) = S™~! for any S € S*(S"™1). |

Lemma 3.2.9. Let K € K¢(S™~1). Then there exists p € S"~! and a continuous
path K; € K¢(S"1), t € [0,1], such that Ko = K and K; = {p}.

Proof. Let C := cone(K), and let v € K such that —v ¢ K (cf. Remark 3.2.6). Note
that K € vt. For g € S"! and p > 0 let B(q,p) := 7 ({q},p) denote the spherical
ball of radius p around ¢. Since v € K we have K C B(—wv, %). Furthermore, as
K ¢ v*, there exists 0 < a < I such that K N B(—v,5 —«) # 0. This implies that

oo :=max{a € [0,5] | KNB(—v,§ —a) # 0}

is positive, i.e., ag > 0. If ag = §, then B(—v, § —ag) = {—v}, and we set p := —v.
If ap < %, then Proposition 3.1.19 implies that K N B(—v, T — ag) = {p} for some
p € 8" 1. We may now define the continuous path via

Ki:=KNB(-v,5 -t ). |

Proof of Proposition 3.2.7. The path-connectedness of S¥(S"~1) follows from the
path-connectedness of the Grassmann manifold Gry, 41 (cf. Chapter 5): Elements
Sy, Sz € S*F(S"71) are of the form S; = W; N S"~ ! with W; € Gry, 1, i = 1,2. If
We, 1 <t < 2 describes a path in Gry ;41 between W; and W, then so does the
path S; := W, N .S"~ ! in SF(Sm~1).

For the component K¢(S™~1) we can do the same trick as in the euclidean case,
ie., for K1, Ko € K¢(S"™1) we may ‘shrink’ K; to {p;} for some p; € "1 i =1,2,
by Lemma 3.2.9. We can then connect the shrinked sets, thus getting a path from
K to Ky in K¢(Sm1).

The pairwise disjointness of the sets S¢(S"~1) and S¥(S"71), 1 <k <n -2, as
well as their closedness follows from Lemma 3.2.8. ]
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3.3 Subfamilies of spherical convex sets

In the last section we have seen that the set of spherical convex sets decomposes
into subspheres and caps. The set of caps K¢(S™ 1) should be seen as the essential
part of K(S™™1) containing a variety of sets with diverse properties. We need to
specify subfamilies of X(S™"~!) with whom we can work in a unified way. In this
section we will present the different subfamilies of spherical convex sets, that will
appear in our analyses.

We begin with the set of polyhedral convex sets.

Definition 3.3.1. A spherical convex set K € K(S"7!) is called polyhedral if
cone(K) is the intersection of finitely many n-dimensional half-spaces

KP(S™ 1) = {K € K(S" ') | cone(K) = HyN...N Hy, H; = (half-space in R™)}.
Proposition 3.3.2. 1. If K € KP(S™1) then also K € KP(S™1).

2. If K € KP(S™1Y), then the cone C := cone(K) can be written in the form
C = cone({p1,...,pn}) for some p1,...,pny € S""L. Moreover, if C is of the
above form, then K = C' N S™~ ! is polyhedral.

Proof. See for example [47, Sec. 19]. O

Example 3.3.3. Our standard example for a polyhedral convex set is the inter-
section of the positive orthant with the unit sphere R’} N S"~1. We have already
computed the normal cones for this spherical convex set in Example 3.1.10, and we
will meet this example again on several occasions.

By definition, the set of polyhedral convex sets contains the subspheres of S™~1,
ie., S*(S"71) c KP(S™1). Furthermore, every cap can be approximated by poly-
hedral caps, which is the content of the following proposition.

Proposition 3.3.4. The family of polyhedral convex sets KP(S™~ 1) lies dense in
the family of spherical convex sets K(S™™1).

Proof. We reproduce the proof from [30, Hilfssatz 2.5] for completeness. Let K €
K(S™71) and let € > 0. We need to find a polyhedral set P with dy(K,P) < ¢.
For p € S"~! and p > 0 let By (p) denote the interior of the circular cap around p
of radius p. The family {B2(p) | p € K} forms an open cover of K, and by
compactness of K there exists an open subcover {B2(p1),...,B2(pr)}. The cone
C := cone({p1,...,pr}) is a polyhedral cone, and thus P := C N S"~1 € KP(S"~1).
Furthermore, we have P C K, as py,...,pr € K. It is verified easily that K C
T (P, ¢), which finishes the proof. a

d
So if we use the notation C to denote a dense inclusion, we can summarize briefly
(omitting the brackets to ease the notation)
. d
S*C KPCcKk.
Another important subfamily of spherical convex sets is given by the set of
regular caps.

Definition 3.3.5. A spherical convex set K € K(S™1) is called regular if both K
and K have nonempty interior

KT(S™ 1) :={K € K(S™ 1) | int(K) # 0 and int(K) # 0} .
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Note that subspheres are not regular, i.e., we have K"(S"~1) c K¢(S"1).

Remark 3.3.6. The property int(f() # () is equivalent to K N —K = (). In particu-
lar, regular cones (cf. Section 2.2) are exactly those cones C, which are of the form
C = cone(K) with K € K"(S"1).

In Section 4.1.2 we will define a subfamily K> (S"~1) c K"(S"~1), which we call
the family of smooth caps. We will give the precise definition later in Section 4.1.2.
Instead, let us have a look at our standard example of a smooth cap.

Example 3.3.7. Our standard example of a smooth cap is a circular cap B,(p) =
{g € S" 1| d(p,q) < p}, wherep e S" L and 0 < p < %- A circular cap is self-
dual iff p = 7. In this case, we say that B 4(p) is an n-dimensional Lorentz cap.
As is the case for the positive orthant, we will meet circular caps again on several
occasions.

In Section 4.1.2 (cf. Proposition 4.1.10) we will see that smooth caps lie dense
in K£¢(S"~1). In particular, they lie dense in K"(S"1) and K"(S™1) lies dense in
Ke(S™1). So we may summarize

s d rd c
o c KM C K.

Both polyhedral and smooth convex sets are special cases of stratified convex
sets, which we define in the remainder of this section. We will state and prove
Weyl’s tube formula for (euclidean and for spherical) convex sets in Section 4.3
for stratified convex sets. Besides the pleasing fact that this formula specializes
to the polyhedral and the smooth case, the main reason for using stratified sets is
that the semidefinite cone is neither smooth nor polyhedral, but it is a stratified
cone. We will give the formulas for the intrinsic volumes of the semidefinite cone
in Section 4.4.1; the derivation of these formulas is outsurced to Section C.2 in the
appendix. Although we do not have a concrete use for these formulas yet, we believe
that a good understanding of these quantities will reveal important insights in the
complexity of semidefinite programming. In any case, it should be evident that this
application of Weyl’s tube formula justifies the extra effort it takes to state and
prove this formula for stratified convex sets.

Before we give the definition of stratified convex sets, we need to recall some
elementary concepts from differential geometry. To keep it as simple as possible we
restrict ourselves to submanifolds of euclidean space. See for example the introduc-
tory chapters in [53] (although we might use a slightly different notation) for the
background of the notions we will treat next.

Let M C R”™ be a smooth submanifold of euclidean space, where smooth gener-
ally means C>. We say that ¢: R? — M is a local parametrization of M, if ¢ is a
(smooth) diffeomorphism between R? and an open subset of M. The tangent space
T,M of M in p is by definition the linear space consisting of all vectors, which arise
as velocities in p of curves in M passing through p, i.e.,

T,M = {é(0) | c: R — M smooth curve with ¢(0) = p} .
We will use the notation ¢ as well as % to denote the derivative of a curve c¢. The
tangent spaces are linear subspaces of R™, and the normal space TpJ-M of M in p
is defined as the orthogonal complement of T, M in R™. So we have an orthogonal
decomposition T,R" = T,M & T;-M , where we use the notation T,R™ = R" to
indicate that we consider the vectors as tangent vectors in p. The unit sphere has
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the tangent spaces T,S" " = p*, and if M C S"! is a submanifold of the unit
sphere, we have T,M C T,S"~ ! = pt.

We say that M is a conic manifold, iff 0 o4 M and p € M implies that Ap € M
for all A > 0. Note that if we have a submanifold M of S"~!, we may define
M :={Ap| XA >0,pe M} and treat M instead of M. Note also that if M is a
conic manifold and p € M , then p € TpM where we use the canonical identification

T,R™ = R™. We call this direction p € TPM the cone direction.
The set of all tangent resp. normal spaces forms the tangent resp. normal bundle
(cf. [53, Ch. 3]). We may consider these bundles as submanifolds of R” x R" via

T™ = | J{p}xT,M, T*M=|J{p}xTyM.
peEM pEM

Furthermore, we consider the unit normal bundle

TOM = | J {p} x (Ty M S"). (3.5)
peM

And for M C S™~! we also consider the spherical normal bundle

T5M = | J {p} x (T, M N S" ' nph). (3.6)
pEM

Note that the difference between the unit and the spherical normal bundle lies in
the fact that the fiber {p} x (T;-M NS 1 Npt), p € M, of the spherical normal
bundle lies in the tangent space of the unit sphere 7,5"~! = pt.

Remark 3.3.8. If M C R"” is a smooth d-dimensional manifold, then the tangent
and the normal bundle are smooth submanifolds of R” x R™ of dimension 2d resp. d+

(n — d) = n. Furthermore, given a local parametrization ¢: R — M, one can
construct local trivializations ®: R% x R¢ — TM, &+: R x R4 — T+, ie.,

1. we have
Pod=p, Podt=og, (3.7)

where P: R® x R"” — R", (z,y) — =z, denotes the projection onto the first
component,

2. for every u € R? the maps

O, : R = T,M, ®,(v):=d(u,v),
oL R T;‘M, oL (v) := dt(u,v) ,

u
where p := p(u), are linear.

The unit normal bundle is a hypersurface, i.e., a submanifold of codimension 1, of
the normal bundle, and the spherical normal bundle is a hypersurface of the unit
normal bundle.

The tangent and the normal bundle are both so-called wvector bundles, as all
fibers of the canonical projection maps (3.7) are vector spaces. Loosely speaking,
these bundles are conglomerates of vector spaces, which are conjoined in a smooth
way. The unit and the spherical normal bundles are sphere bundles, as all fibers
are subspheres of the unit sphere. For Weyl’s tube formulas in Section 4.3 we need
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(a) construction (b) decomposition (c) normal cones

Figure 3.5: A lenticular disc is a nontrivial example for a (euclidean) stratified
convex set.

to consider another class of fiber bundles, where each fiber is given by (the relative
interior of) a convex cone, respectively its intersection with the unit sphere.

Recall that for a closed convex (not necessarily compact) set K¢ C R™ and a
point z € K¢, we have given the normal cone N, (K¢) and its intersection with the
unit sphere N7 (K¢) = N,(K°¢) N S™" ! (cf. Definition 3.1.3). If we have a manifold
Me¢ C R", which lies in K¢, i.e., M€ C K€, then we define the duality bundle N M€
via

NM® = | {a} x relint(N,(K)) € T+M°. (3.8)

xeMe

Note that the duality bundle does not depend solely on M*® but on both M€ and
the convex set K. To keep the notation simple, we just write NM¢. Note also that
without further assumptions, the duality bundle is not necessarily a manifold.

For a spherical convex set K € K(S"" 1) and M C K, we define the spherical
duality bundle via

= (J{p} x (elint(N,(K)) nS™ 1) € TM . (3.9)

Note that by definition of the normal cone of K at p (cf. Definition 3.1.3) we have
Np(K) € P

We may now define the families of stratified convex sets. As we will state Weyl’s
tube formulas in Section 4.3 in both the spherical and the euclidean situation, we
will define stratified convex sets in both settings as well.

Definition 3.3.9. A convex set K¢ € IC(R"™), resp K e K(S™1), 1s called stratified
if it decomposes into a disjoint union K*° UZ oMf, resp. K = UZ oM;, such that:

1. For all 0 <4 <k, M7 is a smooth connected submanifold of R", resp. M; is a
smooth connected submanifold of S™~ 1.

2. For all 0 <7 < k the duality bundle NM?, resp. the spherical duality bundle
NS M, is a smooth manifold.

A stratum M¢, resp. M;, is called essential if dim NM¢ = dim T+M§ = n, resp.

dim N5 M; = dim T°M; = n — 2. Otherwise it is called negligible.
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Example 3.3.10. See Figure 3.5 for a simple nontrivial example of a stratified
convex set K¢ € K(R?). The decomposition of K¢ is given by

K¢ =My UM UM U M,

where My := int(K¢), and M;, My, M3 are as indicated in the picture. It is easily
seen that all M, are essential.

If we take x € M; and replace M; in the decomposition by M; \ {z} and {z},
then M \ {«} is an essential piece, and {z} is negligible.

We can also give an example where the condition that the duality bundles are
smooth manifolds is violated: Imagine that you take the lenticular disc from Fig-
ure 3.5 and let it drop vertically on the plain ground. Imagine further that it hits
the floor in a point x € M; and slightly bends the edge inwards, so that the re-
sulting normal cone at x only consists of a single ray. Then the bent version of the
piece M is still a submanifold of the boundary, but the duality bundle fails to be
a submanifold, as it does not have a constant dimension.

Usually, we will have My = int(K), so that 0K = UleMi. Both polyhedral
and smooth caps are special cases of stratified caps: The natural decomposition of
a polyhedral convex set is given by the relative interiors of its faces, and we have
already seen that the normal cone is constant on the relative interior of a face.
Moreover, we will see that every smooth cap is a stratified cap in Section 4.1.2. So
we may summarize

ICP

C ICstr
JCoem C ’
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Chapter 4

Spherical tube formulas

In this chapter we will state and prove Weyl’s euclidean and spherical tube formulas
for stratified convex sets. We will also discuss the resulting euclidean and spherical
intrinsic volumes. The intrinsic volumes of the semidefinite cone will be given in
Section 4.4.1.

4.1 Preliminaries

This section is devoted to some differential geometric preliminaries that we need for
the spherical tube formulas, as well as for some preliminary computations.

The first topic is the Weingarten map of manifolds which are embedded in eu-
clidean space. We will have to recall some elementary concepts from Riemannian
geometry, but as we are working in euclidean space these notions are all accessible
without requiring much background in differential geometry. Most of the neces-
sary material can be found for example in the introductory textbook [59]. We will
mention further sources in the course of this section.

The second topic is about spherical caps which have a smooth boundary. We
will show that the set of these smooth caps lies dense in the set of caps, and we will
compute the Weingarten map for tubes around smooth caps.

The third topic is about integration on submanifolds of euclidean space. As a
first application we will compute the volume of tubes around subspheres of the unit
sphere. From this we will get a set of structural functions of the unit sphere, which
will play a prominent role in Weyl’s spherical tube formulas.

The fourth and last topic is about several sequences related to the binomial
coefficient that will come up in subsequent computations. We will present them
in a condensed form, and we will state and prove some properties and identities
between them.

4.1.1 The Weingarten map for submanifolds of R”

In this section let M C R™ be a smooth manifold. A tangent vector field along a
curve ¢: R — M is defined to be a map v: R — R" such that v(t) € T,)M for
all t € R. Note that for p € M we get an orthogonal decomposition R" = T,R" =
T, M & T;-M (cf. Section 3.3).

A tangent vector field v along a curve ¢: R — M is said to be parallel iff v(t) €
TCJ(-t)M for every t € R. In this case, the tangent vector ¢ := v(0) € T, M, p := ¢(0),
is said to be parallel transported along the curve c. The following theorem about
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the existence and the uniqueness of parallel transport, and the angle-preserving
property of parallel transport will prove useful for later computations.

Theorem 4.1.1. Let M C R"™ be a smooth manifold, let c: R — M be a curve
in M with p := ¢(0), and let ( € T,M. Then there exists a unique parallel vector
field v along ¢ such that v(0) = (. Furthermore, if (1,(a € T,M and vi,vs are
the corresponding parallel vector fields along ¢, then (vi(t),v2(t)) = ((1,C2) for all
t € R. In particular, if (1,...,(q € Tp,M form an orthonormal basis of T,M, and if
v1,...,0q denote the corresponding parallel vector fields along ¢, then vy (t), ..., vq(t)
form an orthonormal basis of Ty M for all t € R.

Proof. See [8, Thm. VII.3.12] (or [59, Ch. 8] for the hypersurface case d = n—1). O

Remark 4.1.2. In the situation of Theorem 4.1.1 one can also define the parallel
transport of a subspace J C T, M along the curve c: Let &;,...,&; be a basis of ),
and let wy, ..., wy denote the corresponding vector fields along c. Then we say that
Ve = lin{wi(t),..., w(t)} € TeryM is the parallel transport of ) along c at time ¢.
For this definition to make sense it remains to show that ) is independent of the
chosen basis &1, ...,&. This is verified easily.

For a normal vector n € T;-M and a curve ¢: R — M with ¢(0) = p, we say
that w: R — R™ is a normal exstension of n along the curve ¢, iff w(0) = n and
w(t) € Tcl(t)M for all t € R. In the following lemma we will show that we may

always find a normal extension w such that w(0) € T, M, and we may additionally
assume that ||w(t)|| =1 for all .

Lemma 4.1.3. Let M C R™ be a smooth manifold, let n € T;-M be a normal
vector, and let c: R — M be a curve with ¢(0) = p. Furthermore, let I1, denote the
orthogonal projection onto the normal space TCL(t). Then the curve

w:R—=R" | w(t):=1(n)

is a normal extension of n along c, which satisfies w(0) € T,M. Furthermore, if

II;(n) # 0 for all t € R, then also the curve w® defined by
W RORY, wf(t) = )] w(), (4.1)
is a normal extension of n along ¢ with w°(0) € T,M.

Proof. The curves w and w® are obviously normal extensions of 7, so it remains to
show the claim about @(0) and w°(0). Let C1,...,(s € T,M form an orthonormal
basis of T, M, and let vq,...,v4: R — T'M denote their parallel transports along c
(cf. Theorem 4.1.1). Furthermore, let B: R — RZ*" be such that the ith row of
B(t) is given by v;(t)”. The orthogonal projection II; is thus given by
(n) =n—Bt)"B(t)-n

(cf. Lemma 2.1.11). So we get

(0) = =B(0)" B(0) - = B(0)" B(0) - = —B(0)" B(0) -,
asn € TpJ-M7 and the projection of w(0) on T;-M is given by

Iy (i (0)) = —B(0)"B(0) - n — B(0)" B(0) - (~B(0)" B(0) - n)
= —B(0)"B(0) - n+ B(0)" - B(0)B(0)" -B(0)  n
e —
=0.
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This shows that w(0) € T, M.

As for the second claim, note that < |jw(t)| = % This implies
: (w(0),m) I 1
w°(0) = ———=— N+ — - w(0) = — - w(0) € T,M ,
Inlf? 2]l 2l !
as w(0) € T,M and thus (w(0),n) = 0. O

Let p e M, ( € T,M, and n € Tle. It can be shown that if c: R — M
is a curve with ¢(0) = p and ¢(0) = ¢, and if w: R — R™ is a normal extension
of n along ¢, then the orthogonal projection of w(0) onto T, M neither depends on
the choice of the curve ¢ nor on the choice of the normal extension w of 7 (cf. for
example [59, Ch. 14] for the hypersurface case, or [23, Ch. 6] for general Riemannian
manifolds). It therefore makes sense to define the map

Wpn: TpyM — T,M , (+— —HTPM(U'}(O)) ,

where w: R — R" is a normal extension of 7 along a curve ¢c: R — M which satisfies
¢(0) = pand ¢(0) = ¢, and Iz, 5r denotes the orthogonal projection onto the tangent
space T, M. This map is called the Weingarten map.

It can be shown that W), ,, is a symmetric linear map (cf. [23, Ch. 6]), so that it
has d := dim M real eigenvalues k1(p,n), ..., kd(p,n), which are called the principal
curvatures of M at p in direction 7. The corresponding eigenvectors are called
principal directions.

When we are working with orientable hypersurfaces, i.e., with submanifolds of
codimension 1, which are endowed with a (global) unit normal vector field v: M —
T+M, v(p) € T;-M, |lv(p)|| = 1, then we abbreviate

Wp = Wp,u(p) 5 ‘%i(p) = K/i(pa V(p)) .

Lemma 4.1.4. Let M C R™ be an orientable hypersurface, and let v be a unit
normal vector field of M. Then the Weingarten map of M is given by

Wy (¢) = =Dpr(C)

forallp e M, ( € T,M, where D,v(¢) denotes the directional derivative of v at p
in direction C.

Proof. For p € M and ¢ € T,M let ¢: R — M with ¢(0) = p and ¢(0) = (.
Furthermore, let w,(t) := v(c(t)). By shrinking the domain of definition of ¢ if
necessary, we may assume w.l.o.g. that (w,(t),w,(0)) > 0 for all ¢ € R. It follows
that the projection of v(p) = w,(0) onto the normal space Tj(-t)M =Ruw,(t) is # 0.
Let w° denote the unit normal extension of v(p) along ¢ as defined in (4.1). As the
normal space TCJ(-t)M is one-dimensional for all ¢, we get w,(t) = w°(t), and thus
w,(0) € T,M by Lemma 4.1.3. This implies W,(¢) = w,(0) = D,v (). O

If M C S" ! is a submanifold of the unit sphere then M = {Ap|A>0,p€
M} is a conic manifold, ie., 0 ¢ M and z € M implies that Az € M for all
A > 0. The cone direction z € T, M is a principal direction with corresponding
principal curvature 0. Note that we can find principal directions for the remaining
principal curvatures in the orthogonal complement of the cone direction, i.e., in 2.
If 2 = p € S"! then pt is the tangent space of the unit sphere in p. We may thus
conclude that the Weingarten map of a submanifold M C S"~! coincides with the
Weingarten map of the corresponding conic manifold M except for the additional
cone direction, which lies in the kernel of the Weingarten map of M.
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Remark 4.1.5. Let M C R™ be a smooth manifold such that M C JK for some
convex set K, and let n € Tle for some p € M. If additionally —n € N,(K) (note
that the normal vectors in N,(K) point outwards K), then the Weingarten map
W, of M at p in direction 7 is positive semidefinite. See for example [49, Sec. 2.5].

The elementary symmetric functions in the principal curvatures will play a
prominent role in the tube formulas. Denoting d := dim M, we define

o;(p,n) := ith elementary symmetric function in k1(p,n),...,k4s(p,n)

= 2 ) (4.2)

1<5i<... < <d

For i = d we have o4(p,n) = det W, ,, and this quantity is called the Gaussian
curvature of M at p in direction 7. If we have a hypersurface with a (global) unit
normal vector field v, then we also write o;(p) instead of o;(p, v(p)).

Example 4.1.6. As a simple example let us compute the Weingarten map of the
boundary of a circular cap. More precisely, let 2 € S"~! and K := B(z,8) =
{p € S" ! | d(z,p) < B} the circular cap around z of radius 8 € (0,7). We
define M := 9K, which is a hypersurface of S”~!. This hypersurface has a global
unit normal vector field v given by the unit normal vectors pointing inwards K.
To compute the principal curvatures x1(p),...,kn—2(p) at p € M, let ( € T, M,
II<Il = 1. By making a change of basis in R™ we may assume without loss of
generality that z = ey, p = cos(f) e1 + sin(8) e3 and ¢ = e3, where e; € R™ denotes
the ith canonical basis vector. By this choice of basis, the normal vector v(p) is
given by v(p) = sin() e; — cos(B) e2. Consider the rotation

1
cos(p) — sin(p)
sin(p) cos(p)

Qp) ==

1

Thenc: R — M, t— Q ( L ) - p, describes a curve in M through p with

40) =55 Q0)p=es=¢.
A normal extension of v(p) along c is given by
w(t) = Q (555) - vp)
= (sin(B), — cos(B) - cos(L3), — cos(B) - sin(15),0,...,0)",

and we get 22(0) = —cot(f) - e3 = — cot(3) - ¢, which implies (cf. Lemma 4.1.4)
W, (¢) = cot(B) - ¢. Since this holds for any ¢ € T, M with ||| = 1, we get

K1(p) = ... = Kp_2(p) =cot(B) foralpe M,

and o;(p) = ("7?) - cot(B)".

For # = % we have M € §"~2(5""!) and, as cos(3) = 0, the Weingarten map
of M is the zero map. This also holds for subspheres of higher codimension, which
is seen in the following way. For S € S*(S"71) and p € S, let n € TPLS and
L :=1in{S,n}. The linear subspace L has dimension k + 2, and by replacing the
euclidean space R™ by L, and S”~! by L N S™!, we can reduce the general case
to the codimension-1 case. In summary, the Weingarten map of a subsphere of
the unit sphere is the zero map, i.e., a subsphere has no curvature relative to the

surrounding unit sphere.
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In the following lemma we compute the tangent spaces of the normal bundle
T+M c R™ x R", where M C R” is a d-dimensional manifold, and the spherical
normal bundle T7°M C S"~! x §"~1 if M additionally lies in S"~! (cf. (3.6)).

Lemma 4.1.7. Let M CR™ be a smooth d-dimensional manifold. Furthermore, let
(p,n) € T*M, and let W, ,,: T,M — T,M denote the Weingarten map of M at p
in direction n. Then the tangent space of T-M at (p,n) is given by

Tl THM = {(¢,~Wpu(0)) | ¢ € TLM} ® {0} x T, M . (4.3)

If additionally M C S™ Y, and if (p,n) € T°M, i.e., ||n|| = 1 and (p,n) = 0, then
the tangent space of T° M at (p,n) is given by

TomTM = {(G=Wpu(Q) | C€ T,M} & {0} x (T MOphnnt) . (44)
Note that the decompositions in (4.3) and (4.4) are orthogonal decompositions.

Proof. The right-hand side of (4.3) is a n-dimensional subspace of R™ x R”. In
order to show the equality in (4.3) it thus suffices to show that the right-hand lies
in the tangent space T(pm)TJ-M.

Let ¢ € T,M and let ¢: R — M be a curve such that ¢(0) = p and ¢(0) = ¢.
Furthermore, let wy: R — R™ be a normal extension of 7 along ¢, such that w;(0) €
T,M (cf. Lemma 4.1.3). The composite curve t — (c(t),wq(t)) then describes a
curve in the normal bundle T+ M with (c,w;)(0) = (p,n). Furthermore, we have

4 (c(t), w1(1)(0) = (&(0), w1 (0)) = (¢, =Wpn(C)) -

This shows that (¢, =W, (¢) € T, T+M.

As for the second summand of the right-hand side in (4.3), note that T;-M is
a linear space so that Tle coincides with the tangent space of Tle at n. If
wy: R — T5-M is a curve with wy(0) = 7, then we have (p,ws(t)) € T+M for all t
and (p,w2(0)) = (p,n). Therefore, we have

2 (p,ws(t))(0) = (0,w2(0)) € Ty T+ M .

This shows that {0} XT;M C T(pm)TLM, and thus finishes the proof of the equality
in (4.3).

As for the claim about the spherical normal bundle we now additionally assume
|n]l = 1 and (p,n) = 0. Furthermore, let M := {Ap | A > 0,p € M} denote the
conic manifold corresponding to M. Note that

iy i 1
T,M=T;Mngqg~ forallge M. (4.5)

As above, it suffices to show that the right-hand side of (4.4) lies in the tangent
space of TSM in (p,n).

For ¢ € T, M we consider a curve c: R — M such that ¢(0) = p and ¢(0) = ¢.
The normal direction n € TPLM also lies in TPLM, as (p,n) = 0. Let w;: R — R”

be a normal extension of 7 along ¢ w.r.t. M, i.e., w1(0) = n and wi(t) € TCJ(-t)M.

By Lemma 4.1.3 we may choose w; such that w;(0) € T,,M. Furthermore, if the
domain of the curve c is shrinked to a sufficiently small interval around 0, then we
may choose wy such that additionally |jws(¢)]] =1 for all ¢ (cf. Lemma 4.1.3). The
resulting composite curve ¢t — (c(t), w1 (t)) then describes a curve in the spherical
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normal bundle T°M by (4.5). Denoting by me the Weingarten map of M at pin
direction n, we get

31 (), w1 (0)(0) = ((101(0)) = (¢, =W () = (¢, =Wy (0)) -
This shows that (¢, =W, (¢)) € T(p.)T M.
As for the second summand of the right-hand side in (4.4), note that T;-M N
pt Nyt is the tangent space of T;-M N pt N .S™~* at 5. So the only change of the
proof of (4.3) consists in restricting the co-domain of the curve wy and to consider

wy: R — TpJ-M N pt N S* 1. The same reasoning as above shows the equality
in (4.4). a

We finish this section with a lemma that will be an essential part of the compu-
tations in Section 6.3.

Lemma 4.1.8. Let M C S"! be a hypersurface of the unit sphere, let M = {\p]
A > 0,p € M} be the corresponding conic hypersurface of R™, and let v be a unit
normal field of M. Furthermore, let ¢: R — M be a smooth curve, let (1,...,(h_2
be an orthonormal basis of T,M, where p := ¢(0), and let v;: R — R™ be the parallel
transport w.r.t. M of ¢; alongc,i=1,...,n—2. Then Q: R — R"*"™  given by

Q(t) = (c(t) vi(t) - waa(t) v(c(®))
satisfies Q(t) € O(n) for all t € R. Furthermore,

0 —aq e —Qp—2 0
a1 0 e 0 —by
QO =Q)-| | : -
Ap—2 0 e 0 _bn72
0 b1 -+ b2 0

with

n—2 n—2
c0)=> a;-G and W,y(¢(0) = bi-G,
=1 i=1

where W, denotes the Weingarten map of M at p.

Proof. By Theorem 4.1.1 we have that vy (t),...,v,—2(t) is an orthonormal basis of
T.)M. Furthermore, as T,S" ! = ¢+, we have (c(t),v;(t)) = 0, and as v(c(t)) €
Tj(-t)M, we have (v;(t),v(c(t))) = 0 for all ¢ € R. Finally, we have (c(t),v(c(t))) =0,
as M is a conic manifold, which implies ¢(t) € Tc(t)M. This shows that Q(t) € O(n)
for all t € R.

As @ describes a curve in O(n), it follows that %(0) = Q(0) - U with skew-

symmetric U € R™™" ie., UT = —U (cf. Section 5.2). As ¢(0) = Z?;lz a; - ¢;, the
first column of U is given by (0,a1,...,a,_2,0)7, and by skew-symmetry this also
gives us the first row. The zero matrix in the middle follows from the fact that
the (; are parallel transported along c. Finally, the last column of U follows from
Lemma 4.1.4, and the last row follows again from skew-symmetry. O

4.1.2 Smooth caps

In this section we will consider convex sets with smooth boundaries. We will treat
the question of approximation by these sets and we will compute the curvature of
tubes around them.
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Figure 4.1: Hlustration for the proof of Proposition 4.1.10.

Definition 4.1.9. For n > 2 the set of smooth convex bodies is defined as

K (R o= {K € K(R™)

int(K) # 0 and 9K is a smooth hypersurface
in R™ with nowhere vanishing Gaussian curvature

Analogously, for n > 3 the set of smooth caps is defined as

K € K"(S"1) and 0K is a smooth
KK (SmY) = { K € K(S™ 1) | hypersurface in S"~! with nowhere
vanishing Gaussian curvature

(cf. Definition 3.3.5 for the definition of K"(S"71)).

For K € K=(S"~1), M := 0K, we denote by v: M — R" the unit normal field
pointing inwards the cap K. This is well-defined, by the following arguments. The
normal cone is contained in the 1-dimensional normal space, i.e., N,(K) C TpJ-M ,
for p € M. For n € Np(K)\ {0} we have (n,q) <0 for all ¢ € K. Moreover, as the
interior of K is by definition non-empty, there exists ¢y € K such that (n,q) < 0.
This implies that N, (K) is a half-line, and there exists a unique element n € N,(K)
of length 1. The direction v(p) is defined to be the vector —n, so that (v(p),q) > 0
for all g € K.

Proposition 4.1.10. The set of smooth convex bodies lies dense in the set of convex
bodies and the set of smooth convex caps lies dense in the set of convex caps, i.e.,

ICSm(R?’L) é K(Rn)7 ’Csm(sn—l) é ICC(Sn—l).

Proof. The euclidean statement is originally due to Minkowski (cf. [7, §6]). See [48]
for a more recent proof. We will only deduce the spherical from the euclidean
statement.

First of all, every K € K¢(S"~!) can be approximated by a sequence (K;); in
K¢(S™~1) such that all K; lie in a fixed open half-space. This is seen in the following
way. Let v € K such that —v ¢ K (cf. Remark 3.2.6), and let H; := B(—wv, p;) the
circular cap of radius p; around —v, with p; := 5 % Then we define K; := H;NK.
The fact that —v & K implies that K ¢ v*, and thus K; # 0 for large enough 1.
Furthermore, being the intersection of two convex sets, K; is again convex. So we
get K; € K¢(S™1) for all large enough 4, and every K; lies in the open half-space
{z | (z,v) < 0}. As K; C K and K C T(K;,1), we also have K; — K in the
Hausdorff metric.

So we may assume w.l.o.g. that K € K¢(S"~!) lies in an open half-space H =

{z | (x,v) < 0}. Let L := {z | (x,v) = —1} denote the affine hyperplane through —v
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that is orthogonal to v, and let K := C' N L, where C := cone(K). See Figure 4.1
for a small display. If ¢: L — R"! denotes a linear isometry, then we get that
K¢ := ¢p(K) is a convex body in R"~! ie., K¢ € K(R"!). By the euclidean
statement of the proposition we can find smooth convex bodies K¢ € K*=(R"™1)
such that K¢ — K°¢. We define

Ki = QD_l(Kf) y Cz = COHG(Ki) 5 Kz = Cz n Sn_l .

Then we have K; € K¢(S"1!), and the boundary of K; is smooth. From the
approximation property K¢ — K¢ it follows that K; — K, which is verified easily.
It remains to show that the Gaussian curvature of 0K; does not vanish.

If the Gaussian curvature of 0K, vanishes in p € 0K;, then the Weingarten
map of K, in p has a nontrivial kernel. This implies that the Weingarten map
of 9C; \ {0} in p has a kernel of dimension at least 2, as the cone direction adds
a dimension to the kernel of the Weingarten map. It follows that the Weingarten
map of K; at z, where {x} = LNR - p, has a nontrivial kernel, as the dimension
can drop at most by 1. But this means that the Gaussian curvature of K; vanishes
at =, which contradicts the assumption on K and thus finishes the proof. O

The following proposition summarizes the most important properties of smooth
caps.

Proposition 4.1.11. 1. If K € K=(5""1) then also K € K=(5"1).

2. Let K € "™ (S™1), and let p € OK. Then we have v(p)* N K = {p} and the
map p — —v(p) descm’bef a diffeomorphism between the boundary of K and
the boundary of its dual K.

3. Let K € K== (S"™ 1), p € OK, and let k1, ..., Kn_o denote the principal curva-
tures of OK in p. Then the principal curvatures of K at —v(p) are given by
1 -1

KL seeesBp_o-

We will deduce this proposition from the following lemma.

Lemma 4.1.12. Let M C S~ ! be a smooth hypersurface of S"~' with unit nor-
mal vector field v: M — T+M and with principal curvatures k1(p), ..., Kn_2(p) at
p € M. Furthermore, for « € R let fo: M — S™~! be given by

fa(p) := cos(a) - p —sin(a) - v(p) ,
and let the image of f, be denoted by M. If f, is injective, and if for all p € M

n—2

H (cos(a) + sin(a) - ki (p)) # 0,

i=1

then M, is a smooth hypersurface of S"~1. In this case, the tangent space of M,
at fo(p) coincides with the tangent space of M at p, and the map vy : My — S™71,
Vo (fa(p)) := cos(a) - v(p) + sin(«) - p, is a unit normal field of My. Furthermore,
if ¢ € TyM 1is a principal direction of M at p with principal curvature x, then (
is a principal direction of M, at f,(p) with principal curvature (w.r.t. the normal
field vy,)

cos(a) - k — sin(a)

cos(a) + sin(a) - k
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Proof. In order to show that M, is a smooth manifold we use the inverse function
theorem. As the map f, is injective, it suffices to show that the derivative D, f, has
full rank for all p € M. Let p € M and let { € T, M be a principal direction w.r.t. the
principal curvature k. Recall that by Lemma 4.1.4 we have D,v(¢) = —W,((),
where W), denotes the Weingarten map of M in p. Thus, using the linearity of the
directional derivative, we get

Dy fal€) = cos(a) - Dyid(¢) — sin(a) - Dy (Q)
¢ —sin(a) - (~17,(0))

= (cos(a) + sin(a) - &) - ¢ . (4.6)

Since cos(a) + sin(a) - £ # 0, and as this holds for all principal curvatures at p, we
get that W), has full rank, and thus, by the inverse function theorem, that M, is a
smooth hypersurface of S™~1.

The fact that the tangent space of M, at f,(p) coincides with T,M follows
from (4.6) and the fact that one can chose a basis of T, M consisting of principal
directions. The fact that the normal space of M, at f,(p) is spanned by v, (p)
follows from the properties (v, (p), fa(p)) = 0 and (v4(p),¢) = 0 for all ¢ € T, M.
Hence, v, defines a unit normal field on M.

As for the claim about the principal curvatures of M, let again ( € T,M be a
principal direction w.r.t. the principal curvature x, and let ¢, (t) := fo(c(t)), where
c¢: R — M is a curve with ¢(0) = p and ¢(0) = ¢. If we denote w(t) := v(c(t)),
we have w(0) = Dpv(¢) = —W,(¢) = —x¢. Furthermore, (4.6) yields ¢,(0) =
(cos(a) + sin(a) - k) - (. If we denote

Wa (1) := Vo (ca(t)) = cos(a) - w(t) + sin(a) - ¢(t) ,
then we get

—w,(0) = — cos(a) - w(0) — sin(«

)
=cos(a) - k- —sin(a) - ¢
B COS(Q; 62 (0) .

¢(0)

Kk — sin(«)
+sin(a) - K

~ cos(a

This shows the claim about the principal curvatures of M, and thus finishes the
proof. O

Proof of Proposition 4.1.11. To ease the notation, let M := 0K. The map
f:M— St p——u(p),

is injective by the following arguments. Assume that pi,ps € M, p; # ps, with
v(p1) = v(p2) =: n. As K lies in an open half-space we also have p; # —py, and
there is a unique geodesic arc geod(p1,p2) between p; and pe. This geodesic arc
is contained in K by the convexity of K. Furthermore, K lies in the half-space
{zr € R" | (x,n) > 0}. The geodesic arc geod(pi,p2) C lin{py,p2} lies in the
hyperplane . This implies geod(p1,p2) C OK = M. Moreover, v(p) = n for all
p € geod(p1,p2). This implies that the Gaussian curvature is zero along this arc,
which contradicts the assumption K € K== (Sm1).

The image of f lies in K, as —v(p) € Ny(K) C C, where C := cone(K)
(cf. Proposition 3.1.5). Moreover, we have NPS(K) =p-NK = {—v(p)}, so that
f(p) lies in the boundary OK =: M. Therefore, reducing the co-domain of f and
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identifying the resulting map with f, we have an injective map f: M — M. This
map is also surjective by the following arguments. The dual of Cis again the primal
cone C, ie., (Cu')v = C (cf. [47, Cor. 11.7.2]). Therefore, for n € M = JK there
exists p € NJ(K) C K. As (n,p) = 0, we have n = —v(p) = f(p). This shows that
the map f is surjective.

Applying Lemma 4.1.12 with o = 7 (note that f = f;/2), we get that M is a
smooth hypersurface of S”~!. This proves part (2) of the claim.

Furthermore, Lemma 4.1.12 implies that the principal curvatures of M at f(p)
are given by —k7(p),..., —k, 'o(p), where the corresponding unit normal field is
given by f(p) — p. This normal field points outwards the cap K, so that the
principal curvatures at f(p) w.r.t. the unit normal field pointing inwards K are
given by k7 (p), ..., K, o(p). This proves part (3) of the claim.

The first part of the claim follows from K € K"(S""!) «—= K e K"(S" 1)
(cf. Section 3.3), and part (3). ad

We finish this section with another corollary from Lemma 4.1.12 about the max-
imum radius ag for which the tube 7 (K, o) around a smooth cap K € K= (S"71)
is still convex. The idea is to use the fact that the boundary of a convex cap, if it is
a smooth submanifold of S™~!, always has a positive semidefinite Weingarten map
(cf. Remark 4.1.5). From Lemma 4.1.12 we get a formula for the Weingarten map
of the boundary of a tube. So as soon as this fails to be positive semidefinite, the
tube cannot be convex.

Corollary 4.1.13. Let K € K**(S"™1) and let ag := sup{a | T(K,a) € K(S"1)}.
Then
ap < arctan(min{rmin(p) |p € M}) , (4.7

where M := 0K, and kmin(p) denotes the minimum principal curvature of M at p.

Proof. We first show that for 0 < a < 5 the map fo: M — S™! given by fo(p) =
cos(a)-p—sin(a)-v(p) (cf. Lemma 4.1.12) is a bijection between M and the boundary
of T(K,«). If C := cone(K) denotes the cone defined by K, then the (euclidean)
projection map Il : R™ — C' satisfies

' (p) = p —Ru(p)
for all p € M C OC (cf. Section 3.1). This implies that for 0 < a < % we have
e (fo(p)) = cos(a)-p, and thus d(fo(p), K) = a, i.e., fo(p) € 0T (K, ). Moreover,
any point p, € 97 (K, «) is of the form p, = fo(p), and f.(p) = fo(q) implies p = g,

since p = cos(@) - e (fa (p)).
Lemma 4.1.12 thus implies that M, := 7 (K, «) is a smooth hypersurface if

cos(a) +sin(a) - k;(p) #0 foralll <i<n-—-2,pe M,

where k1(p),...,kn—2(p) denote the principal curvatures of M at p. In this case,
the map fo: M — M, is a diffeomorphism and the principal curvatures of M, at
fa(p) are given by (cos() - ki(p) —sin(«))/(cos(a) +sin(a) - ki (p)), i = 1,...,n—2.

As M is the boundary of the smooth cap K, the Weingarten map of M is
positive definite at each point (cf. Remark 4.1.5 and Definition 4.1.9). This implies
that cos(a) +sin(a) - ki(p) > O foralli =1,....n -2, pe M,0<a < F. In
particular, M, is a smooth hypersurface for all 0 < o < 3.

If T(K,«) is convex, then the Weingarten map of M, is positive semidefinite
(cf. Remark 4.1.5), i.e.,

cos(a) - ki(p) — sin(«)
cos() + sin(a) - ki(p)

>0 forallpeM,i=1,...,n—2.
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This is equivalent to o < arctan(min{smin(p) | p € M}) < 5. a

Remark 4.1.14. We believe that the inequality for ag in (4.7) is an equality. The
missing argument for a proof of this equality is that the positive semidefiniteness
of the Weingarten map implies convexity. Theorems of this kind are known for the
euclidean case (cf. [49, Sec. 5]). The transition to the spherical setting should be
doable as in the proof of Proposition 4.1.10.

4.1.3 Integration on submanifolds of R”

In this section we will describe integration on submanifolds of euclidean space.
Later, in Section 5.1, we will describe integration on general Riemannian manifolds,
but as we need to know about integration on submanifolds of R™ for Weyl’s tube
formulas, we will treat this special case already at this point. The basic facts that
we state in the following paragraphs can be found for example in [52, Ch. 3]. As a
first application we will compute the volume of tubes around subspheres of the unit
sphere.

Let M C R™ be a smooth submanifold of dimension d, and let ¢: R — M be
a smooth parametrization of an open subset U := im(p) C M, i.e., ¢ is a smooth
diffeomorphism. Denoting by D,¢: R? — TyzyM the derivative of ¢ in z € R?,
the integral of an integrable function f: M — R over U is defined via

/ f(y)dM = / F(()) - | det(Dasp) | da (48)

yeU z€ERY

It is essential that the definition in (4.8) is independent of the chosen parametriza-
tion ¢ of M, i.e.,

/ F(p(@)) - | det(Dug)| da = / F($(x)) - | det(Dy) | dt

z€R? TERC

if 1p: RY — M is another smooth parametrization with im(z)) = U. This follows
from the transformation theorem (cf. for example [52, Thm. 3-13]).

More generally, let (U;); be a sequence of open subsets of M which cover M, and
let (¢;); be a partition of unity subordinate to the open cover (U;);. This means
that the ¢;: M — [0, 1] are smooth functions with ¢;(p) = 0 for p ¢ U;, such that
for every p € M there exists a neighborhood U of p, such that all but a finite number
of ¢; are zero on U, and > =, ¢;(p) = 1. If f: M — R is an integrable function,
then the integral of f over M is defined via

/fdM::f:/f-%dUi.
M =1y,

See [52, Ch. 3] for the details of this definition. The d-dimensional volume of M is
defined via

volg M := /ldM.
M

This notion of volume coincides with the usual (Lebesgue) volume on R? if M is an
open subset of R
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An important tool in our computations will be the smooth coarea formula. Before
we can state this we need to define the Normal Jacobian of a (surjective) linear
operator.

If A: V — W is a surjective linear operator between euclidean vector spaces V'
and W of dimensions n := dim V' > dim W =: d, then the Normal Jacobian of A is
defined as

ndet(A) := | det(Alxer(ayr)] s (4.9)
where Alyerayr denotes the restriction of A to the orthogonal complement of the
kernel of A. Obviously, if m = n then ndet(A) = | det(A)|, so the Normal Jacobian
provides a natural generalization of the absolute value of the determinant.

Lemma 4.1.15 (Coarea Formula). Let My, My C R™ be smooth submanifolds of R™,
and let p: My — Mj be a smooth map such that Dyp: Ty My — T, ) Ma is surjec-
tive for almost all x € My. Then for all integrable functions f: My — R

/f(x)dMlz / / ﬂdap_l(y)dMg, (4.10)

ndet(D,p)
€M, yeEM2 zcp~1(y)
/ f(z) -ndet(Dyp) dM; = / / f(z)de™(y)dM, . (4.11)
zEM; yeMz z€p=1(y)

In particular, if ¢: My — My is a diffeomorphism and g: Ms — R integrable, then

[ stetan et = [ gwdrs . (4.12)
rEM; yEM>
Proof. See [37, 3.8] and [26, 3.2.11]. O

Remark 4.1.16. The inner integrals in (4.11) over the fiber ¢! (y) are well-defined
for almost all y € My. This follows from Sard’s lemma (cf. for example [52, Thm. 3-
14]), which implies that almost all y € My are regular values, i.e., the differential
D, has full rank for all x € ¢ ~1(y). The fibers p~!(y) of regular values y are
smooth submanifolds of M; and therefore the integral over ¢~ !(y) is well-defined.

The following lemma is an important step for the proof of Weyl’s tube formula.
Recall from Section 3.3 that the normal bundle T+M C R™ x R™ of a smooth
manifold M C R" is a manifold of dimension n. Furthermore, we have a canonical
projection P: T+M — M, P: (p,n) — p (cf. Remark 3.3.8). In the following lemma
we compute the Normal Jacobian of the derivative of this projection. Recall that
we have computed the tangent spaces of the (unit) normal bundle in Lemma 4.1.7.

Lemma 4.1.17. Let M C R"™ be a smooth manifold of dimension d := dim M,
and let P: T+*M — M denote the canonical projection P: (p,n) +— p. Then for
(p,m) € T+M the Normal Jacobian of D P is given by

=

d
ndet(D, P) = H (1+ki(p,m)?) 7,
=1

where kK1(p, M), - .., ka(p,n) denote the principal curvatures of M at p in direction 7.
If additionally M C S™~ ', and if P': TSM — M denotes the canonical projection
of the spherical normal bundle, then

ndet (D, P') = ndet(Dy,.,,) P)
for all (p,n) € TSM.
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Proof. In Lemma 4.1.7 it was shown that the tangent space of T+ M at (p,n) is
given by T(pm)TLM = L1 & Ly with

Ly = {(C=Wpn(Q) [ C€T,MY, Lo :={0} x T, M,

where W), ,: T,M — T,M denotes the Weingarten map of M at p in direction 7.
Note that Ly 1 Ly. Furthermore, we clearly have

D(p,n)P(§1a§2) = fl , for (51752) € T(p,n)TLM CR"xR".
This implies that
ker D(, P = Lo, (ker D, P)t=1L;.

To define a basis in L, let (1,...,(q € T, M be an orthonormal basis consisting
of principal directions, i.e., Wy, ,,((;) = Ki(p,n) - G, ¢ = 1,...,d. The corresponding
vectors ((;, —k; - (), @ = 1,...,d, provide an orthogonal basis of L; of lengths
(&, —xi - )l = /14 ki(p,m)?. Furthermore, this orthogonal basis is mapped
onto the orthonormal basis (1, ...,(q of T, M. It follows that the Normal Jacobian
of Dy, P is given by

N

d
ndet(D, ) P) = H (1+ Ki(p,m)?)
=1

The claim about the spherical normal bundle follows analogously. O

As a first example for the usefulness of the coarea formula, we will compute the
volume of tubes around subspheres of S"~!. Throughout this paper we use the
notation

k+1
Qm 2
. k _

On-1,5(a) == vol,,_17(S,a), (4.14)

where S € §¥(5"7!), and 0 < o < 5. Note that we have

(k—1)- 0y 271' SR G )

_—_— = k—l 1 =27 . 4.15
Ok—2 ( ) F(%) o2z (4.15)

Proposition 4.1.18. The volume of the a-tube, 0 < o < Z, around a subsphere
S e Sk(Sn1), 0 <k <n—2,is given by

o
On-1k(0) = Ok - Op_o_ - / cos(p)* - sin(p)" > * dp .
0
Furthermore, the volume of a circular cap B(z,3) of radius § € [0, 7] is given by

I6)
Vol B(2,5) = O _s - / sin(p)" 2 dp .
0

Proof. Using the continuity of both sides we may assume w.l.o.g. 0 < a < 5. Let
S € Sk(Sm~1), and consider the open subset

To :=T(S,a)\ (SUIT(S,q)) .
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of S"~1. Note that 7 (S, «a) \ 7, is a nullset, so that we have vol 7 (S, a) = vol 7.
Furthermore, we have a differentiable bijection
0: Sx St x(0,0) — T,
(p,q,p) — cos(p)-p+sin(p)-q.

In order to compute the determinant of the derivative, let ¢ € T,,S and n € T,5*.
Note that ¢ and 7 are orthogonal to p and q. We have

D(p,q, ©(¢,0,0) = cos(p) - ¢
D(p,q,0)(0,7, 0) =sin(p) - n
D(p,q,0)#(0,0,1) = —sin(p) - p+ cos(p) - q .

Note that the vector —sin(p) - p + cos(p) - ¢ has unit length and it is orthogonal to
the vectors ¢ and 7. Therefore, we get

cos(p) - Iy,
| det(Dp,q,0) )| = |det sin(p) - In—o—k
1
= cos(p)” - sin(p)" 27" .
From (4.12) applied to ¢ we get
Op_1x(a) = volT, = /1 dsnt
Ta
= / cos(p)* - sin(p)" 2k d(S x St x (0,a))
SxS+x(0,a)

= volS-vol St - / coS(p)k -sin(ﬂ)n_Q_k dp .
0

The claim about the circular caps follows analogously by taking £ = 0 and replacing
the 0-subsphere, which consists of a pair of antipodal points, by a single point. O
Corollary 4.1.19. For k,f € N we have

3 O
k . Vi k+4+1
COSs( p - S p dp = .
/0 (v) (e) O - Oy

Proof. Let S € 87(S"~1) be a subsphere of S"~!. The complement of the open

tube of radius 7 around S is given by S+, which is a nullset. Therefore, we have

™

3 , A
On1=0n1,(5)=0;-On2 / cos(p)? - sin(p)" >~ dp
0
by Proposition 4.1.18. The claim follows by choosing j :=k and n:=k+/(+4+2. O

4.1.4 The binomial coefficient and related quantities

In the previous section we already encountered the quantity Oy = vol;, S* in (4.13).
In this section we will present related quantities that will come up in the compu-
tations, and we will state and prove some properties and identities between them.
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This collection will prove useful in the subsequent sections, but it may safely be
skipped on a first reading.

Central to all the quantities, that we will deal with, is the I'-function, which
we consider as a function I': Ryg — Rsg. In the following we summarize some
(well-known) properties of the I'-function that we will make use of (cf. [1, § 6.1]):

1. For € Ry we have I'(x + 1) = x - I'(x).

2. We have I'(1) = 1 and I'(n) = (n — 1)! for n € Z~o. Furthermore, we have

r(3) = vr.

3. The function Ryg — R, z +— In(T'(z)), is convex. This is equivalent to the
inequality
M) <T(zx—c)-T(z+e),

for z,c e R, x > |c|.
4. For z € R+ we have the duplication formula

I(2z) = o= 2271 T(z) D(z+3). (4.16)

5. For z € Ry we have the estimate
Fz+1)<vz T(z). (4.17)

This estimate is asymptotically sharp, i.e., T'(z + %) ~ /x -T(z) for z — oo,

where f(x) ~ g(z) means % — 1 for z — oo.

Besides the volume of the kth unit sphere, we will come across the volume of
the kth unit ball B, C R*. We denote this by

Ok—l m
W = VOlk Bk = =

3 F(k for £ > 0, and put wg :=1.

2

+ [NE
~—

It is convenient for us to extend the binomial coefficient with the help of the
I'-function to also include half-integers.! For n,m € Z, —1 < m < n + 1, we define

("/2> = Le3) . (4.18)

m/2) T D) T(5)

Furthermore, besides the binomial coefficient we define the flag coefficients [,,] for
n,m € N, n > m, via

(4.19)

m __ VE T
m F(m;rl) .F(n772n+1)
These coefficients were defined in [36, Ch. 6], and they can be interpreted as con-
tinuous analogues of the binomial coefficients. The following proposition provides
some identities between the binomial coefficient and the flag coefficients.

INote that we might as well extend the binomial coefficient to a function R x R — [—o0, o0]
via (z,y) — (Z) = % The restriction to half-integers is only for convenience, as we

will only need these values.
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Proposition 4.1.20. 1. Forn,m e N, n>m,

(4.20)

(:) N m ' (:@//22> ' (4.21)

In particular,

2. Forn,meN, n>m,

n/2 Wm " Wn—m n Om . On—m
—m Tn-m = 4.22
(m/Q) Wn , {m} 2-0, ( )
In particular,
P
m Wm * Wn—m m
n 2-0,  (n/2
et

3. For n,m — oo such that also (

DG e

Proof. Equation (4.20) follows from the duplication formula of the I'-function via

(n)_ I'(n+1)
m) T(m+1)-T'(n—m+1)
L.Q”.F(Ll) F(HTH)

.on—m . ]_"(71—72n+1) . F(n—72n+2)

F(BED) - T(52) - (2l [(2)

Equations (4.21)-(4.24) follow from (4.20) by plugging in the definitions of the
corresponding quantities.
As for the asymptotics stated in (4.25), we compute

) P e

) .
= V- Tt _ n}
- m m n—m n—m ~ m+1y | n—m+1y ~ |m| ’
where we have used the asymptotics v/z - T'(x) ~ T'(z + %) for = — o0, O

We finish this section with a discussion about a particularly important property,
which is shared by many sequences that we will come across. This property is
log-concavity. Additionally, we also mention unimodality of sequences.
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Definition 4.1.21. Let (a;);=0,... n be a sequence of real numbers, where N € N
or N = oo.

1. The sequence (a;); is called log-concave iff a? >a;_1-a;41 forall0 <i < N.

2. The sequence (a;); is called unimodal iff there exists 0 < M < N such that
ap<a; <...<apyanday > ap41 > ... > an-.

3. A zero element of the sequence a; = 0 for some 0 < i < N is called an internal
zero iff there exist 0 < j <4 and ¢ < k < N such that a; # 0 and a # 0.

Note that a sequence of positive real numbers (a;); is log-concave iff the sequence
(Ina;); is concave. The following proposition collects some properties of log-concave
and unimodal sequences.

Proposition 4.1.22. 1. Let (a;)i=o0,....N be a log-concave sequence of real num-
bers, where N € N or N = co. If a; > 0 for all i or if a; > 0 and (a;); has no
internal zeros, then (a;); is a unimodal sequence.

2. If (a;); is a log-concave sequence, then so is the sequence (\/a;);.
3. If (a;)i, (b;); are log-concave sequences, then so is the product sequence (a;-b;);.
4. Let ag, ..., am,bo, ..., by, € R>q, and let (¢;); denote their convolution, i.e.,

min{i,m}

C; = E ag - bifk .

k=max{0,i—n}

(a) If (a;); and (b;); are log-concave sequences with no internal zeros, then
also the sequence (c;); is log-concave and with no internal zero.

(b) If (a;); and (b;); are symmetric, i.e., a; = Qm—; and bj = by_; for all
i and j, and if both (a;); and (b;); are unimodal, then also the sequence
(¢;); is symmetric and unimodal.

Proof. Parts (1)—(3) follow directly from the definition. For a proof of part (4) see
for example [54, Prop. 1 & 2]. m]

Proposition 4.1.23. The following sequences of positive numbers are log-concave:
1. Forn € N:
(a) 151,111, [7]
(0) (2{72): (672)- (172) -+ (i 2)
(e) (). (e )
2. Form € N:
() T ] [t It

() Gy (a2 (T 722),

() () (") (M)
3. 0, 01,0, ...
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4. W, wW1,wW2, .. ..

Proof. All these claims follow from the log-convexity of the I'-function. We exem-
plarily show part (1.a) of the claim:

P m TR T(5)T(EE2) T(H2) T
Y P Y 2y PR Y =2  E RV Y =25 BVZR V=2
_ T3 T(H3) r(=52) (%7
T NE=zE
>1,
where the inequality follows from the log-convexity of the I'-function. ]

See [54] for more on log-concavity in diverse areas of mathematics.

4.2 The (euclidean) Steiner polynomial

Before we make the computations in the sphere let us have a look at the euclidean
situation. As early as 1840, J. Steiner found that the volume of the tube of radius r
around a convex body K C R™ has the form of a polynomial in r. See Figure 1.1
in Section 1.3 for a 2-dimensional example, which shows that at least in dimension
n = 2 Steiner’s formula seems obvious.

The intrinsic volumes VE(K) of K € KK(R™) are defined as (scaled versions of)
the coefficients of the Steiner polynomial. More precisely,

vol, T(K,r) = > w;- Vi (K) -1 (4.26)
=0

(cf. [49, Sec. 4.2]). The quantities V¢(K) are called the intrinsic volumes of K
because they do not depend on the embedding of K in R", i.e., considering the

convex body K C R with 72 > n will yield the same intrinsic volumes.
For K € K(R™) we have

vol,—1(0K)

VAK) =vol,(K), V¢, (K)= 5 ,

B Vo(K)=1.
Furthermore, in the special case where K is a polytope, the intrinsic volumes are
given by

VOln,ifl(NPSﬂ‘)

4.2
On—i—l ( 7)

VE(K) =) voli(F) -
F
(cf. [49, Sec. 4.2]), where the summation is over all i-dimensional faces F' of K,

and Ny denotes the intersection of the outer cone to K in F with the unit sphere
(cf. Section 3.1).

Example 4.2.1. As a first example, we will compute the intrinsic volumes of the n-
dimensional unit ball B,,. If B,,(r) C R™ denotes the n-dimensional ball of radius r,
then we have T7¢(By,,r) = B, (1 + r). Therefore, we get

volT¢(B,,r) =vol B,(1+7)=(14+7)" w, = Z (7;) cwy et
i=0
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which implies

o - (7). 2

Wn—i .
Note that if we define for K € K(R™) a modified version Vf of intrinsic volumes via

V() = VEE)

K2 CL)z

then these modified intrinsic volumes are also independent of the embedding of K
in euclidean space. Furthermore, we get by Proposition 4.1.20

)= (7)o =[]

Recall that in Section 3.1.1 we have discussed the Minkowski addition in eu-
clidean space. This Minkowski addition leads to a vast generalization of intrinsic
volumes, the notion of mized volumes. We will not need this notion as it has no direct
spherical analog. But we mention the fact that the Alexandrov-Fenchel inequality
for mixed volumes (cf. [49, Ch. 5]) implies that the sequence of (euclidean) intrinsic
volumes is always log-concave, which we formulate in the following proposition.

Proposition 4.2.2. For K € K(R"™) the sequence V§(K), ..., V.¢(K) is log-concave.
In particular, the sequence V§(K), ..., V.¢(K) is log-concave, i.e.

VEK)? > VE(K)-VE(K), i=1,...,n—1.

K2

Proof. For the sake of completeness we include the derivation from the Alexandrov-
Fenchel inequality by adopting the notation of [49, Ch. 5] and by referring to this
for the necessary definitions. From [49, (5.1.26)] we have for K7, Ko € K(R™) and
A1, Ao € R+

n

VOln(/\l Ky + X 'KQ) = Z (7;) . )\21 . )\g—z . V(Klm,Kg[n — ’L]) R
=0

where V(K[i], K2[n — i]) denotes a particular mixed volume. Choosing K; := K
and Ky := B,,, and using 7¢(K,r) = K +r B,,, we get
vol, T*(K,r) = Y (") V(K[n — k], Bu[k]) - 7 .
im0 \F

Comparing this with the definition of the intrinsic volumes, we get

where the second equality follows from Proposition 4.1.20. The Alexandrov-Fenchel
inequality (cf. [49, Sec. 6.3]) implies that for 1 <i<n—1

V(K][i], Buln — )% > V(K[i + 1], Buln — i — 1)) - V(K[i — 1], Bu[n — i +1]) .
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Using this and the log-concavity of the sequence ([7]); (cf. Proposition 4.1.23), we
compute for 1 <i<n-—1

Ve (K)?
Ve (K) - Ve (K)

E V(K[i], Baln — i])?
[0 [ VK[ + 1], Baln —i— 1)) - V(K[i — 1], Ba[n — i + 1))

>1.
This shows that the sequence Vg (K),...,V.¢(K) is log-concave. The fact that
the sequence V{(K),...,V,7(K) is log-concave follows from the log-concavity of
wo, w1, ws, . .. and the identity V#(K) = V(K - w;. O

A spherical analog of Proposition 4.2.2 is unknown. We will formulate one in
Conjecture 4.4.16.

4.3 Weyl’s tube formulas

In this section we will derive formulas for the volume of the tube around a stratified
convex set in R™ or S™~!, respectively. The coefficients occuring, i.e., the intrinsic
volumes and its spherical generalizations, turn out to be certain integrals of cur-
vature over the boundary of the convex set. These formulas are well-known and
originally due to H. Weyl, cf. [63]. The reason for us to include these computations
is that they will serve as a model for the computation in the Grassmann manifold.
Furthermore, the form in which we state these tube formulas is particularly use-
ful for the computations in Chapter B in the appendix, where we will prove some
simple calculation rules for the intrinsic volumes (cf. Section 4.4), which appear to
be new. And in Chapter C in the appendix we will use the spherical tube formula
to compute the intrinsic volumes of the semidefinite cone (cf. Section 4.4.1), which
also seems to have never been done before.

While this section is solely devoted to the derivation of the tube formulas, we
will treat in the forthcoming section the intrinsic volumes, which evolve from these
formulas. We rely in this section basically on Weyl’s original paper [63] and on the
treatment in [17] and in [12].

Before making the first definitions let us have a look at another example, similar
to the euclidean polytope in Figure 1.1. The intersection of the positive orthant R’
with the unit sphere S”~! is a spherical polytope. Figure 1.2 in Section 1.3 shows
this spherical polytope as well as the decomposition of the tube around it for the
special case n = 3.

This example shows that the volume of the tube will not be a polynomial func-
tion, but may nevertheless have a similar structure. It turns out that the only change
one has to do in the formula (4.26), is to replace the monomials 7* by functions
which arise in the volume of the tube around subspheres of S™~1.

Recall from (4.13) and (4.14) that we denote the volume of the k-dimensional
unit sphere by O = vol;, S*, and the volume of the a-tube around a k-sphere in
5" by Op—1 k(@) = vol,—1 T(S, @), S € S¥(S"~1). Note that Op—14(5) = Op—1.
We further use the notation

I, (o) = _On-15(0) = / cos(p)? - sin(p)" > dp . (4.28)
’ O; - Ona—j Jo
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Note that for small values of a we have approximately sin(a) ~ « and cos(a) ~ 1,
and thus for o — 0

I j(a) ~ /0 P dp = o a (4.29)

So the I-functions should be thought of as spherical substitutes for the monomials,
which appear in the euclidean tube formula.

Proposition 4.3.1. Let n > 2 and let ) # U C R open. Then the functions
I,;: U = R, 0 <j<n-—2 and the constant function 1: U — R, 1(«a) := 1, are
linearly independent.

Proof. Tt is easily seen that the functions cos(a)’ -sin(a)**77 = I}, ;(a), are linearly
independent on an open interval. If we have a1 -1+ax -l o+...+an-Ipn_2 =0,
then az-1;, g +...+an I}, ,,_» = 0 and the linear independence of I, ;,,0 < j <n—2
implies that as = ... = a, = 0, and therefore also a; = 0. O

We state Weyl’s tube formulas for (euclidean or spherical) stratified convex sets.
Recall from Definition 3.3.9 that we call a (euclidean or spherical) convex set K
stratified if it decomposes into a disjoint union of smooth connected submanifolds
of R™ resp. S™~1 such that the duality bundles (cf. (3.8)/(3.9)) also form smooth
manifolds. The classification into essential and negligible pieces (cf. Definition 3.3.9)
is justified by the following theorem.

Theorem 4.3.2. 1. Let K € K(R™) be a stratified convex body with decomposi-

-k
tion K = J,_oM;, such that My = int K, and such that My, ..., M) are the
essential and Myy1,..., Mg, k < k, are the negligible pieces. Furthermore, let
d; be the dimension of the stratum M;. Then for r >0
n—1 T‘ni. k
e _ (@)
vol, T (K,r)fvoan+jzon_j~z / / oq,_i(z,—n) dndx

i=1 Tz€M; neNS(K)

where Jéi) (z,—n) denotes the Lth elementary symmetric function in the prin-
cipal curvatures of M; at x in direction —n (cf. (4.2)), and o¢(x,—n) := 0 if

£ <0.
2. Let K € K(S™1) be a stratified spherical conver set with decomposition K =

-k
Ui—oMi, such that My = int(K), and such that My, ..., My are the essential

and Myy1,..., Mg, k < l;, are the negligible pieces. Furthermore, let d; be the
dimension of the stratum M;. Then for 0 < a < g

n—2 k
vol,—1 T(K,«a) =vol,_; K+Z In,j(a)~z / / J((i?_j (p,—n) dndp ,
§=0 i=1

peEM; neNF(K)

where Uéi)(p, —n) denotes the Lth elementary symmetric function in the prin-
cipal curvatures of M; at p in direction —n (cf. (4.2)), and o¢(p,—n) := 0 if
£ <0.

Note that the normal directions 1 € N];g point outwards K. Therefore, the
principal curvatures k;(p, —n) are nonnegative (cf. Remark 4.1.5).

Before we give the proof, let us consider the special cases of smooth and poly-
hedral caps.
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Corollary 4.3.3. Let K € K(S"!) have a smooth boundary M := OK. Then for
0<a<i
== 3

n—2
vol,—1 T(K,a) = vol,_1 K + Z I, (o) - / On—2—j(p)dM .
j=0 pGIVI
Proof. Take the decomposition My := int(K), My := 0K = M. O

The following result for the sphere is analogous to (4.27) for euclidean space.

Corollary 4.3.4. Let K € KP(S™™ ') be a polyhedral cap and let F; denote the set
of all j-dimensional faces of K. Then for 0 < a < 5

n—2
vol,_1 T (K, @) = vol,_1(K) + Y _Inj(a)- Y vol;(F)-vol,_5_;(N§) .
j=0 FeF;

Proof. The boundary of the polyhedral cap K has the natural stratification
. n—2 .
0K = szo U relint(F) |
FeF;

where each piece is easily seen to be essential. Furthermore, as the normal cone is
constant on each of the pieces relint(F'), it follows that the corresponding duality
bundles are smooth manifolds. Since the relative interior of every face of K is an
open subset of a subsphere of S”~!, and as the curvatures of subspheres of S™~!

are zero, we get
0 ifj>0
F
g, 9 = ep - 9
i (pim) {1 =0

where the superscript .7 shall indicate the dependence on the face F. From Theo-
rem 4.3.2 part (2) we get

n—2
vol, 1 T(K,a) = vol, 1 (K) + Y Y Inj(a)- / / 1dN; dF

j=0 FeF;

peF neNS
n—2
=vol,_1(K) + Z I, () - Z vol;(F) -vol, o j(N3). O
7=0 FeF;

Before we give the proof of Theorem 4.3.2 let us also compute the volume of the
tubes around circular caps and around the cap defined by the positive orthant.

Example 4.3.5. Let K = B(z,3) c S"!, 0 < 3 < ©/2, the circular cap of
radius # around z. In Example 4.1.6 we have seen that the principal curvatures in
p € M = 0K are given by k1(p) = ... = kn—2(p) = cot(f), if we choose the unit
normal field pointing inwards K. So from Corollary 4.3.3 we get

" —

) - (cot B)" 27T dM

n—2
vol,_1 7 (K,«) = vol,_1(K) + I, a)-/ ( .
) e [ (150

n—2
= vol,_1(K) + Z I, j(a) - (n ; 2> - (cot )" 277 . vol,_o(M)
=0

n—2

=vol,—1(K)+ Op_o- Z (n j_ 2) (cos B)" "2 . (sin B) - I, ()

=0
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where the last equality follows from vol M = (sin 3)" "2 - O,,_3.

Note that in the case of circular caps we may compute the volume of the a-tube
in a different way by taking the circular cap of radius f+«. Using Proposition 4.1.18
weget for0<a<n—p

vol,—1 T(K,a) = vol,_1 (B(z, 0+ «))

a+pi
=0p_2o- / sin(p)" % dp
0

B
=0,_o- / sin(p)" " 2dp+ O3 - / sin(B + p)" " *dp

0 0

=vol,—1(K) 4+ Op_o - / (sin pcos 8+ cos psin )" % dp
0

n—2
(4.28) vol,—1(K) + Op—2 - Z (n J_ 2) ~(cos B)" - (sin B) - L j(e)

j=0
which coincides with the result of the first computation.

Example 4.3.6. Let K = R} N Sm~1 be the intersection of the positive orthant
with the unit sphere. The face structure of K is simple. A typical k-dimensional
face F' of K is given by equations of the form

T1=X2=...=Tp_1-t =0, Tp_p>0,...,2,>0, Zx?zl. (4.30)
i=1

The number of k-dimensional faces of K is given by (n_?_ k) and the k-dimensional

volume of such a face is 5z - Op. The dual N of the face F' defined in (4.30) is
given by the equations (cf. Example 3.1.10)

n
2
11 <0, 22 <0, o, @pa k<0, Tpp=...=2,=0, Y af=1,
i=1

and we have vol,,_o_ N2 = 2,% - Op_2_k. So from Corollary 4.3.4 we get

n—2
vol T (K,a) = vol,,_1 (K) + Z I, i(a) - Z vol, (F) - vol,_o_; (NE«?)
7=0 FE]“j
n—2
On_1 n 1 1
BT +ZOI”’j(a)' (nlj) o1 05 gamiy On2
=

On71 = (11)
= on + 7:20 Onfl’j (Oé) : J2n :

In the remainder of this section we will give the proof of Weyl’s tube formula
for spherical convex sets as stated in Theorem 4.3.2 part (2).

Proof of Theorem 4.3.2. We will only prove part (2) of the theorem. The euclidean
statement in part (1) follows analogously, and the proof even simplifies as some
subtleties of the spherical setting do not appear in the euclidean setting.
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First of all, due to continuity we may assume w.l.o.g. that 0 < a < 7, so
that 7(K,a) € §"~'\ K. The projection map Ig: S" 1\ K — K (cf. (3.2) in
Section 3.1) provides the following decomposition of S™~*

-k
STINK = IR (0)

Denoting 7; () := 7 (K, ) NI (M;) we get
k
vol, 1 T(K,a) = vol,_1 T;(a) . (4.31)
=0

For i = 0 we have My = int(K), and thus 7o(a) = int(K). This implies
vol,,—1 To(a) = vol,,_1(K) . (4.32)
Now, let us fix an index 1 < i < k. The set Ti(a) is given by

Ti(a) = {cos(p) -p+sin(p) -n|p € M;, n € NJ(K), 0< p<a} .
Besides that, we define the set 7;(a) C 7;(a) via

Ti(a) = {cos(p) - p+sin(p) - n | p € M;, n€ N3(K), 0< p<al}

where Ny (K) := relint(N,(K)) N S"~!. Tt is easily seen that the complement of
7;(a) in T;() is a nullset, so that we have

vol,_1 T;(a) = vol,,_1 T;(a) . (4.33)

Recall that N¥M; denotes the spherical duality bundle of M; (with respect to
K) (cf. Section 3.3). This bundle is by the definition of stratified caps a smooth
manifold. We now consider the map

pi: N°M; x (0,a) = Ti(a) ,  (p,,p) — cos(p) - p+sin(p) -1 . (4.34)

This map is bijective by definition of N M; (cf. (3.9)); in the special case where M;
has codimension 1 in S™"~! we have seen this in the proof of Corollary 4.1.13. Fur-
thermore, ¢; is smooth by assumption on the smoothness of M; and N°M;. By the

assumption that Mj,. .., M}, are the essential pieces and My, ..., M; are negligible,
we have
=n-2 ifi<k
dim NS, ¢ " nr=ro
<n—-2 fk<i<k.

This implies that the image of ¢;, i.e., the set 7;(«), has volume 0 if M; is a negligible
piece: ~
vol,—1 Zi(a) =0, fork<i<k. (4.35)

For the rest of the proof let us drop the index ¢ and we assume that M = M;,
1 <7 <k, is an essential stratum of the given decomposition. To finish the proof
we need to show that

d
vol,—1 T (o) = Z I, j(a) - / / oq—j(p,—n) dndp . (4.36)

Jj=0
peM nEN{?(K)
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We will achieve this by computing the derivative of the function ¢ from (4.34), so
that we can apply the transformation formula from Lemma 4.1.15 to compute the
volume of 7 (a).

Note that N°M C T°M, and dim N°M = dim T°M as M is an essential piece
(cf. Definition 3.3.9). Therefore, the spherical duality bundle N°M is an open
subset of the spherical normal bundle T°M. In particular, the tangent space of
NSM at (p,n) coincides with the tangent space of TM at (p,n), which we have
computed in Lemma 4.1.7. Therefore, the tangent space of N M x (0, ) at (p, 7, p)
is given by

Tipinpy (N M x (0,a)) = T(p ) T°M x R = (L1 & Lo) x R. (4.37)
Here, Ly and Ly are defined via
Ly = {(¢, =Wy () [ C€T,M}, Ly := {0} x (T, M Np* Nt

where W), ,: T,M — T,M denotes the Weingarten map of M at p in direction 7.
If ¢1,...,(q is an orthonormal basis of T}, M consisting of principal directions, i.e.,
Wy n(Ci) = Ki(p,m) G, then the vectors &1, ..., &q, where

& = (G, —ri(pym) Gi) € L1,

describe an orthogonal basis of Li. Note that ||&;|| = /1 + &:(p,n)?. Furthermore,
if 91,...,M—dq—2 denotes an orthonormal basis of Tle Npt Nyt then

0,1m1), -, (0,Mp—q—2) € Lo

is an orthonormal basis of L.
As for the derivative of the map ¢: (p,n,p) — cos(p) - p + sin(p) - n, note that
for fixed p € (0, a), the map

¢: N°M — T (@), (p,n) — cos(p) - p+sin(p) -7
is linear. Therefore, we get

D(p,n,p)‘p(giv O) = D(;D,n)@(Civ _’ii(pa 77) Cz) = (COS(p) - Sin(p) ' lii(p, 77)) “Gi s

D(p,n,p)$(0,15,0) = D,y (0, 1;) sin(p) - n;
Dipn.p)#(0,0,1) = L (cos(p) - p +sin(p) -n) = —sin(p) - p +cos(p) - 1,
where 1 <7< dand 1< j <n—d— 2. Note that the n — 1 vectors
CyooosCds My- ey Mn—d—2, —sin(p) - p+cos(p) -

are orthonormal. Note also that we have —k;(p,n) = ki(p, —1n). Therefore, the

Normal Jacobian of D, , , ¢ is the absolute value of the determinant of the matrix

cos(p)+sin(p)-ry(p,—mn)
Vitry(p,m?
0 0
cos(p)+sin(p)- g (ps—1)
Vitrg(p,m?
sin(p)
0 0
sin(p)
0 0 1
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As ki(p,—n) > 0 (cf. Remark 4.1.5), we have

d .
; n—d— cos(p) +sin(p) - k;(p, —n
Ildet(D(thp) QD) = sln(p) a—2 H ( ) ( ) ( ) .

i=1 V 1+ Hi(pv 77)2

By Lemma 4.1.15 we get

vol,—1 T(O‘) = / ndet(D(p,n,p)@) d(p, m, p)
(psm,p) ENSM % (0,0)

= / / sin(p)" 9472 HCOS ) & sin(p) - wi(p, =) dpd(p,m) . (4.38)

V1+ki(p,n)?

(pmENSM

By Lemma 4.1.17 and another application of the coarea formula in Lemma 4.1.15
to the projection N°M — M, we may continue as

(4.38) = / / /sm yn—d=2 Hcos +sin(p) - ki(p, —n)) dp dn dp

peEM nGNS(K)

/ / / sin(p)" 472 Zcos ) - sin(p)?=9 - aq_j(p, —n) dpdn dp

peM 'r]ENS

8);1n,j(a)~/ / oa—j(p, —n) dp dn dp .

PEM neNS(K)

This shows (4.36) and thus finishes the proof. a

4.4 Spherical intrinsic volumes

In this section we will describe the notion of spherical intrinsic volume. We rely in
our presentation on [30] and [29].

Central for the definition of the spherical intrinsic volumes is the following state-
ment about the decomposition of the volume of the tube around a convex set.

Proposition 4.4.1. For K € K(S" 1) and 0 < a < 5 the volume of the a-tube
around K 1is given by

n—2

vol, 1 T(K, ) = vol, _1(K) + > Vi(K) - Op_1 (), (4.39)
j=0

for some continuous functions V;: K(S"™!1) =R, 0<j<n-—2.

Note that if the volume of the tube, vol,_; 7 (K, «), is of the form as stated
n (4.39), then the values V;(K), 0 < j < n — 2, are uniquely determined. This
follows from the linear independence of the functions O, ; and the constant func-
tion (cf. Proposition 4.3.1). For the proof of Proposition 4.4.1 we need the following
simple fact about the continuity of the volume of the tube.
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Lemma 4.4.2. For a > 0 the function
K" 1) =R, K vol, 1T(K,a) (4.40)
is uniformly continuous.

Proof. Let (K;); be a sequence of spherical convex sets in K(S"~!), which con-
verges to K € K(S"7!). Tt suffices to show that vol,_; 7(K;,a) converges to
vol,—1 7 (K, ). This implies that the function in (4.40) is continuous, and thus
uniformly continuous, as K(S"~1) is a compact metric space (cf. Proposition 3.2.3).

For all € > 0 there exists N € N such that dy(K, K;) < ¢, i.e., K C T(K;,¢)
and K; C T(K,e¢), for all i > N. This implies that 7(K,a) C T (K;,a + ¢) and
T(K;,a) C T(K,a+¢) for all 4 > N. In particular, we have vol,_1 T (K,a) <
vol,—1 T(K;,a + ¢) and vol,_1 7T (K;,a) < vol,,_1 T (K, + ¢) for all i > N. We
thus get

IA

volT(K,a) < liminfvol7(K;,a+¢),

11— 00

limsupvol T (K;,a) < vol7T(K,a+¢) .

Letting € — 0, we get lim;_, o0 limvol 7 (K;, o) = vol 7T (K, o). ad
Proof of Proposition 4.4.1. From Weyl’s tube formula in Theorem 4.3.2 we know
that (4.39) holds for K € K**(S™"~1), which is a dense subset of K(S™"~1). The idea
is to use the uniform continuity of the map (4.40) to extend the validity of (4.39)
to all of (S 1). Let

fir=1, for=0n10, f3:=On_11,s oo, fn:=On_1n € RO/

where RI®7/2 .= {f: [0, Z] — R}, and 1 denotes the constant function 1(a) = 1.
The fact that fi,..., f,, are linear independent (cf. Proposition 4.3.1) implies that

there are aq,...,a, € [0,F] such that the matrix A € R"*", where the ith row
is given by (fi(ay), fa(e), ..., fu(as)), is nonsingular. (This can be proved by
induction on n, similar to the finite-dimensional case.) Let B = (b;;) € R"*"

denote the inverse of the matrix A. For K € K(S™"!) let gx denote the function
g [0, 5] = R, gk(a):=vol, 1T(K,a).

For a stratified cap K € K**(S™~!) Theorem 4.3.2 implies that gg lies in the span
of the functions fi,..., f,, so that we have

n

gx (@) =vol, 1 T(K,a) = > ci(K)- fi(a)

i=1
for some constants ¢1(K),...,c,(K) depending on K. Using the matrix B, the
constants ¢;(K) can be expressed in the values of gk at a1,...,q, via

K) = by gx(a;) .
j=1

By Lemma 4.4.2 it follows that the functions c¢;: K**(S"~!) — R are uniformly
continuous and thus have a unique continuous extension ¢;: K(S"!) — R. Fur-
thermore, for K € K(S""1) and K, € K**(S"~!) such that K, — K for £ — oo we
have

vol,_17(K,a) = hm gKg Z hm (ci(Ky)) ch
i=1
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for all o € [0, 5]. Defining V;(K) := cj;2(K) for 0 < j < n — 2 thus finishes the
proof. a

Definition 4.4.3. For —1 < j < n — 1 the jth (spherical) intrinsic volume is a
function

Vit K(S"Hu{e,5" 1} =R,

defined as follows. For 0 < j < n—2 and K € K(S"!) the value of V; in K
is the quantity V;(K) defined in (4.39). Furthermore, for j € {—1,n — 1} and
K € K(S™1) the jth intrinsic volume of K is defined as

vol,_1(K) vol,_1(K)
m_1(K) = , 1K) = ———=~.
v 1( ) On 1 v 1( ) On—l
Lastly, for K € {0, 5"~}
1 ifj=-1 1 1 ifj=n—-1
Vi(0) = , Vi(S"7Y) = .
i) {0 else i ) {O else

In the following proposition we collect the formulas for the intrinsic volumes that
arise from Weyl’s tube formula.

Proposition 4.4.4. Let K € K(S" ') and 0 < j <n - 2.

-k
1. If K is a stratified spherical convex set with decomposition K = J,_oM;,
such that My = in‘E(K), and such that My,..., My are the essential and
Mytq,..., Mz, k <k, are the negligible pieces, then

/ / oy (p,—n) dn dp,

PEM; neNF (K)

'Mw

n—2—j

=1

where d; denotes the dimension of the stratum M;, Uéi) (p,—n) denotes the

Lth elementary symmetric function in the principal curvatures of M; at p in
direction —n (cf. (4.2)), and o¢(p, —n) := 0 if £ < 0.

2. If K is a smooth cap with boundary M := 0K, then

V-K:7~/ Ono_;(p)dM .
i) = ooy |, o)

3. If K is a polyhedral cap with j-dimensional faces F;, then

VOlj (F) VOln,Q,j (ng)

Vi(K) =
J( ) Oj On—Q—j

FeF;

Proof. Follows from Theorem 4.3.2, Corollary 4.3.3, and Corollary 4.3.4. O

Before we continue with properties of the intrinsic volumes, let us consider the
important special cases for K being the intersection of the positive orthant with the
unit sphere.
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Example 4.4.5. Let K = R} N S7=1. Then from Example 4.3.6 we get for 0 <
1<n—2

This formula also holds for j € {—1,n — 1} as is seen easily.

Note that the intrinsic volumes of the positive orthant coincide with the binomial
distribution with n trials and probability of success equal to % The deeper reason
for this curious fact is an alternative characterization for the intrinsic volumes of
spherical polytopes that we give in Proposition 4.4.6. Before we state this, recall
that the boundary of a polyhedral cone C' decomposes into the relative interiors of
its faces (cf. Remark 3.1.8)

oC=|J relint(F).
F face of C

So for x € C' we can define

face(z) := (4.41)

C if x € int(C)
F if x € relint(F') and F a face of C.

Proposition 4.4.6. Let K € KP(S"™1) be a spherical polytope and let C :=
cone(K) denote the corresponding polyhedral cone. Furthermore, let g: R — C
denote the projection map onto C, and let dc denote the function

de:R" —{0,1,2,...,n}, =z~ dim(face(Ilc(x))) , (4.42)

where face(x) is defined as in (4.41). Then the jth intrinsic volume of K is given

by
Vi(K) = fe’gob [de(p) =5 +1], (4.43)
P n—1

where p € S is drawn uniformly at random.

Proof. The claim is true for j € {—1,n — 1}, as

de(p) =n <= (dimC =nand p e C),
de(p) =0 <= (dimC =nandpeC).

In the remainder of the proof we therefore assume 0 < j <n — 2.

Let F¢ C C be a face of C of dimension dim F® = j+1, and let N = Np(C) be
the normal cone of C' in F¢. W.l.o.g. we may also assume that lin(F¢) = R7*1 x {0},
so that

F¢=F°x{0} and N={0} x N
with ¢ C RI*t! and N € R" 7!, The inverse image of F¢ under the projection
map Il¢ is given by II;'(F¢) = F¢ x N.

Now, if x = (x1,72) € RITt x R?77~1 is drawn at random with respect to the

n-dimensional normal distribution, i.e., z € N(0, I,), then we get

Prob [z €Il (F)]

Prob [a:l S Fe} . Prob {Ig S ]ﬂ
€N (0,1,)

I1€N(0,Ij+1) :EQG./\/’(O,In,jfl)
vol(F¢ N S7) vol(N N §»=2-7)
0; On—2—j '
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Altogether, we get
Prob [dc(p) =j+1]= Prob [de(z)=7+1]

peSn—1 zeN(0,1,)
_ Z VOlj (F) VOln_Q_j (Ng)
FeF;(K) 0, On—2-
Prop.:444.4 ‘/J(K) ) 0

Proposition 4.4.6 explains why the intrinsic volumes of the positive orthant are
given by a binomial distribution:
Example 4.4.7. Let C = R} and K = CNS™ ! For z € R™ the projection Il (x)

— . From this it

is given by the element Z = (Z1,...,Z,), where T; =
0 else

is easily seen that the function d¢ from (4.42) is given by
do(x) = [{i | z; > 0}.

If p € S~ is drawn uniformly at random, then the probability that the ith com-
ponent of p is positive is given by % Therefore, by (4.43) the jth intrinsic volume
is given by

V;(K) = (probability of j + 1 ‘heads’ when tossing n fair coins)

G

=0

Another important example is where K C S™~! is a circular cap. We will
consider this in the next example.

Example 4.4.8. Let K = B(z,/), 0 < f < 7/2, be a circular cap. Then from
Example 4.3.5 we get for 0 < j <n—2

VJ(K) = O]O(’)n.:g_] . (n ; 2) . Sin(ﬁ)j -COS(ﬁ)n_z_j
(424) ((n—2)/2\ sin(B)7 - cos(B)"277
N ( i/2 > ' 5 : (4.44)

For Lorentz caps, i.e., f = 7, we have sin(§) = cos(§) = %, and (4.44) simplifies
further to

(")
_ N
Vi(K) = Toni2
Furthermore, we get from Proposition 4.1.18 that
O, B
Vaea (1) = 2= [ sin(p)" 2 dp
Onfl 0

(5 o [l

and similarly

Vo1 (K) = (“‘_12/2) n-l /Oﬁ sin(p)" 2 dp .
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For 8 = % and using the hypergeometric function (cf. Remark D.3.3 in Section D.3

in the appendix) this simplifies to
Vi-1(K) =V_1(K)

n—2)/2 _ n n—2)/2

(( 71/)2/ ) 2F1("T1 -QHQ %) (( 71/)2/ )

1.
. )9 ~
on/2 \/§ on/2

, forn — oo

An important property of the intrinsic volumes of circular caps is their log-
concavity. We show this in the following proposition.?

Proposition 4.4.9. Let K = B(z,0), 0 < 8 < x/2, be a circular cap. Then the
sequence V_1(K),Vo(K),...,Vh_1(K) is log-concave and has no internal zeros.

Proof. From (4.44) we get for 1 <j<n-—3

(n—2)/22
v (R
Vi (K) Vi (K) — (072) ()

where the inequality follows from Proposition 4.1.23. For j = n — 2 we compute

S L (1 N sin(g)"1
Vaea(K) -Vt () ((2370) - (073)73) cos(B) - (n—1) - [ sin(p)"=2 dp
>1
sin(ﬁ)”—1

Z B =1 )
(n—1)- [y cos(p) - sin(p)" 2 dp

and similarly for j = 0. Finally, as V;(K) > 0 for all =1 < j <n — 1, the sequence
in particular has no internal zeros. O

The following proposition lists some elementary properties of the intrinsic vol-
umes.

Proposition 4.4.10. 1. The intrinsic volumes are nonnegative, i.e., V;(K) >0
for all =1 < j <n—1 and for all K € K(S"" 1)U {0,S"1}.

— 1 ifj=i
) n—1 A —
2. If Se SY(S )thean(S)—{O eloe }
3. For K € K(S™™1) the intrinsic volumes of the dual K are given by
Vi(K) = Vo j(K) .

4. For all K € K(S™ 1) u{0,S" 1}

n—1

S ViK)=1.

j=—1

In particular, V;(K) < 1.

2 Also the intrinsic volumes of the positive orthant form a log-concave sequence. But as the posi-
tive orthant is only a special second-order cone, this observation also follows from Corollary 4.4.14.
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5. For all conver caps K € K¢(S"™1)

n—1 n—1
> Vi)=Y ViK)=3.
j=—1 j=—1
7=0 mod 2 j=1mod 2

In particular, if K is a cap then V;(K) <

Proof. (1) For polytopes K € KP(S"~!) the intrinsic volumes are nonnegative,
which is immediate from Proposition 4.4.4. For K € K(S"!) the nonnegativity
of the intrinsic volumes follows from their continuity and from the fact that the
polytopes KP(S™~1) form a dense subset of K(S™1).

(2) The claim about the intrinsic volumes of subspheres follows directly from
the definition of the intrinsic volumes.

(3) Recall that for K € KP(S™"!) we have a bijection between the j-dimensional
faces of K and the (n — 2 — j)-dimensional faces of K (cf. Lemma 3.1.9). Using this
it is straightforward to deduce V;(K) = V;,_o_;(K) for K € K?(8"!) from Propo-
sition 4.4.4. The general validity of this identity follows from the continuity of the
intrinsic volumes and an approximation argument as above (cf. Proposition 3.2.4).
Alternatively, one may use Proposition 4.1.11 to first show V;(K) = V,,_o_;(K) for
K € K (S™1) and then apply the approximation argument.

(4) The fact that the intrinsic volumes add up to 1 either follows from Proposi-
tion 4.4.6 or from the general fact 7 (K, 5) = S"1\ int(K), which implies

n—2
On_1 —vol,_1 K = vol, 1 T(K, %) = vol,_1(K) + Y On_1,;(3) Vi(K) .
= ——
-0, 1
(5) Finally, the last statement follows from the Gauss-Bonnet formula in spher-

ical space. See [30, Sec. 4.3] or the references given in [29, p. 5] for proofs of this
fact. a

Next, we will state the principal kinematic formula in a similar form as given
in [12, Sec. 1.7.3]. To achieve this we define the intrinsic volume polynomial and
the reverse volume polynomial via

V(K; X) =V A4(K)+Vo(K)- X +...+ V, 1(K)- X", (4.45)
V(K X) =Vt (K) + Vyo(K) - X ...+ Vo (K) - X™, (4.46)

where X denotes a formal variable. Note that while V(K; X) is independent of

whether K is considered as an element in K(S™~1) or in (SN ~1) for some N > n,

this is not the case for the reverse volume polynomial V**V(K; X). For example, if

S € Sk(S™71) (cf. (3.4)), then V(S; X) = X*+1 while V™V(S; X) = Xn~k-1,
Note also that from V;(K) = Vn,g,j(f?) (cf. Proposition 4.4.10) we get

V(K; X)=V™(K;X), V*K;X)=V(K;X).

Theorem 4.4.11 (Principal kinematic formula). Let K, K’ € K(S"™1), and let Q €
O(n) be chosen uniformly at random. Then the expected reverse volume polynomial
of the intersection K N (Q - K') is given mod X™ by

E[V*(KN(Q-K');X)] = V*(K; X) - V*(K'; X) mod X" .
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For the intrinsic volumes this means that for 0 < j<mn-—1

n—1
E[V;(Kn(Q-K)| = Z‘G(K)'Vn—wﬂ(K’) and

n—1n—1

E[V_y(KN(Q-K))] = 1- 3 S Vi(K) - Vioray oK) |

Jj=0 i=j
In particular, if S € S¥(S"1) is chosen uniformly at random, then for 0 < j < n—1

Vien-1-k(K) ifj<k

Enmea]{o A

EV_1(KNS)] = Voi(K) +...+ Vo k(K) .
Proof. See for example [30, Ch. 5] or the references given in [12, Sec. 1.7.3]. a

As a corollary we get the following result about the probability that a randomly
chosen subspace intersects a given cap. In terms of the convex feasibility problem,
the following result provides a formula for the probability that a random instance
(defined by a matrix with i.i.d. normal distributed entries) is feasible.

Corollary 4.4.12. Let K € K¢(S" ') and let S € S¥(S"71), 0 <k <n—2, be
chosen uniformly at random. Then

ProbKNS#0 =2 Y Vi(K).
j=n—1-k
j=n—1—k mod 2
For the special case K = R’} N S™~1 we have
1 &K/n-1
Prob[K NS # 0] = 1 ]z_:o( ; ) .

The second statement is usually attributed to Wendel [62], who proved it in a
direct way.

Proof. First, note that the intersection K NS is either empty or again a convex cap.
Since V;(0) = 0 if j # —1 and V_1(0) = 1, we get from Proposition 4.4.10 part (5)
for all S € S¥(S~1)

n—1 .
1 fKNS#0D
2. Vi(KNS)= . 4.47
j; i ) {0 if KNS =90 (447
7=0 mod 2

From Theorem 4.4.11 we get for S € S¥(5™"~1) chosen uniformly at random

Vien_1_n(K) ifj<k
E[‘/}(KﬂS)]:{OJ+ 1 k( ) 1f]>k
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Therefore, taking the expectation of both sides in (4.47) yields

n—1 k
ProbK NS #0)=2- Y EV(KNnS =2 >  Vin 1 k(K)
jEJO:r;old 2 jz()jr:n%d 2
n—1
=2 > Vi(K) ,
l=n—1—k

{=n—1—k mod 2

where we changed the summation by using £:=n—1+j — k.
For the special case K = R N S™! recall from Example 4.4.7 that Vy(K) =

(Zil) /2"™. Changing the summation again by setting ¢ :=n — 1 — £, we get

S S
Prob[K NS # 0] =2- Z %:H = Z inl
=K mod 2 =K mod 2

Using the identity () = (?__11) + ("fl) we get

which finishes the proof. O

In the realm of convex optimization the direct product construction C; x. ..x Cj,
where each C; is a closed convex cone, is an important tool. It is therefore of
particular interest to have a simple formula for the intrinsic volumes of products in
terms of the intrinsic volumes of the components.

Fortunately, such a general rule exists. It says that the intrinsic volumes of a
product of caps arise from the intrinsic volumes of the components via convolution.
In fact, this holds for the spherical case as well as for the euclidean case.

The euclidean case has been treated in [36, Sec. 9.7]. The formula for the
spherical case seems to be new. We will give proofs for both calculation rules in the
appendix (although the statement is in the euclidean case not new, the proof we
give in the appendix is new).

Analogous to the definition of the spherical intrinsic volume polynomial we define
for K¢ € IC(R™) the euclidean intrinsic volume polynomial V¢(K¢; X) via

V(RS X) = O VER) X0 (448)
§=0

where X denotes a formal variable.

Proposition 4.4.13. 1. Let K, K§ be convex bodies. Then
VK] x K§; X)=VK{; X) - V(KS5; X) . (4.49)
2. Let K1, K5 be spherical convex sets. Then
V(K1 ® Ky X) = V(K X) - V(K X) (4.50)
(cf. Section 3.1.1 for the definition of K1 ® K3 ).
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Proof. See Section B.2 and Section B.1 (a proof for the euclidean statement can
also be found in [36, Sec. 9.7]). O

Corollary 4.4.14. 1. Let Ky, K5 be spherical convex sets such that the sequences
of their intrinsic volumes are log-concave and with no internal zeros each.
Then also the sequence of intrinsic volumes of K := K1 ® Ky is log-concave
and has no internal zeros.

2. If C=L™ x...x L™ is a second-order cone, then the intrinsic volumes of
K :=CnS" ! form a log-concave sequence with no internal zeros.

3. Let K1, Ky be self-dual caps such that the sequences of their intrinsic volumes
are unimodal each. Then also the sequence of intrinsic volumes of K :=
K1 ® Ky is unimodal.

Proof. Parts (1) and (3) follow from Proposition 4.4.13 and Proposition 4.1.22.
Part (2) additionally follows from Proposition 4.4.9, where it was shown that the
intrinsic volumes of a circular cap form a log-concave sequence with no internal
Zeros. m|

Remark 4.4.15. Note that the calculation rule from Proposition 4.4.13 provides yet
another way to compute the intrinsic volumes of the positive orthant: For C; := R,
K := C1nS°, we have voly(K;) = Volo(f(l) = 1 and therefore V(K1; X) = %-X—i—%.
As R} =Ry x ... x Ry we may apply (4.50) to get

1 1 O :
V(K; X) =V(Ky; X)" = 2,1~(X+1)"2,1~Z<?) X7
j=0

where K := R NS"!, yielding V;_1(K) = (?) /2™

In Section 4.2 we have seen that the sequence of euclidean intrinsic volumes is
log-concave. We formulate the spherical analog as a conjecture that (if true) would
prove very useful for the average analysis of the Grassmann condition in Section 7.1.

Conjecture 4.4.16. For K € K(S"™!) the sequence V_1(K), Vo(K),. .., Va_1(K)

is log-concave, i.e.
Vi(K)? >V, 1(K)-Vig 1 (K), fori=0,...,n—2.

In fact, for the average analysis in Section 7.1 it would be enough to know that
the following weaker conjecture is true.

Conjecture 4.4.17. For K C 5"~ ! a self-dual cap the sequence of intrinsic volumes
Vo(K),...,Vu_2(K) is unimodal, i.e., we have

VoK) <o S Vg (K) = Vi (K) 2 ... > Vi o(K)

The last topic of this section is about the relation between euclidean and spher-
ical intrinsic volumes. Note that if we have a closed convex cone C, then instead of
intersecting C' with the unit sphere S"~! we may as well intersect C' with the unit
ball B,. The result is not a spherical convex set but a (euclidean) convex body.
Thus, let

K:=CnsS"', K¢ :=CnNB,,

where B,, denotes the n-dimensional unit ball. The following proposition provides
a link between the euclidean intrinsic volumes of K¢ and the spherical intrinsic
volumes of K. This result also appears to be new. We will give the proof in the
appendix.
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Proposition 4.4.18. Let C C R" be a closed convex cone, and let K := C N S™~!
and K¢ :=CnNB,. Then

1 Wj—q

V) = V) Vi) = X (1) 22 v,

j=i

Proof. The second equality follows from Example 4.2.1. We will give the rest of the
proof in Section B.3. O

The following remarks shall comment on the natural approach of using the link
between the euclidean and spherical intrinsic volumes provided by Proposition 4.4.18
to attack Conjecture 4.4.16. In a nutshell, we have come to the conclusion that
Proposition 4.4.18 does not help to get a proof for Conjecture 4.4.16.

Remark 4.4.19. It is not possible to deduce Conjecture 4.4.16 solely from the log-
concavity of the euclidean intrinsic volumes and the transformation formula from

Proposition 4.4.18. More precisely, if ag, .. ., a,, is a log-concave sequence of positive
numbers, and if by, ...,b, and cg,...,c, are defined via
_ _ J L
—Z() by | ai_z(» e im0,
Jj=1 Jj=i
then neither the sequence bg,...,b, nor the sequence cy,...,c, need to be log-

concave. Counter-example: Take a = (exp(3),exp(3), exp(2.5),exp(1)). Then b ~
(9.46,3.88,4.03,2.72) and ¢ ~ (6.57,4.05,6.75,2.72), and neither b nor ¢ is log-
concave.

However, there probably is a connection between the log-concavity of the eu-
clidean and the spherical intrinsic volumes. Unfortunately, even if this connection
exists, it goes in the ‘wrong’ direction.

Remark 4.4.20. In [10, Thm. 2.5.3] it is shown that if ao, ..., a, is a log-concave
sequence of positive numbers, then the sequence by, ..., b, defined by
(i
b; = S
=2 (1)
j=t
is also log-concave. It is tempting to believe that also the sequence ¢y, . . ., ¢, defined
by
Jj=i

is log-concave. If this were true, then a positive answer to Conjecture 4.4.16 would
imply that the sequence V¢(K*€), i = 0,...,n, where K¢ = C N B, and C C R"
a closed convex cone, is log-concave. But this is true by the Alexandrov-Fenchel
inequality (cf. Proposition 4.2.2).

4.4.1 Intrinsic volumes of the semidefinite cone

In this section we will state the formulas for the intrinsic volumes of the semidefinite
cone. We will provide a more detailed discussion of the occurring formulas, as well
as the proofs for all statements in this section in Chapter C in the appendix.



4.4 Spherical intrinsic volumes 89

The semidefinite cone is defined in the euclidean space
Sym™ = {A € R™*" | AT = A},
which is a linear subspace of R™*" of dimension @ =: t(n). Let S(Sym")

denote the unit sphere in this subspace.
In order to get nice formulas for the intrinsic volumes we introduce some more

notation. For z = (21, ..., z,) we denote the Vandermonde determinant by
Aiz) = ][] (zi—2)-
1<i<j<n

For 0 < r < n we can decompose the Vandermonde determinant into (cf. (C.5) in
Section C.1)

=0

where .
Ary(2) = A)-A(y) -or(@ @y) - [,
i=1
withz := (21,...,2:), ¥ := (Zr+1, - - -, 2n), 0¢ denoting the ¢th elementary symmetric
function, and
xr1 Ty I1 Ty 1 Ty
Lastly, we define for 0 <r <nand 0 <{<r(n—r)
212
J(n,r,0) = / e | Av(2)] dz . (4.51)
z€RY

Proposition 4.4.21. Let Sym!} denote the nth semidefinite cone
Sym} := {A € Sym"™ | A is pos. semidef.} ,

and let K,, := Sym'; N.S(Sym") denote the corresponding cap. The kth intrinsic

volume of K,,, —1 <k <t(n)—1= % — 1, is given by

1 " /n
Vi(Ky) = — . ( )~J(n,r,k+1—t(n—r)),
n!-22 ~Hd:1F(%) ; r
where J(n,r, L) is defined as in (4.51) for 0 < £ <r(n—r), resp. J(n,r,£) =0 for
the remaining cases. In particular,

1

Vfl(Kn) = Vi(n)- (Kn) = n n )
t(n)—1 ol 23 -Hdle(%)

/ e AG) dz . (452)

z€RY
Proof. See Section C.2 in the appendix. O

Remark 4.4.22. Up to our knowledge, only the values V_1(K,) = Viny—1(Kp)
have been known before, as these coincide with the probability that a random
matrix from the nth Gaussian orthogonal ensemble (cf. Section C.1) is positive
definite. It is known that this probability equals the above given term in (4.52)
(cf. for example [22]). The computation of the remaining intrinsic volumes seems
to not have been done before.
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See Figure 4.2 for a graphical display of the intrinsic volumes of K, for n =
1,...,6. In Figure 4.3 we have displayed the logarithms of the intrinsic volumes,
to illustrate the conjectured log-concavity (cf. Conjecture 4.4.16). The observable
inaccuracy for n = 6 results from the fact that the values of the intrinsic volumes
of K,, for n = 4,5,6 are obtained via numerical approximation. See Chapter C for
the details.

In Section C.3 we will formulate a couple of open questions related to the intrinsic
volumes of the semidefinite cone.
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Figure 4.2: The intrinsic volumes of the semidefinite cone.
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Figure 4.3: The logarithms of the intrinsic volumes of the semidefinite cone.
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Chapter 5

Computations in the
Grassmann manifold

The objective of this chapter is to prepare the ground for the computations in
Chapter 6 by describing a differential geometric view on Gry, ,,,. This is greatly
inspired by the articles [25] and [3], although we will only loosely refer to these
sources within this chapter.

5.1 Preliminary: Riemannian manifolds

We adopt the notation from [23]. It is not the aim of this section to reproduce
all the well-known material that may be necessary for a full understanding, but
only to pick out the concepts that we need, to recall the corresponding notions,
and to set up the notation. For more thorough introductions including proofs we
refer to [23], [8], and [19, Ch. 1], or any of the numerous introductory books on
Riemannian geometry.

Let M be a smooth manifold, where smooth always means C*°. For p € M
we denote the tangent space of M in p by T,M. The disjoint union of all these
tangent spaces gives the tangent bundle of M, denoted by T'M. The tangent bundle
carries the structure of a smooth manifold and has a projection map II: TM — M,
T,M > v — p. A (local) vector field X on M is a section of the tangent bundle,
i.e., a smooth function X: M »— TM, which satisfies II(X (p)) = p for all p € M
for which X (p) is defined. Here and throughout, the notation — shall indicate that
the map may only be defined on an open subset of the domain.

It is convenient, and we will make extensive use of this, to define vector fields
along curves. For example, if we have a curve c: J — M, J C R an open interval,
then a vector field V along ¢ is a map V': J — T M, such that II(V (t)) = ¢(t). Note
that if ¢: J — M is a curve on M, then c¢ naturally defines a vector field along ¢
which is given by t — ¢é(t) = %(t). More generally, if we have a map ¢: M; — M,
between manifolds My, Ms, then the derivative of ¢ defines a map between the
tangent bundles T'M; and T Ms. We denote this derivative by Dy: TMy — T M,
and we denote by Dypp: TpyMy — T,y Mz, p € My, the restriction of Dy to T, My,
which is a linear map.

A Riemannian metric on M is a family of bilinear forms (.,.),, p € M, which
varies smoothly in p. This means that if X,Y are local vector fields on the same
open subset U C M, the map U — R, p — (X(p),Y(p))p, is smooth. A smooth

93



94 Computations in the Grassmann manifold

map : M; — My between Riemannian manifolds My, My of dimensions ny > no
is called a Riemannian submersion iff for every p € M there exists an orthonormal
basis vy,..., vy, of T,M; and an orthonormal basis w1, ..., wy, of T, My such that
Dyp(v;) =w; forall i =1,...,ny and Dpp(v;) =0 for all j =ng +1,...,n4.

A first application of the Riemannian metric is that it defines a connection on M,
i.e. a way to differentiate vector fields.! So, if we are given a vector field V: J — TM
along a curve c¢: J — M, then there is a well-defined vector field VV: J — TM,
the covariant derivative of V along c. If M is embedded in euclidean space and if
the Riemannian metric is the usual scalar product in euclidean space, then VV (¢)
is given by the orthogonal projection of ‘fi—‘t/(t) onto the tangent space of M in c¢(t).
Thus, the derivative VV may be thought of as the change of V relative to M.

Another application of the Riemannian metric is that it defines a way to measure
the lengths of curves on M. More precisely, for every p € M the bilinear form (.,.),
on T, M defines a norm |||, on T,M via ||v||, := /(v,v)p, v € T, M. With this
norm one can define the length of a curve c: J — M via

length(c) := /J [e()llece dt -

Furthermore, this also defines a notion of distance on M via

d(p,q) := inf {length(c)

c¢: [0,1] — M a piecewise smooth curve}

with ¢(0) = p and ¢(1) = ¢ (5.1)

This distance is in fact a metric, which is called the geodesic metric on M. We will
explain this nomenclature in the following paragraphs.

A geodesic on M is a curve ¢: J — M, for which the derivative of the field ¢ is
the zero vector field, i.e., for which

V) =0, forallte .

Informally, a geodesic on M is a curve which does not bend relative to M. It can
be shown that for every p € M there exists a radius r > 0 such that for every
v e T,M\ {0} with s := ||v||, < r there exists a unique geodesic ¢: (—r,r) — M
with ¢(0) = p and ¢(0) = 1 - v. In fact, the assignment v — c(s) yields a map

exp,: TpyM — M,

which is known as the exponential map.

For r > 0 small enough the exponential map is a diffeomorphism between the
open ball of radius r around the origin in 7, M and a corresponding open neighbor-
hood of p in M. Such a neighborhood of p in M is called a normal neighborhood of p.
It can be shown that if ¢ lies in a normal neighborhood around p, then there exists
a unique path of shortest length between p and ¢, and this path can be described
by a geodesic. Therefore, the distance d(p, q) as defined in (5.1) is in this case the
length of a geodesic, which justifies the name geodesic distance (cf. [19, § 1.6]).

In Section 4.1.3 we have described integration on submanifolds of euclidean
space. This naturally transfers to general Riemannian manifolds in the following
way. If ¢: M7 — M, is a smooth map between Riemannian manifolds, then for
p € My the map Dyp: TyMy — T,y Mz is a linear map between inner product
spaces. If the differential D¢ is surjective, then the Normal Jacobian of D,y is
defined as in (4.9). We can use this to define the integral of an integrable function

I This is known as the Theorem of Levi-Civita (see e.g. [23, Thm. 3.6]).
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fi+ M — R over an open subset U C M, which has a parametrization, i.e., a smooth
diffeomorphism, ¢: R™ — U, via

/f(p)dM - /f(go(:c))~ndet(Dwgp)dx. (5.2)

peU zER™

It can be shown that this definition does not depend on the specific parametriza-
tion ¢ of U. Furthermore, using a partition of unity as indicated in Section 4.1.3,
one can define the integral of f over M, which we denote by [,, f dM. In particular,
the volume of a subset U C M is defined via

volU := /1U(p)dM,
peEM

where 1y denotes the characteristic function of U. From the Coarea Formula that
we stated in Lemma 4.1.15 one can deduce the following corollaries which we will
use for several computations of volumes of Riemannian manifolds.

Corollary 5.1.1. Let ¢: My — My be a smooth surjective map between Rieman-
nian manifolds My, M, such that the derivative Dy is surjective for almost all
p € My. Then

1
1M, = ——————dyp ' (q) dM> . 5.3
on= [ | et )
qEM>2 pep—1(q)
If additionally dim My = dim My, then
vol My < /#(p_l(q)dMgz / ndet(D,) dM; (5.4)
qEM> pEM;

where #¢~1(q) denotes the number of elements in the fiber ¢~*(q). Furthermore,
if v is a diffeomorphism then

vol My = / ndet(D,) dM; . (5.5)

pEM;

Proof. Equations (5.3) and (5.4) follow from (4.10) and (4.11) in Lemma 4.1.15,
respectively, using suitable partitions of unity. Equation (5.5) follows from (5.4). O

5.2 Orthogonal group

In this section we will recall some elementary facts about the orthogonal group O(n),
that will be crucial for the computations in the Grassmann manifold Gr, .. At
some points it is beneficial to know that the orthogonal group is a compact Lie
group and thus has some particularly nice properties. For this reason we will also
state some elementary definitions and well-known facts about Lie groups with the
single purpose of simplifying some arguments about the orthogonal group, which is
our only interest.

A Lie group G is a smooth manifold which is at the same time a group, and
for which the group operations (z,y) — -y and o — 2~ ! are smooth maps. The
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most important example of a Lie group is the general linear group Gl,(R). It can
be shown that a closed subgroup of Gl,(R) is again a Lie group, a so-called linear
Lie group. Thus, the orthogonal group O(n) = {Q € R™*" | QTQ = I,,}, which is
obviously a closed subgroup of Gl,(R), is a linear Lie group.

If G is a Lie group then for every g € GG one has a diffeomorphism given by the
(left) multiplication map Ly: G — G, Ly(¢') :== g - ¢’. In particular, the differential
D.Ly: T.G — T4G, where e € G denotes the identity element, maps the tangent
space at e to the tangent space at g. The tangent space at e is also called the Lie
algebra of G.

For the orthogonal group, being a linear Lie group and thus embedded in eu-
clidean space R™*"™, one can identify the Lie algebra with a linear subspace of R®*",
It turns out that this Lie algebra is given by the set of skew-symmetric (n x n)-
matrices Skew,, = {U € R"*" | UT = —U}. In particular, the dimension of O(n) is
given by dim Skew,, = @

Moreover, the Lie algebra of O(n), Skew,,, has a natural inner product inherited
from the euclidean space R™*"™. The following two observations are immediate.
First, not only the tangent space at the identity matrix, but any tangent space of
O(n) can be identified with a linear subspace of R™*™. More precisely, the tangent
space TO(n) can be identified with Q-Skew,, = {Q-U | U € Skew, }. In particular,
ToO(n) has a natural inner product inherited from R™*™. The second observation
is that the inner product in R™*"™ is invariant under (left and right) multiplication
with orthogonal matrices.

Combining these observations we may conclude that we have an inner product
on each tangent space of O(n), which is invariant under both left and right multi-
plication with elements from O(n), i.e. we have a bi-invariant Riemannian metric
on O(n). It turns out that it is beneficial to scale this inner product by a factor
of %7 so that we define

(QUL, QUs) g = % - tr (U} - U>) (5.6)

for @ € O(n) and Uy, Us € Skew,,. Observe that we have a canonical basis for Skew,,
given by {E;; — Ej; | 1 < j < ¢ < n}, where E;; denotes the (¢, j)th elementary
matrix, i.e., the matrix which is zero everywhere except for the (i, j)th entry which
is 1. This basis is orthogonal and by the choice of the scaling factor it is also
orthonormal. In fact, this is the reason to use the scaling factor in the first place.
In the euclidean metric on R™*™ these basis vectors have length /2.

Note that the fact that the Riemannian metric is (up to the scaling by ) in-
herited from R™*™ makes the induced connection V on O(n) particularly simple. It
is just the orthogonal projection of the derivative in R™*™ onto the corresponding
tangent space of O(n).

Being a smooth manifold, O(n) also has an exponential map. For compact Lie
groups, the exponential map is always globally defined. Moreover, it can be shown
(see for example [8, Sec. IV.6/VIL8]) that for O(n) with the Riemannian metric
chosen as above the exponential map coincides with the exponential function on
matrices. More precisely, for Q - U € ToO(n), U € Skew,,, we have

> rrk
expo(QU) = Q-expy (V) = @3 - (5.7)

Note also that we have

Q™" -expr, (U)-Q=exp;, (Q71-U-Q) . (5.8)
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For U = E;; — Ej; and I;; := E;; + Ej;, 1 > j, we have
vl=1,, U'=U, U*=-1;, U*=-U,
Ut=1,, U°=U,

(p-U)*

From this computation it is straightforward to compute the infinite series Y - =T

resulting in

Z U k! ) = cos(p) - (Esi + Ejj) +sin(p) - (Eij — Eji) + Z FEr .
k=0 : hond

We thus have an explicit formula for the geodesics on O(n) in direction of the
canonical basis vectors E;; — Ej;, @ > j. Analogously, a simple computation shows
that for m < & and

0 —-A 0
U=|A4 0 0] eR™, A:=dag(a,...,amnm)
0 0 0
we get
CAyp *SAJ, 0
expr, (p-U)=|Sa, Cap 0 : (5.9)
0 0 In72m
where

Ca,, = diag(cos(p- 1), ...,cos(p- am)) ,
Sa,p = diag(sin(p- aq),...,sin(p - am)) .

Geometrically, the following happens by the transformation (5.9): For 1 <i <m
the vectors e; and e;1,,, are rotated in the plane lin{e;, e;1,} with velocity «;, and
this happens for all 1 < i < m simultaneously.

For later use we compute the volume of the orthogonal group.

Proposition 5.2.1. The volume of the orthogonal group with respect to the Rie-
mannian metric as defined in (5.6) is given by

n—1 n24n
2" .4
volOn) = [0 = = (5.10)
g [T (%)

Remark 5.2.2. If we do not scale the Riemannian metric as in (5.6) but simply
take the inner product as inherited from R™*"™ then this causes a scaling of the
volume of O(n) by \/idlmo(n) — 2" This explains the discrepancy between
the formula for volO(n) in (5.10) and the computation in [26, 3.2.28(5)].

Proof of Proposition 5.2.1. Let e; € R™ denote the first canonical basis vector
in R™, and let us consider the smooth surjection

@:O<n)_)5n_17 Q'_)Q'el-
The fiber of e; = (1,0,...,0)7 is given by

1 00
o M (er) = X 0 QeOmn—-1), ,
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which is isometric to O(n — 1) and in particular has the same volume. This also
holds for the fiber of any other p € S"~1.

Next, we will show that ¢ is a Riemannian submersion so that in particular the
Normal Jacobian of ¢ is given by ndetg ¢ = 1. If we have shown this then we are
done as we may then apply the coarea formula (5.3) from Corollary 5.1.1, which
yields

volO(n) = / / 1de ' (p)dS™ ' =0, _1-volO(n —1) .
pES™T! Q€Y1 (p)
By induction, using O(1) = {1, —1} and volO(1) = 2 = Oy, we get

n—1 itl
22 2" .

; = dy -
%) e T(9)
So it remains to show that ¢ is a Riemannian submersion. W.l.o.g. we may

restrict ourselves to analyze the derivative in ) = I,,. To compute the derivative
Dy, ¢ we consider the geodesic in direction E;; — Ej;, 1 < j <i < n,

712+n
4

n—1
volO(n) = H 0; =
=0

—
e
o

=0

Yi3(p) = cos(p) - (Eii + Ey;) +sin(p) - (Eij — Egi) + > B
k#i,j

so that %(0) = E;; — Ej;. The composition of ~;; with ¢ is given by ¢(vi1(p)) =
cos(p) - e1 +sin(p) - e; and p(7;5(p)) = e1 if j # 1. Therefore, we get

e, ifj=1
D B —FE;)=
1, ¢(Eij ji) {O £
In other words, the orthonormal basis vectors F;; — Ey;, i = 2,...,n, are sent to
the orthonormal basis es, ..., e, of TmS”*l, and the other basis vectors E;; — Ej;,
j # 1, are sent to the zero vector. Thus, ¢ is a Riemannian submersion, which
finishes the proof. a

5.3 Quotients of the orthogonal group

This section is devoted to the description of the Stiefel manifold St, ,, and the
Grassmann manifold Gr,, ,,, where 1 < m < n — 1, as quotients of the orthogonal
group O(n). The Stiefel manifold consists of all m-tuples of orthonormal vectors
in R" and the Grassmann manifold consists of all m-dimensional linear subspaces
of R™, i.e.,

Stpm ={B€R"™™ | B'B=1I,}
Gryp,m = {W CR" | W an m-dimensional subspace} .

Note that we have already encountered both of them in slightly different forms
(cf. (2.5) in Section 2.1.2, and (3.4) in Section 3.2)

Stn,m o Rgzxn ) Grmm o Sm—l(Sn—l) )

In fact, there are a number of different ways to identify these sets (cf. the discussion
in [25]), but it turns out that considering both of them as quotients of the orthogonal
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group is particularly beneficial for the computations. We will explain this next by
first discussing the general concept of a homogeneous space.

In the following let G be a Lie group and let H be a closed Lie subgroup of G,
i.e., H is a closed subset of G and furthermore a subgroup G. It can be shown that
if H is a closed subgroup of G, then it is also a submanifold of G. The space of left
cosets of H in G is denoted by

G/H :={gH |g € G} .

Note that since the left multiplication map Ly: G — G, Ly(¢') = g - ¢/, is a diffeo-
morphism, each coset gH is a submanifold of G. We use the notation [g] := gH for
g€ aqG.

By definition of G/H there is a natural projection map

.G —G/H, g lg.
Furthermore, the set of left cosets G/H carries a transitive G-action via

GxG/H —G/H, (g1.]92]) — [0192] -

It turns out that G/H even carries a natural manifold structure, which is shown by
the following theorem.

Theorem 5.3.1. Let G be a Lie group and H a closed Lie subgroup. Then there
exists a unique C*-manifold structure on G/H such that the projection I1: G —
G/H is smooth, and such that for every g € G there exists an open subset U C G/H
and a smooth map ¢: U — G with II(¢(uw)) = u for all w € U and ¥(uy) = g for
some ug € U.

ge G 1 G/H
‘\‘X
ug €U

The G-action G x G/H — G/H, (g1,[g2]) — [9192], is a smooth map, and the
dimension of G/H is given by dimG/H = dim G — dim H.

Proof. See for example [8, Thm. IV.9.2]. O

For our computations this theorem is not quite sufficient. The following lemma
will allow us to describe an explicit model for the tangent spaces in G/H and with
it also a Riemannian metric etc. Note that an element g € G lies in the submanifold
[9] = gH C G, which implies that the tangent space of [g] in g is a linear subspace
of the tangent space of G in g. The tangent space T,[g] is also called the vertical
space of G/H in g.

Lemma 5.3.2. Let G be a Lie group and H a closed Lie subgroup. Furthermore,
let g € G and let L C T,G be a linear subspace such that T,G = T,[g] ® L. Then
there exists an open ball B around the origin in L such that the restriction of the
composition Il o exp, parametrizes an open neighborhood U of [g] € G/H, i.e.,

T,6——> ~G—1 +G/H
ul ul ul
L 2B—+exp,(B)——U - (5.11)
% % %

01 - g 9]
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In particular, if Do denotes the differential of Il o exp, in the origin of T,G, then
the map L — TigG/H, v Do(v), is a linear isomorphism.

Proof. See [34, Lemma I1.4.1] for the case g = e. The case for general g € G follows
easily by using the left multiplication map. ]

The direct summand L of the vertical space Ty[g] thus provides a model of the
tangent space of G/H at [g]. The question is of course, how the direct summand L
should be chosen in order to provide a “good” model of the tangent space of the
quotient G/H. If the Lie group G is endowed with a Riemannian metric, then
one can choose L as the orthogonal complement of the vertical space T,[g]. The
orthogonal complement (T, [g])* of the vertical space is called the horizontal space
of G/H in g. From (5.11) we get a linear isomorphism between the horizontal space
and the tangent space of the quotient

T,G 2 (Tylg))* = T}yG/H, v~ Dy(v), (5.12)

where Dy denotes the differential of Il o exp, in the origin of T;G. Note that for
a different representative gh, h € H, of the coset [g], we get a linear isomorphism
between the horizontal spaces of G/H in g and in gh, i.e.,

Tl .
o /N'T[g]G/H . (5.13)

(Tynlgh)*

In order to transfer the Riemannian metric on G to a Riemannian metric on the quo-
tient G/H one could think of declaring the linear isomorphism in (5.12) an isometry.
This is possible if the Riemannian metric on G is bi-invariant, i.e., invariant under
left and right multiplication, as this implies that the induced isomorphisms 7
between the horizontal spaces are isometries. We will verify this in the following
paragraphs for the special case G = O(n).

Recall that (cf. Section 5.2) in the case G = O(n) the tangent space at the
identity element is given by Ty, O(n) = Skew,,, and the tangent space at @ € O(n)
is given by ToO(n) = Q - Skew,,. For a subgroup H C O(n) let us denote the
horizontal space of O(n)/H at the identity I,, by

Skew,, := (T;, H)* C T;,0(n) = Skew,, .
The horizontal space of O(n)/H at @ is then given by
(TolQ)* = Q - Skew, € ToO(n) = Q - Skew, .
Let us now fix an element @ € O(n), and an element h € H, and let us compute

the isomorphism 7 ; between the horizontal spaces of O(n)/H at @ and at Qh
(cf. (5.13)). For U € Skew,, we have

QU = %GXPQ(t -QU)(0) € Q - Skew,, ,

and the corresponding tangent vector in TjgO(n)/H is given by

% [eXpQ(t . QU)] (0) .
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To see what the image of Q U under the map 7¢ 5 is, we compute

[expo(t- QU)| = [exp(t-QU) - h] = [Q - expy (- U) - h]

= [Qh-h~ wexp, (t-U)-h] E [Qh-exp, (t- T UR)]

D [expon(t-Qh-h~ U B)] .

This shows that we have
7on(QU)=Qh-h ' Uh.

In particular, the transition map 7¢ 5 is an isometry (cf. (5.6)).

Now that we have computed the transition functions 7¢ j between the horizontal
spaces, we see that we may identify the tangent space of the quotient O(n)/H with
the following set

TigO(n)/H = ([Q] X Skewn) /~, (5.14)
where we define the equivalence relation ~ via
(Ql, Ul) ~ (Q27 UQ) < TQl,h(Ql Ul) = Qg U, , i.e., (515)

h~'Uth = U, , with h:= Q7' Qs € H .

We denote the equivalence class defined by (Q,U) by [@, U], so that from now we
write a tangent vector in TjgO(n)/H in the form

[Q,U] € Tjg1O(n)/H ,

where U € Skew,,.
As the transition maps 7¢ 5 are isometries, we may define an inner product on
TigO(n)/H by declaring the linear isomorphism in (5.12) between the horizontal

space () - Skew,, and the tangent space TjpO(n)/H an isometry. This amounts to
declaring an inner product on the right-hand side of (5.14) via

([Q,U1], [Q,Us]) := (U1, Us)y, ) 3 -te(U] - Ua), (5.16)

for Uy, U, € Skew,,.
We have thus defined an O(n)-invariant Riemannian metric on the quotient

O(n)/H. Tt can be shown that the following properties hold for this Riemannian
metric:

1. The projection II: O(n) — O(n)/H is a Riemannian submersion.

2. The differential of the projection II: O(n) — O(n)/H is given by the orthog-
onal projection onto the horizontal space.

3. The exponential map on O(n)/H is given in the following way. For [Q] €
O(n)/H and U € Skew,, we have

expiq)([Q, U]) = [expo(QU)], (5.17)

where €Xp and exp shall denote the exponential maps of O(n)/H and O(n),
respectively. In other words, the projection II maps geodesics in O(n) on
geodesics in O(n)/H, and every geodesic in O(n)/H may be obtained this
way.
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Before specializing the subgroup H so that O(n)/H yields a model for the Stiefel
or the Grassmann manifold, let us compute the volume of the homogeneous space

Proposition 5.3.3. Let H be a closed Lie subgroup of the orthogonal group O(n).
Then the volume of the homogeneous space O(n)/H is given by

vol O(n)
10 H=—7"2-++.
volO(n)/ vol H
Proof. The proof goes analogous to the proof of Proposition 5.2.1.2 The projection
map II: O(n) — O(n ) /H is a Riemannian submersion, and for each element H €

O(n)/H the fiber I"'(H) = H C O(n) is isometric to H. Applying the co-area
formula (5.3) from Corollary 5.1.1 yields

vol O(n) / /1dH dO(n)/H = vol O(n)/H - vol H . O

HeO(n)/H Qe

5.3.1 Stiefel manifold

The (n, m)th Stiefel manifold St,, ,,,, m < n, consists of all m-tuples of orthonormal
vectors in R™. Instead of considering only m-tuples we may as well consider all
n-tuples of orthonormal vectors in R™, i.e., all (ordered) orthonormal bases, and
identify those for which the first m components coincide. This last description of
Stp,m can be written as a quotient of the orthogonal group O(n). To make this

precise, let
H:= { <I(7)n %) QeO(n—m)} CO(n).

Note that H =2 O(n — m). In particular, H is a closed Lie subgroup of O(n).
Considering the homogeneous space O(n)/H we have that the left cosets Q1 H =
Q- H iff the first m columns of @)1 and Q2 coincide. Therefore, we get a model for
the Stiefel manifold via

Stnm =2 O0(n)/H .
As H =2 O(n —m), we also write Sty ,, = O(n)/O(n —m) implicitly assuming the
embedding of O(n —m) in O(n) as given by H.
The vertical and the horizontal space of O(n)/H in I,, are given by

{0 )

- _pT
Skew,, = (11, H)* = { (g éz >‘U € Skew,,, R e R“Lm)m} .

Ve Skewn_m} ,

Furthermore, the induced Riemannian metric on St,, ,,, is given by (cf. (5.16))

(@ (g -] @ (2 5)]) =4 6@l -U) + w(R] R (5.18)

From Proposition 5.3.3 we get that the volume of the Stiefel manifold with respect
to this Riemannian metric is given by

2nm-—m2+m

vol O( ) Prop 5.2.1 2m . 4
Vol Strm = 0, =2 T ' (519
vol O(n - m i ln_[m Hd—n m+1 F(%)

2In fact, Proposition 5.2.1 can be deduced from Proposition 5.3.3, as S"~! = St,, ; and thus

Op_1 =volSty,1 = % (cf. Section 5.3.1).
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Remark 5.3.4. Asin Remark 5.2.2 we point out the difference between the volume
of St ., with respect to the Riemannian metric on St,, ,, as defined in (5.18) and
the volume of St,, ,, if we consider it as a submanifold of R™*™ and take the volume
with respect to the volume form induced by this inclusion. To get the latter volume

. dim Sty m m(m—1) | m(n—m)
we need to scale the result in (5.19) by /2 =2" 1 *

2nm—m24m

the volume 2% - (27)" 4 -J[}_,_ ., D($)~

, which yields

5.3.2 Grassmann manifold

The (n,m)th Grassmann manifold Gr, ,,, m < n, consists of all m-dimensional
subspaces of R". We may identify an m-dimensional subspace W with the set of
all orthonormal bases of this subspace. Moreover, we may also identify VW with the
set of all orthonormal bases of R™ whose first m components span VW and whose
last n —m components span its orthogonal complement.? This, in turn, leads to a
description of Gr,, ,, as a homogeneous space. We define

= {(¢ g)\c‘geom),@eO(n—m>}g0<n>,

so that H =2 O(m) x O(n —m) is in particular a closed Lie subgroup of O(n).
As for the homogeneous space O(n)/H it is straightforward that two left cosets
Q1H,Q2H € O(n)/H coincide iff the first m columns of @7 and the first m columns
of Q2 span the same subspace W, or equivalently the last n —m columns of ; and
the last n — m columns of Q span the same subspace W+. We thus get

Grp.m 2 0(n)/H ,
which we also write in the form Gr, ,, = O(n)/(O(m) x O(n — m)), implicitly

assuming the embedding of O(m) x O(n —m) in O(n) as given by H.
The vertical and the horizontal space of O(n)/H in I,, are given by

()
o= ={ (4 F)

Furthermore, the induced Riemannian metric on Gry, ., is given by (cf. (5.16))

(lo. (2] @ (2 )]) =Bl R . (5.20)

Note that for h = (? %) € H, ie, Qe O(m)and Q € O(n—m), we have

0.(3757)] 2 for (447 o] = [n (g 8 297)]

Note that the rank of the matrix R coincides with the rank of Q7 - R - Q. So for

V= {Q’ (}% —gLT )] € Tiq) Gry,m we may define the rank of v via

U € Skew,,, V € Skewn_m} ,

rk(v) :=rk(R) . (5.21)

3Note that this might be interpreted as a primal-dual view on (GrP) and (GrD) (cf. Section 2.3).
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Moreover, if R has the singular value decomposition (assuming m < % for notational

reasons)
- /A\ -
R= Q : (O) . QTa
with A = diag(ayq, ..., a;), then we have
o 0 -4 0
[Q, (g ff )] —lonla o ol|. (5.22)
0 0 O

Note that the rank of the tangent vector v is given by
rk(v) = [{i | a; > 0}] .

The Grassmann manifold is a compact and connected manifold, and from Propo-
sition 5.3.3 we get that the volume of Gr,, ,,, with respect to the above Riemannian
metric is given by

VOl Gl" _ VOl O(n) Prop._5.2.1 H?;Ol 01
e volO(m) - volO(n — m) B H;’;*l O; IL:*Omfl 0,
sz_ri—m Oz m(n—m) m F(d)
Tto, T HW (5.23)
=0 4 d=1 2

The scaling of the Riemannian metric is in some sense arbitrary and only mo-
tivated by the resulting computations. That is why it is sometimes helpful not to
consider the volume but the relative volume

vol M

vol Gry,

rvol M :=

for measurable M C Gry, ,,,. In fact, the relative volume is a probability measure on
Gry,,m and it can be described without considering Gr,, ,, as a homogeneous space.

Proposition 5.3.5. Let M C Gry, ,,, and let B € R™*™ and B’ € R(=m)xn pe
random matrices, where each entry of B and B’ is chosen i.i.d. normal distributed.
Then

rvol M = Prob [im B € M] = Prob [ker B’ € M] . (5.24)

Proof. The measure rvol on Gry, ., is a Borel measure, which is invariant under the
action of the orthogonal group O(n), and which is normalized via rvol(Gr,, ., ) = 1.
It is known that these properties uniquely determine the measure rvol (cf. for ex-
ample [39, Ch. 3]). This fact easily implies (5.24), as we will see next.

Recall that R?*™ denotes the set of full rank (n x m)-matrices. Let p and u'

denote the measures on R}*™ respectively R&"‘m)x”

Rgnfm)xn

, which result from taking the
entries in B € R?*"™ respectively B € ii.d. standard normal distributed

(note that B € R?*™ and B € R ™)X with probability 1). Furthermore, let I
and K denote the maps

I:RY™ — Gry, Br—imB,

. m(n—m)xn / / (525)
K: Ry — Gy, B —kerB'.



5.4 Geodesics in Gry,. 105

Then we have

Prob [im B € M| = / dp = / dpss s
iow) W

-
Prob [ker B’ € M] = / dy' = / dul,

K—=1(W) w
where p, and p, denote the pushforwards of the measures p and p’ onto Gr,, , via
the maps I and K, respectively. These pushforwards are also orthogonal invariant
probability measures on Gry, ,,,. From the above mentioned uniqueness we thus get
that the integrals coincide with rvol. |

Remark 5.3.6. We obtain further representations of the Grassmann manifold by
identifying a subspace W C R"™ with all its bases or with all bases of its com-
plement. Formally, this means that we can identify Gr,, ., with R7?"*"/Gl,, or
R&”"”)X”/ Gl,—_.,. Note that R™*™ and RT™X are homogeneous spaces, for
example R"*" =~ Gl,, /Gl,—,,, where Gl,,_,, is identified with a corresponding
subgroup of Gl,,. Moreover, the maps I and K as defined in (5.25) are Riemannian
submersions and thus continuous, open, and closed maps.

5.4 Geodesics in Gry,

In this section we will have a closer look at geodesics in Gry, ,,. Central to the
understanding of the geometry of the Grassmann manifold is the notion of principal
angles, which was originally defined by Jordan [35].

Definition 5.4.1. Let 1 <m < M <n-—1, and let W € Gr,,,, and Wy € Gr,, p1.
Furthermore, let X; € R™™ and X5 € R"*M be such that the columns of X; form
an orthonormal basis of Wj, i = 1,2. The principal angles oy < ... < ayy, € [0, 5]
between W, and W, are defined as the arccosines of the singular values of the matrix
XTI Xy e RMM e,

cos(a) 00
X1TX2_Q1< ; ) 2
cos(am)

0.0
where Q1 € O(m) and Q2 € O(M).

Note that we have || X;|| = || X2|| = 1, as the columns of X; and X, are or-
thonormal vectors in R”. This implies o1 = || X4 X;1|| < || XT| - || X1]| = 1, so that
the arccosines of the singular values are well-defined. Furthermore, it is easily seen

that the principal angles are independent of the above chosen orthonormal bases
X1, Xo (cf. Proposition D.2.2).

Remark 5.4.2. The number of principal angles, which are 0, gives the dimension
of the intersection Wi N Wa:

ap=...=ap=0, apy1 >0 = kZdim(WlﬂWQ).

The ‘«<’-direction follows from the fact that we can choose X; and X5 such that
the first £ columns coincide and describe an orthonormal basis of W; N W,. The
‘=’-direction is also verified easily.
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We will analyze principal angles in more details in Chapter D in the appendix.
One important property of the principal angles is that they parametrize pairs of
subspaces up to orthogonal transformation (cf. Proposition D.2.6). In particular,
if we have any function f defined on Gry, .y X Gry .y satisfying f(QWh, QWs) =
fOWV1, Wy) for all Wi, Ws € Gry, p, @ € O(n), then this function f only depends
on the principal angles. This means that there exists a (symmetric) function g
defined on [0, Z]™ such that f(Wi, W) = g(au,...,an), where aq, ..., a,, denote
the principal angles between W; and W,. This emphasizes the central role of the
principal angles for the Grassmann manifold.

Another important property of the principal angles is that they are basically
invariant under the duality map. The precise statement is given in the following

proposition.

Proposition 5.4.3. Let1 <m < M <n—1, and let Wi € Gr,, p, and Wy € Gry, .
Then the nonzero principal angles between Wy and W, coincide with the nonzero
principal angles between Wi- and Ws-.

Proof. See Corollary D.2.5. a

Note that the bijection Gr, m, — S™1(S™™1), W — WnNS™~ !, implies that the
Hausdorff distance on S™~1(S™~!) transfers to a metric on Gry, ,,,, which we also

denote by dy,
dgWi, Wa) == dy(W1 N S" L W N S™ Y

The following proposition shows how this metric is related to the principal angles.

Proposition 5.4.4. Let Wi, Wy € Grpm, and let oy < ... < «p, denote the
principal angles between Wy and W,. Then the Hausdorff distance between Wy and
Ws is given by

AW, Wa) = (a1, .- .y am) |loo = @ - (5.26)

Furthermore, the map Gry m — Grpn_m, W — WL, is an isometry if Gry,,m and
Grpn—m are both endowed with the Hausdorff metric.

Proof. Let S; :=W,NS™ 1, i =1,2, denote the subspheres defined by W; and W,
and let X; € R™*™ be such that the columns of X; form an orthonormal basis of W;,
1 =1,2. From the definition of the principal angles in Definition 5.4.1 and from the
geometric interpretation of the minimum singular value in Proposition 2.1.3 we get

cos o, = max{r | X{ Xo(Bpm) 2 Bn(r)},

where B,,(r) C R™ denotes the ball of radius r, and B, := Bp,(1). As X;: R™ —
R™ is a linear isometry, we have

XTX5(By) D Bp(r) <= X1 X! X2(B) 2 X1(Bn(r)) .

Furthermore, X;(By,(r)) equals the intersection of W; with B, (r), and the linear
map X; X! equals the orthogonal projection onto W; (cf. Lemma 2.1.11), i = 1, 2.
This yields

€08 i, = max {r | Iy, Wa N B,) 2 W1 N By, (r)}
— max { 2] | z € Ty, (52}
= min{cos(d(q,S1)) | ¢ € Sa2}
= cos(max{d(q, S1) | ¢ € S2}) .
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By symmetry this also holds with interchanged roles of WW; and Ws, so that we may
conclude

o = max{d(q,S1) | ¢ € So} = max{d(p,S2) | p € S1}
= du(S1,52) .

The claim that the map W + W+ is an isometry follows from (5.26) and
Proposition 5.4.3. O

The following fundamental lemma yields concrete formulas for the geodesics
in the Grassmann manifold Gry,,. We will assume that m < 7 to simplify the
notation.

Lemma 5.4.5. Let W € Gty p, with m < 5, and let v € Tyy Gry, . Then there
exists Q € O(n) such that [Q] =W and

0 —A 0
v=|Q, A 0 0 , (5.27)
0 0 0
where A = diag(aq, ..., Qm) with a1, ...,a, > 0. Furthermore, the exponential

map exp on Gr, ,, in W in direction v is given by

CA,p _SA,p 0
Epyw(p-v)= Q| Sap Cap 0 : (5.28)
0 0 In—2m

where

Ca,p, = diag(cos(p - a1),...,cos(p - am)) ,
Sa,p = diag(sin(p - a1),...,sin(p- am)) -

Proof. In (5.22) we have seen that for every v € Tyy Gry, ,, we can find a represen-
tative @ € O(n) with [Q] = W, such that v is of the form (5.27).
The exponential map on Gry, ., in W = [@Q)] in direction v = [@Q, U] is given by
(cf. (5.17))
&Py (p-v) = [expolp-QU)] = [Q-expy, (p-U)] ,

where exp shall denote the exponential map on O(n). From (5.9) in Section 5.2 we
thus get the claimed formula for €xp,(p - v). O

Example 5.4.6. Let us consider the special case where the rank of the tangent
vector v € Tyy Gry, ., (cf. (5.21)) is rk(v) = 1. If the tangent vector has unit length,
i.e., [|v]| =1, then we can find @ € O(n) such that [Q] = W, and

olo -+ 0] -1
0

v=1Q, | : 0 :
0 0

10 --- 0] 0

The exponential map on Gry, ,, at W in direction v is thus given by

cos(p) — sin(p)
@W(P ' ,U) = [Q . Qp} ) Qp = In72

sin(p) cos(p)
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Denoting by ¢: R — Gry, , the curve ¢(p) := expy,(p - v), let us also compute the
tangent vector ¢(p), to get accustomed to the notation. First of all, we have

0 -1
0
#(Q- Q) = 7@ Qur)(0) =Q-Qp- £Qu(0)=Q-Q,- _
1 9
This implies that
0, -1
dp)=Q-Qu| - . (5.20)
1 %

Note that this is the correct result, as the exponential map is known to “parallel
transport its velocity”.

In the following proposition we summarize the most important global properties
of the exponential map on Gry, .

Proposition 5.4.7. Let W = [Q] € Gr,, 1, and consider the open set
0 7RT (n—m)xm m
U:=:\Q, ReR RN < = p CTw Grpy (5.30)
R 0 2 '
where ||R|| denotes the operator norm of R. Furthermore, let U denote the closure
of U, and let OU denote the boundary of U. Then the following holds.

1. The exponential map €Xpyy, is injective on U.

2. The exponential map eXpy,, is surjective on U.

_RT _
3. Ifv= [Q7 (10% f)% )} €U and W' = &Xpyy(v), then the curve

0,1] = Grppm, preXDy(p-v) (5.31)

is a shortest length geodesic between W and W'. In particular, we have
dg(W, W') = |[vll = || R| -

4. For v € OU we have €Xpyy(v) = €xXpy,(—v), so that the injectivity radius of
Grypm 08 5.

Proof. See Section D.2 in the appendix. m]

With the help of Proposition 5.4.7 we can now show how the geodesic metric on
Gr,,,m, is related to the principal angles. In particular, we will see that the Hausdorff
metric and the geodesic metric are equivalent.

Corollary 5.4.8. For Wy, W, € Gr,, p,, let dg(W1, Wa) denote the geodesic distance
between Wy and W,. Then

dgWi,Wa) = |[(a1,. . am)|la = /o + ...+ a2, , (5.32)

where ay < ... < au,, denote the principal angles between Wy and Ws. In particular,
the Hausdorff metric and the geodesic metric are equivalent.

Furthermore, the map Gry m — Gryp—m, W — W, is an isometry if Grym
and Gry, p—m are both endowed with the geodesic metric.



5.5 Closest elements in the Sigma set 109

Proof. Let us fix W € Gry, m, and let Y C Tyy Gry, , be defined as in (5.30). By

Proposition 5.4.7, we get that every W' € Gry, », is of the form W' = &xpy,,(v) for
_RT _

some v = [Q, ]% é% € U. Moreover, the geodesic distance between W and

W' is given by dg(W,W') = ||R||p. It remains to show that the principal angles

between W and W' are given by the singular values a1 > ... > a,, of R.

Note that as v € U, we have ay = ||R|| < Z. By (5.22) we may assume

5.
w.l.o.g. that R = (é), with A = diag(ay,...,am,). To simplify the notation we

0 -4 0
may furthermore assume that W =[I,Jandv= [I,,{A 0 0
0 0 0

A formula for the unit-speed geodesic (5.31) is given in (5.28). It follows that
an orthonormal basis of €xpy,,(v) is given by

{cos(a;) - e; +sin(a;) - ey |1 =1,...,m},
where eq, ..., e, € R™ denote the canonical basis vectors. Note that an orthonormal
basis of W = [I,,] is given by {e; | i = 1,...,m}. As o; < 7§, we have cos(a;) > 0,

i =1,...,m. By Definition 5.4.1 we get that the principal angles between VW and
expyy (v) are given by ai, ..., ay. This shows (5.32).

The equivalence of the Hausdorff metric and the geodesic metric follows from
(5.32) and (5.26) and the equivalence of the 2-norm and the oco-norm.

The claim that the map W — W+ is an isometry, if Gry, ,,, and Gr, p,—r, are both
endowed with the geodesic metric, follows from (5.32) and Proposition 5.4.3. ad

Remark 5.4.9. We content ourselves in this paper with the Hausdorff and the
geodesic metric on Gry, ,,,. See [25, §4.3] for a longer list of common metrics on
Gry,,, with the corresponding expressions in the principal angles.

5.5 Closest elements in the Sigma set

In this section we will provide a transition to the main result of this paper which

is the Grassmannian tube formula that we will prove in Chapter 6. Similar to as

we did for linear operators in Section 2.1.2 we will analyze how to perturb linear

subspaces so that the result contains a given point. This will give us a clear picture

about the geodesics towards the set £,,,(C), C being a regular cone (cf. Section 2.3).
Recall that for C' C R™ a regular cone the set ¥,,,(C') was given by

Y (C)={W e Grypm | WNint(C) = 0 and WNOC # {0}}
(cf. Definition 2.3.7). For a single point p € S~ ! we define
Yn@)i={WeGr,m|peW}.

Note that we trivially have

Z?n(c) C U E’m(p) ’ (533)
pEOK

where K = C' N S" 1
Next, we will treat the question ‘Given some Wy & ¥, (p), what is the/a closest
element in ¥,,(p)?”. The following construction is natural: Let ¢ be the projection
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of p on the subsphere Sy := Wy N S"7 1 ie., ¢ = |[IIy,(p)||~! - Oy, (p), where
ITyy, denotes the orthogonal projection onto Wy. The subspace W) := W + Rp,
where W := ¢+ N W), lies in ¥,,(p). It is obtained by rotating the point ¢ € W,
onto p while leaving the orthogonal complement g N W, fixed. It is geometrically
plausible that this yields a closest point in 3,,(p). Proposition 5.5.2 below shows
that this is true both for the geodesic or the Hausdorfl distance. Moreover, the
above described point in ¥,,(p) is the unique element, which minimizes the geodesic
distance to W,y. Before we give this proposition we introduce a notation, which
describes the above construction of Wj.

Definition 5.5.1. For W € Gr,, ,,, and x € R™ \ W+ we define W(— ) € Gry,m
via

W(—=z):=(ytnW)+Rz,
where y := Iy (x), and IIy denotes the orthogonal projection onto W.
Recall that d(.,.) denotes the spherical distance in S"~! (cf. Section 3.1).

Proposition 5.5.2. Let Wy € Grym, So = Wo N S™ L, and p € S"~1\ Wi
Furthermore, let

Wi = Wy(—p) . (5.34)
Then the following holds:
1. W1 S Em(p),
2. dy(Wo, Wr) = dg(Wo, W1) = d(p, So),
3. d(pa SO) = dH(WOa Em(p)) = dg(W07 Zm(p))y
4. Wh is the unique element in ¥,,(p), which minimizes the geodesic distance
to Wy, t.e.,
Wit = {(Wo(— p)} = argmin{dy(Wo, W) | W € . (p)} - (5.35)

As a corollary we get a complete picture about closest elements in 3, (C).
Corollary 5.5.3. Let C C R™ be a regular cone and let K := C N S" 1.

1. Let Wy € Grym and So := Wy N S™™ 1 such that Wo N C = {0}. Then the
distance of Wy to 3., (C) is given by

dg(Wo, Xm (C)) = du(Wo, 2 (C)) = d(So, K) . (5.36)

Furthermore, the elements in X,,(C), which minimize the geodesic distance to
Wy are given by

argmin{dy(Wo, W) | W € £,,(C)} (5.37)
= {Wo(—p) | p € argmin{d(p’, So) | p € OK}} .
2. If Wy € Gry, 15 such that Wy N C # {0} then
dg(Wo, 2m(C)) = du(Wo, i (C)) = d(S3, K) , (5.38)

where Sy = Wg- N S"~L,
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Proof. (1) If we have Wy N C' = {0}, then the distance to ¥,,(C) is given by the
distance to the set {W | W N C # {0}} (cf. Definition 2.3.7), i.e.,

4e(Wo, S (C)) = min{d (Wo, W) | W C £ {0}}
where d, = dg or d, = dy. Since (W | WNC # {0}} = U, cx Em(p), we get

min{d,(Wo, W) | WN C # {0}} = min{d,(Wo, Zm(p)) | p € K}

Prop. 5.5.2

=" min{d(So,p) | p € K}
= d(SO7K) )

which shows (5.36). As for the equality in (5.37) note that we have

Prop. 5.5.2
) =

ds(Wo. £ (C)) = d(So, K min{dy(Wo, S (p)) | p € 0K} . (5.39)

From the inclusion in (5.33) and from (5.35) we thus get
argmin{ds(Wo, W) | W € £,,(C)}
C {Wo(— p) | p € argmin{d(p’, So) | p' € OK}} .

In fact, this inclusion also holds if the geodesic distance is replaced by the Hausdorff
distance. For the other inclusion we need to argue about the specific form of the
geodesic metric.

Let p € argmin{d(p’,So) | p’ € K}, and let Wy := Wy(— p). By Proposi-
tion 5.5.2 the element W, is the unique element in X,,(p), which minimizes the
distance to Wy. Note that dim(Wy N W;) = m — 1, so that the first m — 1 principal
angles between Wy and W, are 0. The unique shortest-length geodesic from W
to Wi rotates the point ¢ := ||y, (p)||~! - Ty, (p) onto the point p and leaves
the subspace W := ¢= N W, invariant. Since d(p, Sy) = d(K, Sp), it follows that
WnNC = {0} for all W on the geodesic between Wy and W;. From this it follows
that Wy € £,,(C), and as we have (5.39), the inclusion ‘2’ in (5.37) follows. This
finishes the proof of part (1) of the claim.

As for part (2) of the claim, recall from Proposition 5.4.4 and Corollary 5.4.8 that
the map Gry;m — Gryp—m, W — W, is an isometry if we consider both Grypm
and Gr,, ,—, being endowed with the geodesic metric or both being endowed with
the Hausdorff metric. Furthermore, under this map we have a bijection X,,(C) —
Sn-m(C), so that d(W, %,,(C)) = due(W*, Zp_m(C)), where d. = dg or dy = dy.
So (5.38) follows from (5.36) via this duality. a

Proof of Proposition 5.5.2. First of all, as p € Wy we have W, € %,,(p), so part (1)
of the claim is trivial.

Let X € R™(m=1) he such that the columns of X form an orthonormal basis of
W C Wi N Wy, If we set

X = (q X) , X1 = (p X) e R™™ R (540)

then the columns of X; form an orthonormal basis of W;, i = 0,1. We get

Tp 0
X7 X, = <q0p L)

and arccos(q?'p) = d(p,q) = d(p, So). This implies
du(Wo, Wr) = dg(Wo, W1) = d(p, So) .
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In particular, we have dg(Wo, m(p)) < d(p, So)-
As for part (3) of the claim note that if Wi € £,,(p), i.e., p € Wi, then

dg(WO,W{) Z dH(WOaW{) Z min{a ‘ Si g T(Sﬂaa)} Z d(pa SO) .

This finishes the proof of the equalities dg(Wo, X1 (p)) = du(Wo, i (p)) = d(p, So)-

To show part (4) of the claim let again W| € %,,(p). Furthermore, let X’ €
R™*(m=1) he such that the columns of X’ form an orthonormal basis of p~ N W},
and let X{ := (p X’) € R"*™. Then the columns of X{ form an orthonormal
basis of Wi, and with X defined as in (5.40) we get

r 0
X(SFX{ = <q0p XTX/) :

In particular, the singular values of X X/ are given by ¢”'p and the singular values
of XTX'. The singular values of X7 X’ are all < 1, as the largest of them is given
by the operator norm, and we have || X7 X'|| < || X||- || X’|| = 1. The singular values
are = 1, i.e., the arccosines of them are = 0, iff the columns of X and the columns of
X' span the same subspace. This equivalence is verified easily. As W) = W + Rp,
we get part (4) of the claim. O



Chapter 6

A tube formula for the
Grassmann bundle

In this chapter we will prove the main result of this paper, a formula for the volume
of the tube of the Sigma set in the Grassmann manifold. This formula is a general-
ization of Weyl’s classical tube formula for the sphere and can be interpreted as an
average case analysis of the Grassmann condition of the convex feasibility problem.

6.1 Main results

Throughout this chapter let C C R™ be a regular cone, and let K = C' N S"~ 1.
Recall that in Section 2.3 we have defined the sets

FL(C)={W e Grpm | WNC #{0}},

FE(C)={W € Grpm | WENC £ {0}} .
Furthermore, the interior of the primal feasible set F&(C) is given by the dual
infeasible set Z3(C) = {W € Grpm | WNC = {0}}. The set of ill-posed inputs
(cf. Definition 2.3.7) is given by

Em(C) = FE(C) N F&(C)
={W € Grpm | WnNint(C) =0 and WNIC # {0}} . (6.1)

To ease the notation we will occasionally write X, (K) instead of X, (C'), or we will
drop the brackets and simply write >,

Recall from Corollary 5.5.3 that for W € Gry, ,, the geodesic distance of W to
Ym coincides with the Hausdorfl distance of W to X,,. To take this into account,
let d,(.,.) denote in the following paragraph the geodesic or the Hausdorff distance.

As the Grassmann condition of a point W € Gry, o, is given by

1

. =———
(W) sind. (W, X,,)
(cf. Proposition 2.3.8), we define the (primal/dual) tube of radius « around 3, via

T (S, q) = {W € Grpm | d. OV, ) < a}
TP(Em,a) T (S, ) N FE
TP (S, @) i= T (S, @) N F2

113
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where 0 < o < % Note that

T (S, @) UTP (S, ) = T (S, @)
T (S, @) VTP (S, @) = Sy

Note also that the isometry Gry, ., — Grpp—m, W — W, induces a bijection
between 7°(X,,(C), ) and T?(Z,_m(C),a). So it suffices to know formulas for
the (relative) volume of the primal tube 77(%,,,«). The primal tube has the
following simple characterization

T (Zm, @) = {lin(S) | S € S™ 1S 1), SNnint(K) =0, d(S,K) <a}, (6.2)

where S™~1(S"~1) denotes the set of (m — 1)-dimensional subspheres of S"~1
(cf. Section 3.2). This characterization follows from the first part of Corollary 5.5.3.

Theorem 6.1.1. Let C C R" be a regular cone and let K = CNS" 1. Then for
I1<m<n—-1land0<a<3

2m(n—m) (n/2\ <= n—2] &
rvol T9(8,,,a) < ———— DN VIK)-| d" I 6.3
ol (o) < B (P) 500" 3% X st (09
where
n/2y D52 n—2] _ _ VAT(*3) :
° (m/2) = F(mgz)r?n,t;ﬁ) and [ p ] = F(%)T(n{;,l) (cf. Section 4.1.4),

o Vi(K) denotes the jth spherical intrinsic volume of K (cf. Section 4.4),
o I i(a) = [ cos(p)t - sin(p)" > dp (cf. Section 4.3), and

e the constants dj" are defined for i+ j+m =1 (mod 2) and

0< 54+ mrt <m—1

> , 0l _mol <y ;-1 (6.4)

2

via

(_ m—1 ) X (_nf7rL—1 )
i—j m—1 . 15)+7n2—1 itj _ m—1

i = (~1)7 "3

and d?jm := 0 otherwise.

Furthermore, if ag == sup{a | T(K,a) € K¢(S"™1)}, then for 0 < a < ag

n—2

rvol TP(Em,a)m(Z<ZL//22) SOV(K [ ] Zdnm Tni(a). (6.6)

7=0 =0

Remark 6.1.2. The most important part of the above theorem is the estimate
n (6.3), which holds for all 0 < o < 7. For the interesting choices of the cone C' we
always have oy = 0 (cf. Proposition 3.1.16), so the second part (6.6) of the theorem
yields no statement for these cases. Moreover, we will prove the equality in (6.6) in
Section 6.5 only for the case K € K**(S™~1). The reason for this restriction lies in
the fact that the map

Umax: K(S™™ 1) =R, K supfa|7T(K,a)cK(S" 1)}
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1 —1
1 1
1 -1
D71 = 1 , D7 = L
1 -1
1 1
_1 1
5 5
2 2
10 -2 -2 01
4 o9 -3 3 g _—4
_ 5 5 _ 5 5
D7 = 5 o _a ) D75 = 4o s
5 5 5 5
2 2
2 0 -1 10 -2
1 1
5 5
1 _1
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-5 0 10 i 0 —3
3 3 3 3
D 10 -20 & Doy — -2 0 & o0 -1
7.3 = 3 o9 -3 0 1 ) =110 -2 o0 2
5 5 5 5
3 2 2 3
0 0 —% 5 0 -3
1 1

o
ol
=
ol

Table 6.1: The coefficient matrix D, ,,, = (d%m)i’jzo,wn,g.

is not continuous if n > 3 (cf. Remark 3.1.17). In Section A.3 in the appendix we
will use the kinematic formula for an alternative computation of rvol 7%(%,,, )
for 0 < a < ag. As a corollary, this computation will allow us to transfer (6.6)
from Ko (S™1) to K(S™7L).

We may summarize that the assumption 0 < a < «q is a very strong assump-
tion, which is not satisfied for most cases of interest. The estimate in (6.3) is a
stable result, which can be used for an average analysis of the Grassmann condition
(cf. Chapter 7).

Remark 6.1.3. We may (partly) recover from (6.6) Weyl’s tube formula by con-
sidering the case m = 1. In this case we have d}j" = §;;. Using the identities from
Proposition 4.1.20, and using O; - Oy,—o_; - I j(a) = Op_1,j(a) and Op_1 = k- wy,
we get

n—2
6.6), n—1 2-w,_ O;-Op2j
LT () S T T T 2 I Ty T Tl

n—2

2

o 2 Vi) Ona(a)
n— §j=0

(4.39) . vol,_1 T(K,a) —vol,_1 K
= 2 . .
Onfl

This result is correct as 77 (X1, «) is the projective image of 7 (K, «) \ int(K), and

n—1 _ On-1
vol P = 5.

Nevertheless, this only yields part of Weyl’s spherical tube formula, which holds
forall 0 < a < g, whereas (6.6) only holds for 0 < @ < ag. The determination of
the largest «, for which (6.6) holds, remains an open problem for 1 <m <n — 1.
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The twisting coefficients dj/" appear in the following formal polynomial identity

n—2
) . .
(X o Y)mfl . (1 +XY)n7m71 _ § /‘ (n ] ) dzm .Xn72fj .Yn72fz
5 J
4,j=0

(cf. proof of Proposition 6.4.6 in Section 6.4 below). In order to get a better feel-
ing for these coefficients, let us have a look at the coefficient matrices D,, ,,, €
R(=Dx(n=1) where Dy = (d?jm)i’j:ow,n,g. See Table 6.1 for a display of Dy, .,
for some concrete values for n and m. This table shows that the nonzero coefficients
diy" lie in a “perforated” rectangle in D, ,,, which is determined by the inequali-
ties (6.4) and the parity condition i+ j+m =1 (mod 2). The table also shows the
symmetries

n,n—m __ nm nm _ nm
di,n727j = +d;j" , n—2—in—2—j — +di" .

Observe that a comparison between (6.6) and Weyl’s tube formula (4.39) re-
veals that basically the I-functions in the classical tube formula are replaced by the
“twisted I-functions” Y7 . di™ - Ini(a). In Section A.3 we will give some alterna-
tive formulas for the tw1bted I functions by making use of the principal kinematic
formula.

In the following corollary we derive from Theorem 6.1.1 results about the rela-
tive volume of the whole tube 7(%,,, @) from those results about the “half-tube”
TP (Zm, ).

Corollary 6.1.4. Let the notation be as in Theorem 6.1.1. Then for 0 < a < g

rvol T(zm,a):%@g) 22 V;(K { rzzd"m Ini(a), (6.7)

i=0
Jj= n m—1
mod 2
and for all0 < a < 3
dm(n —m) (n/2 = n—2] &
i O DIZLE (DO ABACE

Proof. The isometry Gty — Grppom, W — W+, induces a bijection between
TP (2 (C), @) and T*(2,_m(C),a). So we get

rvol 7(3,,(C), «) = rvol T7(%,,(C), «) + rvol T (%,,(C), @)
=1v0l T"(Em(C), @) +1vol TP (Zh_m(C), ) ,

and Theorem 6.1.1 yields formulas resp. estimates for these quantities. Since Vj(f( )=
Va—2—;(K) (cf. Proposition 4.4.10) and

n,n—m  __ n—m—1—j nm
din 2—j (_1> dzg )
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This implies the exact formula (6.7). The estimate (6.8) follows analogously with

the observation |d;’,'"," ;| = |d}/""|, so that we have no cancellation in this case. O

Finally, we consider the asymptotics of the tube formulas for &« — 0. Note that
for the I-functions we have the asymptotics (cf. Section 4.3)

Ini(e) ~ —— . a" 7" fora—0. (6.9)

n 3

From this we can derive an asymptotic estimate of the relative volume of the tube
around Y,,,, that we state in the following corollary.

Corollary 6.1.5. Let the notation be as in Theorem 6.1.1. If ag > 0, then for
a — 0 we have

r(mgl) T(epe)

2 .
I3 T

<4-ym(n—m) Vo pm1(K)-a+0(?),

vol T (Z,,, ) =8 - Vpem-1(K) - a + 0(a?) (6.10)

where the constant in the O-notation may depend on n, m, and K. In the case
ap = 0 the equality (6.10) still holds as an inequality.

Proof. The asymptotics of the I-functions in (6.9) show that the linear term of the
tube formulas (6.7) and (6.8) arises from the summands which involve I, ,,_2(c).
The constant d;;" for i = n — 2 is zero except for j =n —m — 1, where it has the

_oy—1 . . L. L.
value (:72721) . Using the identities from Proposition 4.1.20 we compute

n/2 — n/2

dm(n —m) . (m,//Q) ’ [:1—21] (4.21) 4m(n —m) (m//z)

n—2 - " (n—2)/2

n (m-1) n ((n/2)
(s o T(#3h) T(2=54)

(g T(*5™)

From the estimate I'(z 4+ 1) < /z - I'(2) (cf. Section 4.1.4) we finally get
D) D(2=E) G —m) .
T TS 2

Remark 6.1.6. The asymptotic question as treated in Corollary 6.1.5 falls in the
domain of so-called contact measures. This was initiated by Firey in [27] (see [50,
§4] for an overview of the development of this topic). While originally only con-
sidered in euclidean space, contact measures were also considered in more general
spaces like the sphere and hyperbolic space, and even in general homogeneous spaces
(see [56], [57], [58]). So the formula (6.10) has been known before.
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6.1.1 Proof strategy

The main idea of the proof is the following. First of all, we will show that for
the estimate (6.3) it suffices to assume that K € K*»(S"~!) is a smooth cap.
In this case, if a subspace W € Gry, , lies in ¥,,, i.e., if it touches the cap K,
then it intersects K in exactly one point. This intersection point p lies in the
boundary OK =: M, which is a hypersurface of the unit sphere S"~!. So W is a
subspace of T, M + R p. Conversely, if we choose a point p € M, and if we choose a
(m —1)-dimensional subspace ) in the tangent space T, M, then the m-dimensional
subspace W := Y 4 R p touches the cap K in the point p and thus lies in %,,.

This construction indicates that for K € K=»(S"~1) the set %,, is a smooth
manifold. More precisely, denoting by Gr(M,m — 1) the (m — 1)th Grassmann
bundle, i.e.,

Gr(M,m—1)={(p,Y) |pe M, Y CT,M (m — 1)-dimensional subspace} ,
we will show in Section 6.2 the map
E,: Gc(Mm—-1)—-%,, (®Y)—Y+Rp

is a diffeomorphism. The main steps in the proof of Theorem 6.1.1 are now the
following.

1. For the inequality (6.3) reduce the general case to the case K € K= (S™~1); the
equality (6.6) we will only prove in the case K € K*=(S"~1) (see Section A.3
in the appendix for the transfer to general K € K(S"~1)).

2. Describe a parametrization of 3,,, which shows that X,, is an orientable
hypersurface of Gry, ,,,, and find formulas for its tangent and its normal spaces.

3. If, starting at a point W € %,,, we track the geodesic on Gry, ,,, in normal
direction up to a distance of «, and if we do this for every W € ¥,,, then we
will get a surjection of the tube 7% (%,,, «) resp. 7°(%,,, a) depending on the
normal direction. More precisely, let us denote

T:3, xR—Grypm, W,p)—&pplp-vs(W)),

where vy, denotes a unit normal field on . Restricting the second component
to an interval [0,a] resp. [—a, 0] implies that the image of T is the primal
tube of radius « resp. the dual tube of radius «, depending on the direction
of vs;. With the aid of the coarea formula, we will get an upper bound for the
volume of the corresponding a-tube around X,,.

4. Tt will turn out that in order to get the formulas in Theorem 6.1.1 we will have
to compute the expectation of a certain (twisted) characteristic polynomial.
Computing this expectation we will finish the proof of Theorem 6.1.1 (for
K € K=»(S"71) in the equality case).

We finish this section with a lemma that covers the first step. The following three
sections will treat the remaining steps, and Section 6.5 will combine the different
steps to complete the proof of Theorem 6.1.1.

Lemma 6.1.7. For a > 0 the function
KiS™™) =R, K rvolT" (2, (K),«)

1s uniformly continuous.
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Proof. The proof goes analogously to the proof of Lemma 4.4.2. It suffices to show
that the map is continuous, as K(S™~!) is compact (cf. Proposition 3.2.3). From
the characterization of the primal tube in (6.2) we get for K, Ko € K(S™™1)

Ki CT(Kaye) = T8 (Sm(K1),a) C T7(Sm(Ks), a +¢) . (6.11)

Let (K;); be a sequence in K(S™ 1), which converges to K € K(S"~1). We need
to show that rvol 7% (%,,(K;), «) converges to rvol 77 (%,,(K), a).

For all € > 0 there exists N € N such that dy (K, K;) < ¢, i.e., K C T(K;,¢)
and K; C T(K,¢), for all i > N. From (6.11) we thus get for i > N

T (Em(K), ) ST (Em(Ki),a+¢e), T7(Em(Ki),a) ST (Em(K),a+e) .
In particular, we have

rvol 77 (%, (K), «)
rvol TF (EnL(Ki)’ Oé)

vol T (2, (K;),a + ¢)

<
<ol TP (E,(K),a+¢),

for all ¢ > N. This implies
rvol T7(2,,(K), a) < liminfrvol 77 (3,,(K;),a + €) ,
limsuprvol 77 (X,,(K;),a) < 1vol T7(Z,(K),a+¢€) .

1—00

Letting € — 0, we get rvol 77 (X, (K), &) = lim; 00 rvol TF (3, (K;), @). O

6.2 Parametrizing the Sigma set

The goal of this section is to show that for K € K*=(S"~!) the set %,,(K) is a
smooth orientable hypersurface of Gr, ., and to describe its tangent and normal
spaces.

Before we state the main theorem let us recall the notion of the Grassmann
bundle. Let M be a d-dimensional Riemannian manifold. The kth Grassmann
bundle over M, 0 < k < d, is given by

Gr(M,k)={(p,Y) |pe M, Y CT,M k-dimensional subspace}

= (U {p} x Gr(T,M.F) ,

pEM

where Gr(T,M, k) := {Y C T, M k-dimensional subspace}.

To see that the Grassmann bundle is indeed a manifold, let ¢: RY — M be a
parametrization of an open subset U of M. This defines a local trivialization of the
Grassmann bundle

®: R x Grg — Gr(U k), (2,X) — (p(z), Dpp(X)) . (6.12)

If : RF(A=F) Grg,, denotes a parametrization of an open subset of the Grass-
mann manifold Gry , then we can combine this with the local trivialization ® via

U: R x RFER)  Gr(MLE), (2, X) = @z, (X)) . (6.13)
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The map WV is thus a parametrization of an open subset of the Grassmann bundle
Gr(M, k). For the proof that Gr(M, k) is indeed a smooth manifold, it remains to
show that different parametrizations ¢ and 1 give rise to a smooth transition map

T~ oT: RY x RFUA=F) _, Rd « RF(d=FK)

This is a straightforward exercise.
Note that the dimension of Gr(M, k) is given by

dim Gr(M, k) =d+ k(d — k) ,
where d = dim M. In particular, for d =n — 2 and k =m — 1 we get

dimGr(M,m—-1)=n—-2+(m—-1)(n—m—-1)=m(n—m) —1
= dim Gry, , —1.

Theorem 6.2.1. Let K € K*(S" 1) and M := 0K, and let E,, denote the map
E,: Gt(M,m—-1) - Grym, ®Y)—Y+Rp. (6.14)

Then E,, is an injective smooth map whose image is given by ¥, (K). In partic-
ular, £, (K) is a hypersurface in Gry, m, and isomorphic to the Grassmann bundle
Gr(M, m—1). Additionally, the hypersurface 3., (K) is orientable, i.e., there exists
a global unit normal vector field vs, on ¥,,(K).

The fact that E,, is a bijection between Gr(M,m — 1) and %, follows from
simple arguments from spherical convex geometry. Therefore, we will treat this
claim in the following lemma.

Lemma 6.2.2. Let K € K*(S"1) and M := 0K, and let E,, be defined as
in (6.14). Then E,, is a bijection between Gr(M,m — 1) and %,,, and its inverse
s given by

E;YOW) = (p,Wnpt), where WNEK = {p}. (6.15)

Proof. As in Section 4.1.2 let v: M — R" denote the unit normal field such that
v(p) points inside the cap K for p € M = 0K. If (p,Y) € Gr(M,m—1), then W :=
Y + Rp does not intersect the interior of the cone C := cone(K), as W C v(p)= .
Therefore, by (6.1) we have W € %,,. On the other hand, if W € %,,, then by
Proposition 4.1.11 the intersection WN K consists of a single point p. Moreover, for
Y :=Wnpt € Gr(T,M, m—1) we have E,,(p,Y) = W. We may conclude, that E,,
is a bijection between Gr(M, m — 1) and X,,, and its inverse is given by (6.15). O

To clarify the role of convexity for the proof of Theorem 6.2.1 we will drop the
convexity assumption in the following lemmas.

Lemma 6.2.3. Let M C S™ ! be a submanifold and let 0 < m — 1 < dim M =: d.
Then the map E,, as defined in (6.14) is smooth.

Proof. This claim follows from choosing a parametrization ¢: R¢ — M and checking
that the map

®: R x Grgm-1 — Grpm, (,Y) — Ro(z) + Dap(Y)

is smooth. This is again a straightforward exercise. The restriction of FE,, to
Gr(U,m — 1) is then given by ® o @1, where ® is defined as in (6.12), and thus a
smooth map. O
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For the computation of the derivative of the map F,,, we do not need an explicit
model of the tangent spaces of the Grassmann bundle Gr(M,m — 1). Nevertheless,
it might be helpful to know about the natural decomposition of the tangent space
in the direct sum of the vertical space and the horizontal space, that we describe in
the following remark.

Remark 6.2.4. Let M C S"! be a hypersurface and 1 < m < n— 1. For (p,)) €
Gr(M,m — 1) the tangent space of Gr(M,m — 1) in (p,Y) has a decomposition in
the direct sum

Tp,y) Gr(M,m — 1) = T, ) Gr(M,m —1) & T(;, 1,y Gr(M,m — 1) .

The components T7,, y,) Gr(M, m—1) and Tf;’y) Gr(M,m—1) are called the vertical
space and the horizontal space, respectiveﬁy. The vertical space is given by the
tangent space of the fiber {p} x Gr(T,, M, m —1), which is a submanifold of the fiber
bundle Gr(M,m — 1), i.e.,

T(,v) Gr(M,m — 1) = T, yy({p} x Gr(T,M,m — 1)) .

As for the horizontal space, let ¢: R — M, ¢(0) = p, be a curve through p, and let
Y: denote the parallel transport of ) along ¢ at time ¢ (cf. Remark 4.1.2). Then the
map cp: R — Gr(M,m — 1), ¢p(t) = (¢(t), V), is a curve through ¢;(0) = (p,Y)
and thus defines a tangent vector ¢, (0) € T{; y) Gr(M, m —1). It can be shown that
this tangent vector only depends on the tangent vector ¢(0) € T,M, and that the
induced map

TpM — T(p’y) GI‘(M, m — 1)

is a linear injection. The horizontal space is defined as the image of this linear
injection, so that
h
T(p7y) GF(M, m — 1) ~ TpM .

Additionally, it can be shown that the intersection of the horizontal and the vertical
space only consists of the zero vector, which is geometrically obvious.

For the computation of the derivative of the map F,,, we need to use the specific
model of Gry, ,,, that we described in Section 5.3.2. Recall that we have identified the
Grassmann manifold with the homogeneous space Gry, ., = O(n)/(O(m) x O(n —
m)). See Section 5.3 and Section 5.3.2 for a description of the tangent spaces of
Gr,,,», and the Riemannian metric on them. The following lemma separately de-
scribes the images of vertical vectors and of horizontal vectors in T{;, y) Gr(M,m — 1)
(cf. Remark 6.2.4) under the derivative of E,,.

Lemma 6.2.5. Let M C S"! be a hypersurface with unit normal field v, and let
1 <m <n—1. Furthermore, let (p,Y) € Gr(M,m — 1), and let (1,..., u—2 be an
orthonormal basis of T,M such that Y = lin{¢i,...,{m-1}. Then

Q= G -~ G2 v(p)€O(n), (6.16)

and W := Ep,(p, V) = [Q], where E,, is defined as in (6.14). The derivative of the
map E,, at (p,)) is given in the following way:

1. (vertical) Let w: R — Gry—2m-1 be a curve through w(0) = R™~ x {0}.
Furthermore, let ¢,: R — Gr(M, m — 1) be defined by

cy(t) = (p, {t1 G+ 4+ 2n—2Cr2| (x1,...,2p—2) € w(t)}) , (6.17)
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so that ¢,(0) = (

(6.18)

where

v (n—m—1)x(m—1) - 0 —X7
with X € R given by w(0) = |I,—a, b 0 .

2. (horizontal) Let c: R — M with ¢(0) = p and ¢ := ¢(0) € T,M, and let
Y: denote the parallel transport of ¥V along ¢ at time t (c¢f. Theorem 4.1.1,
resp. Remark 4.1.2). Then

ch: R—= Gr(M,m—1), cp(t):=(c(t),Ir) (6.19)

satisfies cp(0) = (p,Y). The image of the tangent vector ¢, (0) under the
derivative of E,, is given by

Dy Em(€n(0)) = [Q, ( K ‘f}fﬂ | (6.20)
h
where .
Ry, = o 0 c R(n—m)Xm 7
0 | b1 bms
and the coefficients a1, ...,an_2, b1,...,b,_o being given by

n—2 n—2
(= a;-¢ and Wy(¢Q) = bi-G,
=1 =1

with W, denoting the Weingarten map of M at p (cf. Section 4.1.1).

Proof. As for the first part, let the curve w in Grp—2.,—1 be represented by the
curve Q: R — O(n — 2) through Q(0) = I,,_o, i.e., w(t) = [Q(¢)]. Tt is easily seen
that the image of the curve ¢, under the map E,, is given by
1 —
Enoc(t)=[Q.,1)], Q. :=Q- Q(t) . (6.21)
1

Note that Q,(0) = Q, as Q(0) = I,,_s. Therefore, the derivative of E,, o c,(t) in 0
is given as stated in (6.18).

For the second part, let v;: R — R™ be the parallel transport of {; along c,
t1=1,...,mn—2, and let

Qnt) = (c(t) vit) -+ vp—2(t) wv(c(t)) € O(n). (6.22)

The fact that Qp(t) is an orthogonal matrix follows from the fact that the vectors
v1(t),...,vp_2(t) form an orthonormal basis of T, M (cf. Theorem 4.1.1), and
T,M c T,S"! = ¢+ for ¢ € M. It follows that Q;(0) = @, and we have

Emocn(t) = [Qn(t)] -
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From Lemma 4.1.8 we know that the derivative of @y at 0 is given by

0 —ajl - —ap—2 0
aq 0 0 7171
Q0)=Q-| : : ; : (6.23)
An—2 0 0 71)”72
0 by -+ bp_o 0
From this we get that the derivative of [Qn(¢)] at 0 is given by (6.20). O

In the setting of Lemma 6.2.5 we collect all tangent vectors in Tyy Gry, p, of the
form (6.18) in the set 17y, i.e.,

Ty == {Dp )y Em(cu(0)) | co: R — Gr(M,m — 1) given as in (6.17)} .  (6.24)
Furthermore, we collect all tangent vectors of the form (6.20) in the set T}, i.e.,
T}, = {Dp3yyEm(cn(0)) | cn: R — Gr(M,m — 1) given as in (6.19)} . (6.25)

In other words, the sets Ty;, and Tﬁv are the images of the vertical and the horizontal
space (cf. Remark 6.2.4) of Gr(M,m — 1) under the derivative of E,,, respectively.
The following lemma gives a more detailed description of these sets.

Corollary 6.2.6. Let the setting be as in Lemma 6.2.5. The sets 13, and T&V as
defined in (6.24) and (6.25) are linear subspaces of Tyy Gry, m of dimensions

dim(Ty) = (m —1)(n—m—1), dim(T%) =n—m —1+1k(W, ),
where W,y is defined by
Wy Y=Y, Wpy(Q) =1y oWy((), (6.26)
Iy denoting the orthogonal projection onto Y. A basis for Ty, is given by

it
vo=|Q, _ g , 1<i<n—-m-1,1<j<m-1,
9

0| E; 0
0] 0

where Eij e Rv=m=1x(m=1) genotes the (i, j)th elementary matriz. The space Tu}/L\/
is spanned by the vectors

o

where
O, ...,07 if1<k<m-1
% =93(0,...,0, 1 ,0,...,007 ifm<k<n-—2,

k—m+1

b= ((Wp(Gh): 1)+ oo s (W(Gi) ) )
Iftk(Wyy) =m —1, then &, ..., &, form a basis of TY,.
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Proof. From (6.18) in Lemma 6.2.5 it follows that T3}, is a linear space of dimension
(m —1)(n —m—1), and an orthonormal basis of Ty}, is given by the vectors {;. As
for the set T}%,, let € € T}, be given as in (6.20). The coefficient vector a is then the
representation of the projection of ¢ onto Y+ w.r.t. the basis G, ...,z of Yt
Furthermore, the coefficient vector b is the representation of W, y(¢) w.r.t. the
basis (1, . .., (n—1 of Y. It follows that T}}, is a linear subspace of the tangent space
Tw Gty . As for the dimension, note that writing the vectors ai,...,a,—2 and
bi,...,by_o in a matrix yields

61 to Bn,Q _ B *
(&1 o &n—2> N <0 In—m—l) ’ (627)
where B € R(m=1x(m=1) denotes the transformation matrix of W),y with respect

to the basis (1,...,(mn_1 of Y. Therefore, the dimension of T)}}v is given by the rank
of the matrix in (6.27), and we have

dim(T) =n —m — 1 +1k(W,y) . O
We may now give the proof of Theorem 6.2.1.

Proof of Theorem 6.2.1. In Lemma 6.2.2 we have seen that F,, is bijective, and
in Lemma 6.2.3 we have seen that F,, is smooth. For the proof that FE,, is an
embedding, it remains to show that the derivative of E,, has everywhere full rank.

The sets T}, and TV}, defined in (6.24) and (6.25) lie by definition in the image
of the derivative of E,, at (p,)). In Corollary 6.2.6 we have seen that T}, and T},
are linear subspaces of Tyy Gr,, ,, which lie orthogonal to each other. Furthermore,
we have seen that the dimension of T{}v depends on the rank of the restriction of
the Weingarten map to ), as defined in (6.26). Recall that the Weingarten map
W, is positive definite, as M = 0K and K € K*(S""!) (cf. Remark 4.1.5 and
Definition 4.1.9). This implies that also W,y is positive definite, and therefore
tk(W, y) = m — 1. It follows that

k(D y) Er) > dim(Tyy,) + dim(T%) = m(n —m) — 1
=dim Gr(M,m — 1) .

So E,, is an embedding of Gr(M,m — 1) in Gry, ,,, and its image is given by %,,.
In particular, ¥,, is a hypersurface of Gr,, ,,, as the dimension of Gr(M,m — 1) is
given by dim Gr(M,m — 1) = dim Gry, ., —1. Moreover, the tangent space of ¥,, at
W decomposes into TyyX,, = T}, ® T{}V, and we can define a unit normal field vs
on X, by setting

0] -1
0 0] 0
vs(W) = |Q, 0To € Dy Grym , (6.28)
1]0 0
where @ € O(n) is defined as in (6.16). This finishes the proof. a

Remark 6.2.7. In the above proof we have shown that the rank of the derivative
of E,, is at least as big as dim(T},) + dim(T}},). In fact, as the tangent space
of Gr(M,m — 1) decomposes into the vertical and the horizontal space (cf. Re-
mark 6.2.4), and as T}, and T; 1]/1\/ are the images of these spaces under the derivative

of E,,, we have
rk(D ) Em) = dim(T}y) + dim(T}y) -
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Therefore, (p,Y) € Gr(M, m —1) is a critical point of the map FE,,, iff the restricted
Weingarten map W), y is rank-deficient.

Remark 6.2.8. Recall that ¥, = F, N Fg, so Gry, m \X,, decomposes into two
disjoint components. The normal field vs; as defined (6.28) points into the compo-
nent FZ. This is seen in the following way. Let the notation be as in Theorem 6.2.1.

Defining w: R — Gry, m, w(p) := [Q - Q,], with

cos(p) — sin(p)
Qp = In72 )

sin(p) cos(p)

we get w(0) =W, and w(0) = vs(W). The point p, := cos(p) p + sin(p) v(p) lies in
w(p), and for small enough p > 0 we have p, € int(K), as the unit normal field v
of M is chosen such that v(p) points inside the cap K. Therefore, for small enough
p > 0 we have w(p) € F§.

From now on we assume that M = 0K with K € K**(S""1). Furthermore,
we denote the sets T3, and T3, from (6.24) and (6.25) by T35, and T8,
respectively. These subspaces are called the vertical and the horizontal space of ¥,
at W. Note that the tangent space of 3, at W decomposes orthogonally into the
vertical and the horizontal space, i.e.,

TwSm = TWSm © TS, -

Note also that a basis of TyyY,, is thus given by

(

. . h
g t=1...,n=—m-17=1....m—-1; &, k=1...,n—-2,

defined as in Corollary 6.2.6.
We finish this section with a view on the canonical projection map

My: %, =M, We—p, where WNK = {p}. (6.29)

The following lemma is about the fiber HX/} (p), p € M. Note that if we have
chosen an orthonormal basis of T, M, we may identify the set Gr(T, M, m — 1) with
Grp—2,m—1. In particular, Gr(T, M, m —1) is endowed with a canonical Riemannian
metric. This Riemannian metric is independent of the chosen orthonormal basis
of T, M. In fact, this also follows from the following lemma.

Lemma 6.2.9. Let IIy;: ¥, — M denote the canonical projection map as given
in (6.29), and let p € M. Then the fiber Iy (p) is a submanifold of ¥,,, which is
isometric to Gr(T,M,m — 1) via the mutually inverse maps

I, (p) = Gr(T,M,m —1), W—Wnp*,
Gr(TpM,m—l)eHXJl(p), Y—Y+Rp.
Additionally, the Normal Jacobian of the derivative of llpr at W € HX/} (p) is given

by
ndet(DywIly) = det(Wp7y)71 ,

where W,y denotes the restriction of the Weingarten map of M at p to the subspace
Y :=Wnpt, as defined in (6.26).
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Proof. The projection II; can be written in the form
My =M 0E, ", (6.30)

where E,, is defined as in (6.14), and ITy : Gr(M, m—1) — M denotes the projection
on the first component. Therefore, we have

M3 (p) = Bunl({p} x Cr(T,M,m — 1)) .

In particular, HX/[l (p) is a submanifold of X,,, which is diffeomorphic to {p} x
Gr(T,M,m—1) ~ Gr(T,M, m —1) via the above given maps. As for the claim that
this is an isometry, note that (6.30) implies that the kernel of the derivative of IIjs
is given by the vertical space, i.e.,

Twlly/ (p) = ker(Dywlln) = Ty S -

An orthonormal basis of the vertical space is given by {g;; [1<i<n-m-1,1<
j <m —1}. Tt is easily seen that this orthonormal basis maps to an orthonormal
basis in Gr(T,M,m — 1) ~ Gr,—2 m_1.

As for the claim about the Normal Jacobian, note that the orthogonal comple-
ment of the kernel of the derivative of II; is given by the horizontal space. A basis
of T%Em is given by &8,... ¢! . defined as in Corollary 6.2.6. It is easily seen
that we have

DwIly (€)= eT,M, k=1,....n—2.

As (i1,...,(n—2 describe an orthonormal basis of T),M, the Normal Jacobian of
DyII,; is given by the inverse of the volume of the parallelepiped spanned by the
vectors &0, ... &l in T}, 5,,. This volume is given by (cf. (6.27)) |det(W,y)| =
det(W,.y), as W, and thus also W), y is positive definite. O

6.3 Computing the tube

In this section we will compute the Normal Jacobian of the canonical surjection T
of the tube around ¥,,, given by

T:%, XR—=Grppm, W,p)—expyp-v(W)), (6.31)

where exp denotes the exponential map in Gr,, , and vs: X, — T1¥,, denotes
the unit normal field as defined in (6.28). Geometrically, the image Y(W,p) is
obtained by rotating the intersection point p € M N W, i.e., WN K = {p}, for an
angle p in normal direction away from the cap K, and keeping the subspace p* NV
fixed (cf. Section 5.5).

Proposition 6.3.1. Let K € K*™(S"™!') and M := 0K, and let ¥,, := ,,(K).
For W € £, and WNK = {p}, let (1,...,(n—2 be an orthonormal basis of T,M
such that the intersection Y == WNp* is given by Y = lin{(1,...,C(m_1}. Then the
Normal Jacobian of Dy, )Y, where Y is defined as in (6.31), is given by

'det(<cos<g>j —sin?p>-f)'“(sm(g)j s 7))

ndet(Doy ) T) = det(Wp,y) |
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where I,1 denote the (m — 1)th and (n — m — 1)th identity matriz, respectively,
W,y denotes the restricted Weingarten map (cf. (6.26)), and where A denotes the
representation matriz of the Weingarten map Wy, of M at p, i.e.,

A1 Ap-—2,1
A—< : : >7 ke = (Wp(Ck), Ce) -

Aln—2 = An—2n-2

Proof. Let @Q € O(n) be given as in (6.16), so that W = [@]. Then the map Y is
given by (cf. Example 5.4.6)

cos(p) — sin(p)
T(WHO) = [Q . Qp] P Qp = In*Q

sin(p) cos(p)

Furthermore, we have seen in (5.29) in Example 5.4.6 (in a slightly different nota-
tion) that the derivative of T is in the second component given by

0|-1

0] 0
Dow.pY(0,1) = Q- Qv [ 575 : (6.32)

110

Here, we use the same block decomposition as in Lemma 6.2.6.
The computation of the derivative of T on the first component is more compli-
cated. In the following paragraph we describe an outline of the general approach.

Let & € Tyy Gry, , be given by & = [Q, (% —gT)], with R € R(r=m)xm - Fyr-

thermore, let Q: R — O(n) be such that Q(0) = @ and such that the induced curve
in Gry,,q, satisfies [Q(¢)] € Sy, and 4[Q(¢)](0) = &. Recall from Section 5.3.2 that

in this case the matrix (1% *?T) € Skew,, is the orthogonal projection of the ma-

trix U € Skew,,, which is defined by %Q(O) = QU € ToO(n), onto the horizontal
space Skew,,. We will choose the curve Q such that the map Y is given by

T(Q1)],p) = [Q(1) - Q] - (6.33)

In this case we have (cf. Example 5.4.6)
0 —RT
— . 3
D(WyP)T(gao) I:Q Qpa (}%5 0 ):| 3
0 —RY . .
where Q - Q,, - <R£ o ) € Tq.q,0(n) is the horizontal component of

#(Q(1)-Q)0)=QU - Q,=(Q- Q) (Q, -U-Q,) € Tg:0,0(n) .
So in order to compute the derivative of T we need to
o choose a basis of Ty Gry, m,

e find corresponding curves Q in O(n) whose images in Gry, , lie in X,,, and
which satisfy (6.33),

e compute the (horizontal component of) the conjugation QE -U - @, of the
corresponding skew-symmetric matrix U.
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Of course, the basis we choose will be the basis that we described in Corollary 6.2.6.
For £V € T}, X, given by

o

"= 1Q, =
0] X

010

with X € R(»=m=1x(m=1) a5 in (6.18) in Lemma 6.2.5, a defining curve in O(n) is
given by (cf. (6.21))
1
Qut) = Q- Q(t) ,
1

where Q: R — O(n—2) with Q(0) = I,,_» is such that £Q(0) = ()Q( _§T). In this

case we have
0 0

-XT1lo

#@(0)=Q- Tx

00

It is easily seen that for Wy := [Q,(t)] we have W} N K = {p} for all t. Moreover,
the first column of @, (t) is given by p, and the last column of @, (¢) is given by v(p).
This implies that we indeed have

T([Qu(B)], p) = [Qu(t) - Q] -

0

Therefore, as

" " %l
Qﬁj; o ’ QP = = )
0] X 0 0] X 0
010 010
we have
S
D(W,p)T(Evv O) = Q : Q[) ) — (634)
0|X 0
00
For ¢" € T%Em given by
0 a1 o0
0 | —b
¢ =1Q, 2l o
— 0
0| oT

with @ € R"™™~1 and b € R™~! as in (6.20) in Lemma 6.2.5, a defining curve in
O(n) is given by t — Qp(t), defined as in (6.22). Note that (cf. (6.23))

ol —aT| o

%Qh(()) = Q . a 0 —b s

ol T | o
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where a = (ay,...,a,-2)T and b = (by,...,b,_2)T. If we define W} = [Qn(1)],
then from the definition of Qp(t) in (6.22), the intersection with the cap K is given
by Wi N K = {(first column of Q,(¢))}, and the corresponding normal direction is
given by the last column of @ (¢). This implies that again, we have

T([Qh(t)}vp) = [Qh(t) ' Qp] .

Furthermore, we have

ol =aT ] o 0 —ca® + sbT 0
Qg -l al O b |-Qp=| ca—sb 0 —sa — cb ,
ol T | o 0 saT + cb” 0

where we use the abbreviations
sa:=sin(p)-a, sb:=sin(p)-b, ca:=cos(p)-a, cb:=cos(p)-b.

This finally yields

0 —ca® + sbT 0
0 —sa —cb
D(W,p)T(€U7O): Q- Qpa N A )
ca — sb 0 0
0 sa® + cbT
(6.35)
where we use the notation
a:=(ay,...,am-1), @:=(my...,an—2), sa:=sin(p)-a, ca:=cos(p)-a,
bi=(bt,....bm_1) , b:=(bms... bp_s) , cbi=cos(p)-b, sb:=sin(p)-b.

Recall that in Corollary 6.2.6 we have identified a basis of Ty, ¥, given by £; and
& where1 <i<n—-m—1,1<j <m-1,and 1 < k < n—2. Note that additionally

to the vectors ay,...,a,_2 € R* ™ L and by,...,b,_o € R™"!, which appear in
the definition of the SZ, we may evidently define the vectors ai,...,a,_» € R™™!
and by, ...,bp_o € R*™™7 1 50 that
a; - Qp_29 Bl T Bn72
N N =1, 2, ~ - =A. 6.36
(e e (0 (030

We thus have a basis of Ty, x T,R given by

{00} U {(&,0)1<i<n-m-1,1<j<m-1}
U {0 1<k<n-—2}.

Let us define

parallelepiped in Tyy X, x T,R spanned by the vectors )

POW,p) = ( (0,1), (£5,0), (£4,0)

parallelepiped in Ty, Gry, ;, spanned by the vectors
D(W,p)T(Oa 1) y D(W,p)T(g%a O) y D(W,p)T(gl}CLa O)

DP(W, p) := (
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Then we have

vol DP(W, p

As for the denominator, the tangent vectors (0,1) and (£}, 0) are orthonormal, and
they are orthogonal to the vectors (£,0). The vectors (£2,0) span a parallelepiped
of volume det(W,, y) (cf. proof of Lemma 6.2.9). This implies that

volPW, p) = det(W,y) .
As for the numerator in (6.37), we get from (6.32), (6.34), and (6.35)

vol DP(W p) _ ‘det (5&1 + Cél e SQp—o + Cl}n—Q)‘

cay —sby -+ clp_o — Sb,_9
_ det 051 e CBP*Q + SC:ll [N S?’TL—Q
_Sbl e _Sbn72 cay e Clp—9

(0 ) ()

This finishes the proof of Proposition 6.3.1. a

(6.36)

Having computed the Normal Jacobian of the map Y we have finished “half”
of the proof of Theorem 6.1.1. The following computation shows what remains to
be done. This computation only serves motivational purposes so that we may be
somewhat generous in omitting details.

For small enough a > 0 the volume of the primal tube around 3, is given by
(cf. Corollary 5.1.1)

0
VOlTP(Em,a)z/ / ndet (D, ) T) dp dWV

Zm

[l e )
IS @

where A = A(W) as in Proposition 6.3.1. Using the projection map Iy, : ¥, — M,
and using Lemma 6.2.9, we may continue as

— / / /0 det ((cos(op).f ,si:(p)-i) A+ (sin(op).f cos(op).f)) ‘dpdydp,

—Q

pEM YeGr(TpM,m—1)

Substituting t := —tan p and 7 := tan« yields (using sin(arctan(t)) = ¢/v1 + 2,
cos(arctan(t)) = 1/v1+ 2, and 4 arctan(t) = 1/(1 + %))

I o0 —t-1 0
:/OT/ / ‘det((o t(]1>+?2;/g 0 j)>‘dydpdt.

pEM YeGr(T, M,m—1)
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Using Fubini’s Theorem, and rescaling the volume element on Gr(T,M, m — 1) so
that we get a probability measure, we see that we need to compute an expectation
of a certain generalized characteristic polynomial. We will call this the twisted
characteristic polynomial (depending on Y € Gr(T,M, m—1)), and we will compute
the expectation w.r.t. J € Gr(T,M, m — 1) in the following section.

6.4 The expected twisted characteristic polynomial

In this section we will compute the expectation of the twisted characteristic poly-
nomial (cf. Definition 6.4.2 below). For convenience we use in this section the
subsitutions k :=n —2 and £ :=m — 1.

For J € (“;]) = {i-element subsets of [k]}, [k] = {1,...,k}, let us denote by
pm;(A) the Jth principal minor of A € RF*¥ ie.

Ajlv]‘l A.7’1:.7‘2 )\jlvji

)‘12«11 AJ'zwjz )‘Jz«h’
pm;(A) =det(As), A= . ) :

Njgd1r Ndgadz T Nigad

it J={41,..-,4i}, 1 < j2 <...<Ji. Itis well-known that the usual characteristic
polynomial can be written in terms of the principal minors. We will describe this
in detail in the following lemma, as we will need a corresponding statement for the
twisted characteristic polynomial.

Lemma 6.4.1. The characteristic polynomial of A € RF¥*¥ is given by

k
det(A—t-Ip) =Y (=D)F " ai(A) - 577

i=0
where o;(A) denotes the sum of all principal minors of A of size i, i.e.,
oi(A)= > pmy(A).
se(®)

Proof. If vy,...,v; denote the columns of A, we can write the determinant as a
function in the columns via

det(A —t - I) = det(vy —tey,va —tea,...,vp —teg) .

Using the multilinearity of det we get

det(A —t-Iy) = Z det(wy1,wr2,..., Wik, (6.38)
JCIK]
where wy; = v;, if i € J, and wy; = —te;, if ¢ € J. Expanding the determinant in
the columns wy; = —te;, i.e., for i ¢ J, yields

det(wy 1, wya, ..., wrk) = (=t)* M det(Ay) = (=) 1. pm,(A) .
Arranging the summands in (6.38) according to the size of J finally yields

k k
det(A—t-Te) =3 _(~F 7+ 37 pmy(A) =3 (-DF Tou() -0

i=0 JE(Ue]) i=0

i
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For diagonalizable A the quantity o;(A) is the evaluation of the ith elementary
symmetric function in the eigenvalues of A. But for clarity we do not generally
assume that A is diagonalizable. Note that o;(A) = 0;(B~!- A - B) for invertible B,
as the characteristic polynomial is invariant under conjugation.

Definition 6.4.2. Let A € R¥** and let 0 < ¢ < k. We define the fth twisted
characteristic polynomial of A as

L Iy 0 . —t1y 0
n (50 Yons (2

Furthermore, we define the £th positive twisted characteristic polynomial of A as

I, 0 tl; 0
chj (A,t) := det ((O’v’ “H) A+ ( 0‘ IH>) :

Note that for £ = k we get that chy(A,t) is the usual characteristic polynomial,
whereas for £ = 0 we get cho(A,t) = det(I +tA) = Zf:o ai(A) -t

Remark 6.4.3. It should be noted that from a coordinate-free viewpoint there is
an important difference between the usual characteristic polynomial and the twisted
characteristic polynomial of a matrix A. The usual characteristic polynomial only
depends on the linear map defined by A, whereas the twisted characteristic polyno-
mial depends on the linear map and the subspace R’ x {0}. In fact, if one changes
the bases of R® x {0} and of {0} x R¥=*_ then the twisted characteristic polynomial
stays invariant, i.e.,

chy ((Bol Bg)z)il A (Bol 592)7t) :ChZ(A7t) ’

for By € Gly, By € Gli_p. The same observation also applies for chzr(A7 t).

The following definition takes account of the above remarked invariance property
of chy(A, t) and ch/ (A, ¢).

Definition 6.4.4. Let ¢: R¥ — R* be a linear map, and let ) € Gry,e. We define
chy (g, 1) = che(A, ), ch3y(p,t) := chf (A1),

where A € R¥** denotes the representation matrix of ¢ with respect to a basis
bi,..., by of RF, which satisfies Y = lin{by,...,b;} and Y* = lin{bpy1,...,bs}.

For the proof of Theorem 6.1.1 we will be interested in the expected value of
chy (¢, t) and ch};(¢,t) if ¥ € Gryy is chosen uniformly at random. The following
lemma shows that we may as well argue over the coordinate dependent twisted
characteristic polynomial.

Lemma 6.4.5. Let ¢: R¥ — RF be a linear map and let A be the representation
matriz of ¢ w.r.t. the canonical basis of R*. Then we have

Elchy(p,t)] = E [cho(Q" 2Q.1)] .

E[chj(e,1)] = E[ch/ (Q"AQ,1)] ,

where Y € Gry ¢ and Q € O(k) are chosen uniformly at random.



6.4 The expected twisted characteristic polynomial 133

Proof. Let Q € O(k), and let Y := [Q] € Gry¢. Note that Y is the linear subspace
spanned by the first ¢ columns by,...,b; of Q). The representation matrix of ¢
w.r.t. the basis by, ..., b, of RF is given by QT A Q. Therefore, we have

Chy((pﬂf) = Che(QTAQ,t) ) Ch;(‘zp?t) = Ch;(QTAQ,t) :

If @ € O(k) is chosen uniformly at random, then also Y = [Q] € Gry, ¢ is chosen
uniformly at random (cf. Section 5.3.2). This finishes the proof. a

Proposition 6.4.6. Let A € R¥** and ¢ < k. Then we have for Q € O(k) chosen
uniformly at random

k

Ig[chg(QT~A'Q,t)] = > dij-op_j(A) £ (6.39)
,7=0
k

g[chj(QT-A-Q,t)] = > ldij| - on_j(A) - tF77 (6.40)
4,j=0

where the coefficients d;; are given for i+ j 4+ £ = 0 mod 2 and

i—j 4 it _ ¢

by
(554 g) - ()
i—j iz £ itj _ £
dij = (1) 2 =t —, (6.41)
;)
and d;; = 0 else. Additionally, if A is positive semidefinite, then for t >0
[che (A, 1)] < chy/ (A1)
so that in this case
k: .
g“ che(QT - A - Q,t)|] < 37 Jdig| - o () £ (6.42)

i,j=0

Remark 6.4.7. The coefficients d;; defined in (6.41) coincide with the coeffi-
cients di" defined in (6.5), where n := k + 2, m := £+ 1. See Table 6.1 for
the values of d;; resp. djy"™ for some concrete examples.

The proof of Proposition 6.4.6 is quite simple. The basic idea is to dissect
the polynomials and to consider the expectations of the principal minors. For the
expectation of the principal minors we exploit the invariance of the elementary
symmetric functions. The only remaining difficulty is then the computation of the
coefficients.

For 0 < r < k the rth leading principal minor is the principal minor for J = [r].
Let us denote this by

ayil -+ Qir
Ipm, (A) := pmy, (A) = det(Ap) , Ay = ( : : > .

Ar1 0 Qrrp

By permuting the rows and columns of A we can relate the principal minors with
each other. More precisely, let J = {j1,...,Jr}, and let 7 be any permutation of [k]
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such that w(i) = j; for all ¢ = 1,...,r. If M, denotes the permutation matrix
according to 7, i.e., My - €; = er(;), then A; = (MT - A- M)}, and therefore

The single principal minors may not be so interesting, as they depend strongly
on the matrix A, in contrast to the o, which only depend on the transformation,
i.e., the conjugacy class of A. But we can change this by considering the averaged
principal minors.

Lemma 6.4.8. Let A € RF*¥ and let Q € O(k) be chosen uniformly at random.
Then for J € ([k]) we have

T

E [pm, (@7 A-Q)] = E[lpm,(Q"-A-Q)] = (’“) o(A). (6.43)

Proof. For the first equality let J = {j1,...,J-}, let 7 be any permutation of [k]
such that 7(i) = j; for all e = 1,...,r, and let M, denote the permutation matrix
according to 7. We have seen that pm ;(A) = lpm, (ML - A - M,). This implies

E [pmy(Q" - A- Q) =E [lpm, (M7 - Q" - A+ Q- My)]
Q:ZQMW E {lpmr(QT A Q):| )
Q

where we have used the fact that right multiplication by the fixed element M, leaves
the uniform distribution on O(k) invariant. This also implies

r (R Ty
g fom, @74 Q)] = (1) 2 Em@ a0

)

() A5 e
e

st (M) e pan a0 = () Twn. o

r

Before we give the proof of Proposition 6.4.6 we may give a useful reformulation
of Lemma 6.4.8 in the following corollary.

Corollary 6.4.9. Let ¢: R¥ — R¥ be a linear map. Furthermore, for Y € Gryy,
let py denote the linear map

wy: Y=Y, ey =IMyop(x),

where Iy : R¥ — Y denotes the orthogonal projection onto Y. Then, for uniformly
random Y € Gry ¢, we have

secton) = (1) o).

Proof. The determinant of ¢y is given by the ¢th leading principal minor of the
representation matrix of ¢, if the basis by,..., by of R* is chosen such that ) =
lin{by,...,be} and Y+ = lin{bpy1,...,bx}. The claim now immediately follows
from Lemma 6.4.5 and Lemma 6.4.8. o
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Figure 6.1: Illustration of the change of summation in (6.46) (k =8, £ = 5).

Proof of Proposition 6.4.6. Using the multilinearity of the determinant and arguing
as we did for the usual characteristic polynomial in Lemma 6.4.1, we see that

che(At) = Y (1)) pmy(A) - 20D (6.44)
JC[k]

for some integers c;(J),ca(J). This consideration also shows that for chzr we get
the same expansion except for the sign (=1)(/) i.e.,

chif (A,t) = > pmy(A) - t2)) (6.45)
JC[k]

Averaging the twisted characteristic polynomial yields

E[ch(QT-A-Q.0)] = > (=)™ -E[pm;(Q" - A- Q)] -t

JC[k]

6.43 —1)a ) .
(:) Z L'U|J|(A)'t 2(J)

k
JClk] (\J\)
k ~ .
= > diy ok (M) 57
i,7=0

for some constants CLJ To compute these constants let us consider the matrices
A = s I}, For this choice of A we have chy(s - I}, t) = (s —t)* - (1 +s-t)* £ As
kaj(s Iy) = (I;) P and QT -5 I, - Q = 5 - I}, we get

[ Tos I Q1)
k
= Z Jij . <k> L ghma gkt
,j=0 J

Let us expand the first term so that we can make a comparison of the coefficients
to get the d;;. We have

(s=0)" - (145 t)"" = chy(s - Iy, 1)
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(o) ()

pn=0

= Zé: ki(—l)f—A (i) (k ; g) AR A (6.46)

A=0 p=0

ShANE & i i k-t

J=k=A—p = - —j  gk—i

= E (-1) =2 (i—j +é> (k— z’+j+€> cst TR
2 2 2

i,j=0
i+j46=0
(mod 2)

(s =) (1+st)""

where we interpret (:1) =01if m < 0 or m > n, i.e., the above summation over 4, j in

fact only runs over the rectangle determined by the inequalities 0 < % +g </and

0<k— W < k—{. See Figure 6.1 for an illustration of the change of summation.

Note that the reverse substitution is given by \ = # and p =k — ”éiﬁ
Comparing the coefficients of the two expressions of (s — )+ (1+s-¢)5~*

that indeed d;; = d;; as defined in (6.41). This shows the equality in (6.39).
The equality in (6.40) is shown analogously with the observation

reveals

chf (s Ipt) = (s + )" (1+s- 1)

As for the additional claim, note that for positive semidefinite A every principal
minor is nonnegative, i.e., pm;(A) > 0 for all J C [k]. Therefore, if ¢ > 0, we get
from (6.44) and (6.45)

6.44
ehe(A, )] 27| 37 (1) () 12
JC[k]
< 3" pmy(A) -2 2 )
JC[k]
This finishes the proof of Proposition 6.4.6. O

6.5 Proof of Theorem 6.1.1

Before we give the proof of Theorem 6.1.1 we compute the volume of the set 2, (K)
for K € K*(S™1). Recall that in Section 6.2 we have shown that X,,(K) is a
hypersurface of Gry, ,,,. In particular, it has a well-defined volume given by the
integral of the constant 1-function over %, (K).

Lemma 6.5.1. For K € K**(S"~!) we have

1 —2,m—=1Om—1+-Op_m—
VOlZm(K):VO Grn 2,m—1 Om 1 On m—1 'Vn—m—l(K)~

n—2
(m,—l)
Proof. Consider the projection map Iy, : 3, — M. From Corollary 5.1.1 and from
Lemma 6.2.9, we get

vol 2y, = /ldW = / / ndet(Dyy Iy ) ~! dW dp

Brm PEM et/ (»)

Lem_6.2.9 / / det(W,.y) dWdp (6.47)

pEM YeGr(T,M,m—1)
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where W), y denotes the linear map

Wyy: Y=Y, Wyy(()=IyoWy,((),

ITy denoting the orthogonal projection onto Y. Normalizing the volume element on
Gr(T,M,m — 1) and using Corollary 6.4.9, we get

(647) = [ volGroa s E[det(Wyy)] do
peEM

r. 6.4. 1Grp_2 m—
Gt XAzt [ o (W) dp. (6.48)

()

Note that o,(W,) coincides with the values o¢(p), the ¢th elementary symmetric
function in the principal curvatures of M at p. So with Proposition 4.4.4 we may
conclude

peEM

vol Grn72,m71 'Omfl . Onfmfl
n—2
(m—l)
We will now give the proof of Theorem 6.1.1. Recall that the intrinsic volumes
V;(K) are continuous in K (cf. Proposition 4.4.1), and the set of smooth caps

K==(S™71) lies dense in K¢(S™1) (cf. Proposition 4.1.10); in particular, it lies
dense in K"(S"~1). Furthermore, in Lemma 6.1.7 we have seen that the map

(6.48) = Vi1 (K) . 0

’C(Snfl) —-R, KrmwvlT" (X, (K),a)

is (uniformly) continuous. Therefore, in order to show the inequality (6.3) we may
assume w.l.o.g. that K € K*=(S™"1). We will assume this for the rest of this section.

Recall from Section 6.2 that for K € K=»(S"1), the set %,, is an orientable
hypersurface of Gry, ,,,, where the chosen unit normal field of ¥,,, denoted by vy
(cf. (6.28)) points into the component FZ (cf. Remark 6.2.8). This implies that the
image Y(X2,, x [—a,0]) (cf. (6.31)) covers the primal tube 77 (X,,, ). Applying the
coarea formula in Corollary 5.1.1, inequality (5.4), to the map T yields

0
vol TP (8,,,a) < / / ndet (D, ) T) dpdV .

Xm

Using the notation of Proposition 6.3.1 (note that the matrix A depends on the
subspace Y = W N p* € Gr(T,M, m — 1)) we may continue as

i o ( (=0T sm?mjﬁ) i (07 )]
. et

dpdWw,

and with the help of the projection map IIp;: ¥,, — M and Lemma 6.2.9 we may
continue

-/ ]

peEM Gr(Tp,M,m—1)

cos 0 sin(p)-T 0
et (0 ) A5 (" )| oy
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Subsituting ¢ := —tanp and 7 := tan« yields (using sin(arctan(t)) = ¢/v1 + 2,
cos(arctan(t)) = 1/v/1+t2, and jt arctan(t) = 1/(1 +t?))

= / / / (1+t2)*”/2'|chy(Wp,t)| dtdy dp .
0

pEM Gr(Tp,M,m—1)

Rescaling the volume element on Gr(T,M, m — 1) finally yields

_ / / (14 )72 0l Gro a1 B ey (W, )] dedp
pEM 0

where the expectation is w.r.t. Y € Gr(T, M, m — 1) chosen uniformly at random.
From Lemma 6.4.5 and Proposition 6.4.6 we get

[\chy W, t) } Z 2™ - 0as(p) - 72 (6.49)
2,j=0

So we may conclude

n—2
1G n m —2—1
T )< | [ X et
1,j=0
n—2 T n—2—i
—VOlGI'n 2,m—1" Z |dnm A —‘,—T)”/th /O'n—2—j(p)dp
%,7=0 pEM

Reversing the substitution ¢ = tan p and 7 = tan « yields

T tn—?—i o . . .
/0 mdt :/O cos(p)" - sin(p) dp = I, () .
In Proposition 4.4.4 we have seen that
/ on—2-j(p)dp=0;-Op_o_; - Vi(K).
peEM

From (5.23) in Section 5.3.2 we get

vol Grn72,m71 H?::f:mfl Ol H:’;_Ol Oz Omfl . Onfmfl
= Hiznoma B i - . (6:50)
vol Gry, 2o 1=, O Op_2-Op_1

So finally, using the identities in Proposition 4.1.20, we compute

n—2 i
lG 2 T tn—2—z
rvol TP (S, ) < Volbln—2,m-1 E |d%’" / ( dt - / On_2_j(p)dp
i,j=0 0

vol Gry, 14 t2)n/2 .
pe
Om 1° n m—1
_ Zm-1"Yn-m-1 drm] - cO; Opaj - Vi(K
On 2 On 1 JZO‘ o ( )

:2m(n—m) Wm - Wn—m ZV Z‘dnm

n

a2 2mln—m) (:%//22) | 2vj(K). {”ﬂ .;u;@m sl

=0
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This finishes the proof of the inequality (6.3) in Theorem 6.1.1.

As for the exact formula in the case 0 < a < ag, let us first describe the
most natural approach, although we will go an alternative way, which seems more
comfortable in our situation. Recapitulating the above estimate of rvol 7%(X%,,, a),
we notice that there are two steps where we possibly lose exactness. The first step
lies in the fact that the map YT might not be injective on 3,, x [—a,0]. This is
harmless, as we will show that T is indeed injective on X, x (—ayg,0]. The second
critical step is the estimate in (6.49). If we knew that we may drop the absolute
value, i.e., if we had

chy(Wp,t) >0, fort < tan(ag), (6.51)

then we would get

By (9301 ] = Bl ey (W) = S a0z o) 72
1,7=0

So this would give the equality statement in Theorem 6.1.1. The problem in this
approach is to show (6.51). More precisely, it is easily seen that chy (W), t) > 0 for
all t < e, where € > 0 is some constant only depending on K. It is not so easy to
show that one may take & > tan(ayg).

Therefore, we show the equality statement by some alternative method. First
of all, we will show that T is injective on X, x (—ap,0]. Let W, :== T(W, p) with
p € (—ap,0). If ¢ € S"~! denotes the point, which is obtained by rotating p by an
angle of p in normal direction away fram K, then we have W, = W(— q) (cf. the
comments after (6.31); and cf. Definition 5.5.1). We get that W, N K = 0, and the
(spherical) distance between S, := W, N S"~! and K is given by dW,,%,,) = p
(cf. Proposition 5.5.2). By Proposition 3.1.19 the pair (p,q) is the unique pair in
K x S,, which has spherical distance p. Therefore, by (5.37) in Corollary 5.5.3, W
is the unique element in 3,,, which minimizes the distance to W,. This shows that
T is injective on X, X (—ayg,0]. It also shows that

(W T (Sm,a) | AV, Zn(K)) = p} = Tu(K,), (6.52)

where K, := T (K, p) € K=(S™~1) (by definition of ay).
Considering the distance function

dist: TP(Xp,, ) = R, distOWV) :=d(W, Z,) ,
we have the following commutative diagram

S X [—a, 0] — TP (S, @)

ldist
|TL2| ’
R

where |II3|(W, p) := |p|. The Normal Jacobian of the map dist is easily seen to be 1
(cf. Example 5.4.6). Moreover, the fibers of dist are given by

(6.52)

diStil(P) Em(Kp)
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where K, = T (K, p) € K*™(S"!). Using the coarea formula in Corollary 5.1.1, we
get
vol TP (%, @) :/ vol(2,,(K,)) dp
0
Lem. 6.5.1 /a volGry—2.m—1-Om-1-On_m-1
0

(»73)

: Vn—7n—1(Kp) dp .

Note that
vol Grn—27m—1 'Om—l . On—m—l (GEO) 0727171 ) O’?L*?’ﬂ*l
vl o (17) () Onz-Our

In Proposition A.2.1 in Section A.2 in the appendix we will show that

4,j=0
Using this, we get

vol Grnf2,m71 'Omfl : Onfmfl

n72)

vol 77 (X, a) =
vol Gry m (73

e
. / anmfl(Kp) dp
0

B (((77:1:21))//22) A € . Tf P [n — 2}
B (n—?) : On—Q . On—l + ]

m—1 i,7=0

[0
: / cos(p)" - sin(p)" "> dp - Vj(K) .
0
With Proposition 4.1.20 we finally compute

(((:2:21))//22) LA L — (421 02 _,.0% | (4.22) 2-Opyo1- Op 1

(n72) : On72 . Onfl B [7?1121] : On—Q . On—l On—l

m—1

2m(n —m) Wy - Wnom (4.22) 2m(n —m) [(n/2
n Wn B n m/2) "’

which finishes the proof. m]



Chapter 7

Estimations

In this chapter we will perform several analyses of the Grassmann condition number.
These will be average analyses, but we will also give a first attempt of a smoothed
analysis.

We will start with a first-order average analysis, which means that instead of
using the whole tube formula for tail estimates we will only use the leading term.
This implies of course that the results have to be taken with a grain of salt due to this
inaccuracy. But these first-order results are still interesting as they might reveal
the actual behavior of the condition, which is harder to be demonstrated in the
more complicated full tube formula. In particular, we will not only be able to give
estimates which are independent of the cone involved, but also improvements for a
large class of cone families, which suggest a general independence of the expected
condition from the dimension of the cone if some weak conditions are satisfied.

Second, we will give estimates of the full tube formula, carrying the most impor-
tant 1st order estimates over to the full setting. The results will be slightly worse
than suggested by the results of the first-order approach.

Third, we will explain how one can obtain smoothed analyses of the Grassmann
condition. We will perform a first-order smoothed analysis to illustrate this, but
this will merely be a proof of concept as the results are not yet satisfactory.

Table 7.1 summarizes the results of the average analyses, i.e., the tail estimates
of the Grassmann condition of a matrix A € R™*"™ m < n, assuming that A be a
normal distributed random matrix, i.e., the entries of A are i.i.d. standard normal.
Here, the abbreviations LP, SOCP-1, SOCP stand for the following choices of the

reference cone C:

(LP): ¢ = R} = {zeR"|z;>0Vi=1,...,n}
(SOCP-1): C = L = {zeR" |22 >2%+...+22_,}
(SOCP): C = LM x...xL™  ni+...+ng=n.

Table 7.2 shows the corresponding estimates of the expectation of the logarithm of
the Grassmann condition.

The following proposition provides the link between the average analysis of the
Grassmann condition and the geometric volume computation of Chapter 6. Note
that €5 (A) > 1 (cf. Remark 2.3.5).

Proposition 7.0.2. Let C C R™ be a regular cone. If A € R"™™ m < n, is a
normal distributed random matriz, then for t > 1 and « := arcsin(1/t)

Prob[€:(A) > t] = rvol T (X,,(C), ) .

141
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1st order full
—any cone— 2-y/m(n—m)-1 6~w/m(nfm)~%,ift>n%

29-y/m- 1 ift>m>8

LP 2.3 /m-

=

SOCP-1 1.6-y/m- 1 20-/m- 1 ift>m>8
SOCP 4~m-% —
—any self-dual cone— 4-m- % —

(assuming Conjecture 4.4.17)

Table 7.1: Estimates of the tail Prob[%5(A) > t].

E[ln%,(A)] < ...

—any cone— | 1.5-In(n) + 1.8,if n >4

LP In(m) +3.4,if m > 8

SOCP-1 In(m) + 3, if m > 8

Table 7.2: Estimates of the expectation of In % (A).

Proof. If W := im(AT), then with probability 1, we have W € Gr,, ,,,. Moreover, the
induced distribution on Gry, , is the uniform probability distribution (cf. Proposi-
tion 5.3.5). Furthermore, by Proposition 2.3.8 we have 6¢(A) = 1/sind. (W, £,,(C)),
where d, may denote either the Hausdorff- or the geodesic distance on Gr,, ,,. There-
fore, we have

C(A) >t —= WeT(Z,(C0),a),
with « := arcsin(1/t). m|
The following lemma provides an easy transfer of tail estimates to estimates of
the expectation.

Lemma 7.0.3. Let X be a random variable taking values > 1, and fort > 1 let

1
Prob[X>t]<c~md1~(n_m)d2.¥.

Then the expectation of the logarithm of X is bounded from above by
ElnX] <d;-In(m)+dz-In(n—m)+1n(c) +1,

for some constants ¢, dy,ds > 0.
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Proof. This is shown by the following computation (put r := Inc)

E[lnX] = /00 Prob[In(X) > s]ds

oo
<In(m® - (n —m)?) +r+ / c-m® - (n—m)® . exp(—s)ds

In(md1-(n—m)92)+r
=d; -In(m) +ds - In(n —m) +r+ ¢ exp(—r)
=dy -In(m) +do-In(n—m)+1In(c) + 1. O

7.1 Average analysis — 1st order
In this section we will give first-order average analyses of the Grassmann condition,

i.e., we will approximate the volume of the tube around ¥,, by the volume of the
(lower-dimensional) Sigma set. We use the following asymptotic notation for ¢ — co

Prob[%.(A) > t] < f(n,m)-

| =

i <= Prob[¢:(A) > t] < f(n,m)- % + g(r;;m) forallt>0,

for some function g(n,m).
Note that by Proposition 7.0.2 and by Corollary 6.1.5 we have, using K :=
cnsnt

r(ml) p(rem)
rg) T
1

<4-y/mn—-—m) Vy_pm_1(K)- 7

| =

Prob[4.(A) > t] < 8- Vo—m-1(K) - (7.1)

as arcsin(1/t) ~ 1/t.

Theorem 7.1.1. Let A € R™™™, m < n, be a normal distributed random matriz,
i.e., the entries of A are i.i.d. standard normal.

1. Let C' C R™ be any regular cone. Then

Prob[€:(A) >t] < 2-y/m(n—m)- % . (7.2)
2. (LP) Let C =R} be the positive orthant. Then
Prob[¢c(A) >t] < 2.3-vm- % . (7.3)
3. (SOCP-1) Let C = L™ be the nth Lorentz cone. Then
Prob[¢c(A) >t < 1.6-ym- % . (7.4)

4. (SOCP) Let C = L™ x ...x L™ be any second-order cone. Then

Prob[€s(A) >t] < 4-m-

~
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5. Let C C R™ be any self-dual cone. If Conjecture 4.4.17 is true, then

Prob[€s(A) > ] < 4-m- % . (7.6)

Occasionally, we will use estimates or computations that are easily verified by

hand or with the help of a computer algebra system. If we do this during a longer

computation, then we will mark this with the symbol ) at the corresponding step.

In the remainder of this section we will give the proof of Theorem 7.1.1. We will
show the tail estimates (7.2)—(7.6) one at a time.

Proof of Theorem 7.1.1(1). If C C R™ is a regular cone, then K := C N S" ! is
a cap, ie, K € K¢(S"!). In particular, V;(K) < 1 (cf. Proposition 4.4.10).
From (7.1) we thus get

1
t

~ | =

Prob[€:(A) > t] S4-y/mn—m) - Vy_pm_1(K) -

This proves the tail estimate (7.2). 0(1)

<2-y/m(n—m)-

Proof of Theorem 7.1.1(2). Let C = R’ be the positive orthant. The intrinsic
volumes of K = C'N S"~! are given by (cf. Remark 4.4.15)

()

A

Vi(K) = (7.7
for —1 < j <n—1. From (7.1) we thus get

()

2n

Prob[%5(A) > t] S 4-y/m(n—m) - % .

=:fm(n)

Using Proposition 4.1.22 and Proposition 4.1.23 it is easily seen that for fixed m
the sequence f,,(m + 1), fr(m + 2), frn(m + 3),. .. is log-concave. In particular, it
has at most one maximum. This maximum lies at n = 2m + 1, as

=2 . = <1,
fm(2m +1) vm—+1 2m+1 mt(m 1)
and
fm(2m+2) 1 Vm+2 2m+2 m+1

- _. . = <1.
fm@m+1) 2 Vm+1 m+2 vm+1-v/m+2
Therefore, using

2m+1 m
NETER e

we get

(o)

1
Prob[6.(A) > t] S4-v/m(m 1)~22m%-2<4~
<23-v/m-

This proves the tail estimate (7.3). 0(2)

+
S5

S
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Remark 7.1.2. Note that if the ratio * =: ¢ is fixed, then by (7.1) and (7.7)

Prob[‘fG(A)>t]§4-\/c(1——c)-n.(C2'Ls).%’

which goes exponentially to 0 if ¢ # % (cf. Section A.1).

Proof of Theorem 7.1.1(3). Let C = L™ be the nth Lorentz cone. Recall that the
intrinsic volumes of K = CNS™~ ! are given for 0 < j < n—2 by (cf. Example 4.4.8)

(2"
VilK) = =5 (7.8)
From (7.1) we thus get
[(m+ly p(n=mtl (:1:2)/2 1
Prob¢a(4) > 1] < 8- é(%)), é(nzm)) o 2n};/2) !
(418) m(n—m) (:L//Qg) 1 79)
n on/2 ¢

=:igm(n)

Is is easily seen, that for fixed m the sequence ("™ [n =m+1,m+2,...) is log-
concave. Moreover, using Proposition 4.1.22 and Proposition 4.1.23 it is easily seen
that for fixed m the sequence g,,(m + 1), gm(m + 2), gm(m + 3), ... is log-concave.
In particular, it has at most one maximum. This maximum lies at n = 2m + 1, as

gm(2m) 4 m? (o) 1 2m+1 (mn;g)

2m 2% =" < 1,

gm@m+1) memen | (g0 V2 m+1 (M)
4. SoaT gt m/2

and
m(m :yylLJrl m—+1 =
gm(2m+2) 4 2(171:22) : (Qm/fl) 1 m+2 2m+1 (mJ/rg)

- - . : : < 1.
gm(2m + 1) m(m+1) (mm+/12/2) \/i m+1 2m+2 (7”+1/2)

2m+1  gm+i/2 m/2

4.

Therefore, using

me1 (p) B o110
om+1  om NN
we get
m+1/2
m(m + 1) ( m/2 ) 1 4 1
Prob[65(A) >t] <4- . - -
166 (A) > ] S 4- 5 T S \ﬁ\rt
1
1.6 -v/m - 7
This proves the tail estimate (7.4). 0(3)

Remark 7.1.3. Note as in Remark 7.1.2 that if the ratio 7' =: ¢ is fixed then
by (7.1) and (7.8)

Prob[¢c(A) >t] S4-c¢(1—c¢) -

2
(cn7{/2) . 1
2cn/2 t
which goes exponentially to 0 if ¢ # % (cf. Section A.1).
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For the tail estimates (7.5) and (7.6) we need the following lemma, which pro-
vides upper bounds for the intrinsic volumes of self-dual caps, assuming that the
sequence of intrinsic volumes is unimodal.

Lemma 7.1.4. If K € K¢(S"1) is a self-dual cap, and if the sequence of intrinsic
volumes Vo(K), V1(K),...,V,_o(K) is unimodal, then

; n—2
for 0 <i < 75=

e (7.10)
for gE<i<n-—2.

1
‘/z(K) S { 77,—11—21
2i—n+3

Proof. Recall that by self-duality we have V;(K) = V,,_2_;(K), so that the uni-
modality of the sequence of intrinsic volumes implies that V;_1(K) < V;(K), if
i < 252 and Vi(K) > Vipi(K), if i > 252, Also note that as 21" Vi(K) = 1,
we have V; (K) + ...+ V;, (K) <1forall -1 <i; <is <...<ip<n-—1 Letus

first treat the case where n is even. We have

1 2 Vi ((K) 4+ Va2 (K) +Vaz 1 (K) 23 Vaz_(K)

—_

(K)

> (142) Vaz_,

. o 1 . . . p—2 .
or equivalently VnT—Zij(K) = VnT—2+j(K) < Tig;- Substituting i = “3= —j or

1= anz + 4, respectively, yields (7.10) for n even.
For n odd we have

1 Z Vn;2_%(K)+VnE2_%(K)+V71—2+%(K)+V%+%(K)>4 Vn—S I(K)
1> (242)) Vas ,(K),
or equivalently Vanafj(K) = V%H(K) < ﬁ Substituting i = %53 — j or
i= %’1 + j, respectively, yields (7.10) for n odd. This finishes the proof. ]

Proof of Theorem 7.1.1(4),(5). Let C C R™ be a self-dual cone such that the se-
quence of intrinsic volumes Vo(K),Vi(K),...,Vy_o(K), where K = C' N S*71 s
unimodal. This is the case for C' = L™ x ... x L™ a second-order cone (cf. Corol-
lary 4.4.14), or for any self-dual cone, if Conjecture 4.4.17 is true. From (7.1) and
Lemma 7.1.4 we thus get

1 ifm>2 1
Prob#s(A) > f] S 4-+/m(n—m)- {”"‘1"“ tmen(T
n—2m+1 wm= 2
=:hm(n)

For fixed m the sequence h,,(m + 1), by, (m + 2), Ay, (m + 3), ... has its maximum
in n = 2m, as for n < 2m

hm(n—1) m<2m] n—m—1 2m—n+1
=T : <1,
R (n) n—m 2m—n+2
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and for n > 2m

hun (nJrl)[z_] /n+tl-—m n—-2m+1
hm, B ‘n—2m+2

—m)-(n—2m+1)2+ (n —2m + 1)2
n—2m+1) +(n—m)-2(n—2m+1)+ (n—m)

\/ (n=2m+1)2+(n—m)(n—2m+1)
1.

n—2m—|—1) +(n—m)-2(n—2m+1)

IN

Therefore, we may conclude

Prob[€:(A) >t] <4-m-

~+ | =

This proves the tail estimates (7.5) and (7.6) and therefore finishes the proof.
O(4),(5)
7.2 Average analysis — full

In this section we will estimate the complete tube formula thus getting a full average
analysis of the Grassmann condition.

Theorem 7.2.1. Let A € R"™™ m < n, be a normal distributed random matriz,
i.e., the entries of A are i.i.d. standard normal.

1. Let C' C R™ be any regular cone. Then
1
Prob¢s(4) > 1] < 6 \/m(n—m)- -, ift>n? (7.11)
Eln%:(4)] < 1.5-In(n)+1.8, ifn>4.
2. (LP) Let C =R} be the positive orthant, and let t > m > 8. Then
1
Prob[¢.(4) >t] < 29-vm- 7 (7.12)
E[n%(4)] < In(m)+34.

3. (SOCP-1) Let C = L™ be the nth Lorentz cone, and let t > m > 8. Then

—_

Prob[¢(A4) >t] < 20-vm- .
Eln%:(4) < In(m)+3.

(7.13)

The following lemma collects some estimates that we will use in the proof of
Theorem 7.2.1.

Lemma 7.2.2. Leti,k,{,m,neNwithn>2andl1 <m<n-1.

1. We have ,
F(%ﬂl) m m4+2\ 2
—2 oo (210} .
e <5 (") (719
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2. For0<k<m-1and0<i—k<n-—m-—1 we have

i—2k
m+1i— 2k 2 <
n—m—1+2k "
8. For 0 <1i<n—2 we have
n—2
m—1 n—m-—1 n—2
Z<k>< o )<Z) (7.16)
k=0

4. For0<a <%, t:=sin(a)™!, and n > 3, we have

Wl

(7.15)

2 -2 3
- k3 3
Z< . >~n2~In7n_2_l—(a) < 5 ift>nz, (7.17)

n—2
Z (n z_ 2) “Iyn—o—i(a) < exp (%) = , ift>m. (7.18)

5. Forxz >0 and 0 <y < z let the binomial coefficient be extended to (*) =

y
[(z+1) Then

P(y+1) T(z—y+1) "
x T 2
< < g — 27, 7.19
<y) B (x/2> T (7.19)

Proof. (1) For the first estimate we distinguish the cases ¢ odd and ¢ even. Using
I'(z+1) =z -T'(z), we get for ¢ odd

£—1 £4—1

[(mEteL) e m m [(m+Lf—1)\ 2 m (mAl\?
_— — < — . —_— < —_ s .
T2 al:[o(zﬂ‘)— 2 ( 2 ) =\ 2 ( 2 )

Using additionally T'(z + 1) < \/z - I'(z) (cf. Section 4.1.4), we get for ¢ even

(2) As for the second estimate, we distinguish the cases i > 2k and ¢ < 2k. From
0<k<m-land 0<i—k<n—m—1we get

1 < m—k+i—k <n-1,
l1<n—-(m-k+i—-k) <n-1.
For i > 2k we thus get
m+1i— 2k = i=2k i
n—m—it2k S(n-l)7 <n2,
and for 7 < 2k
mt+i—2k \*  (n—m+2k—i 2’?"'<( NP
n—m—i+2k m— 2k +i =\ "



7.2 Average analysis — full 149

(3) The third point is the so-called Vandermonde’s identity, which follows from
the following polynomial identity

ni: (n — 2) -Xi — (1 +X)n—2 — (1 +X)m—1 . (1 _|_X)n—m—1

S BB

(4) The I-functions have been estimated in [17, Lemma 2.2] in the following way.
Let ¢ :=sin(a) = . Fori <n —2

Inmo_i(a) = n=2=1 sin(p)t dp < , 7.20
i) = [ eos(p) i) dp < S (7.20)

and for i =n — 2

T 3 En—l
2(n—2) '

With these estimates we get
n—2

n — 2 i
> ( ; ) 02 Innz-i(a)

=0
75:2 n—2 i gitl N T 1 RS
P i 141 2(n—2) n-1

(S

IA

3 .
2 we may continue

1\"? s
<e- ((1+) +1.4~n2_">
n

————
<exp(1)

and for e < n~

< 3-¢.
Similarly we compute the last estimate

n—2
n—2 (as above) -~ 1.4 n
; ( ; ) . [n,n—Z—i(a) < (S ((1 + €)n 2 + % - € 2> y (721)
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and for ¢ < % we finally get

aan <o ((102) e 1)
e (2)

(5) The extended binomial coefficient is obviously symmetric around x/2, i.e.,

r oz
r/2—c x/2+c’

for 0 < ¢ < §. Furthermore, for fixed x > 0 the functions I'(y + 1), I'(x —y + 1) are
log-convex (cf. Section 4.1.4). It follows that their product is also log-convex, and
the inverse of their product is log-concave. Therefore, the function

[(z+1) _ ("
[0,2] = R, y’_’F(ijl).F(xfqul) B (y)

is log-concave. The symmetry around x/2 thus implies that also its maximum has

to lie in /2. So we have
x x N(z+1)
< — T
v) ~ \x/2) ()

By the duplication formula for the I'-function (cf. (4.16)), we have

M+l _ 270 B 2, .
T2 VAT Vmw T

Proof of Theorem 7.2.1. As in the proof of Theorem 7.1.1 we begin with the deriva-
tion of the estimates of the expectation of In(%(A)) from the tail estimates. For
the general case we have

E [In(%,(A))] = /0 " Prob[In(%s(A)) > 5] ds

oo

< 1.5-1n(n) —|—r—|—/ 6-vm(n—m)-exp(—s)ds
In(n3/2)+r

=15-In(n)+r+6- W ~exp(—r)
n

§2—3/2
<15-In(n)+ 1.8,
if we choose r := In (%) Analogously, we get for the remaining cases LP and

SOCP-1 with ¢ = 29 or ¢ = 20, respectively,

o0

c~\/ﬁ~exp(—s)d5:ln(m)+ln( < )+1

<1n(m)—|—ln<c)+1,

3

mm%mm<mwﬂ*+/(H

S

where r := In (\cﬁ), and where the last inequality holds for m > 8.

m
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It remains to show the tail estimates in (7.11)-(7.13). Recall from Proposi-
tion 7.0.2 and Corollary 6.1.4 that

Prob[€:(A) > t] = rvol T(3,,(C), a)

< 4"1“;f’(jgf§) Eijtz [ } jij|d”"b- (@), (122)

m

where a = arcsin (1), and

T Y Y (i
() - (")

|7 — :— . ifi+j4+4m=1 (mod?2),
("77)
n—2 n—2 n—2)/2
and |d}}"| = 0 else. Using the decomposition ( p )= J ] (( j/2)/ ) (cf. Propo-
sition 4.1.20), we get
n/2 n—2 n/2
dm(n —m) (m,/Q) 5] _4m(n —m) (m,/2)
n—2 - " (n—2)/2
n (";7) n (“52")
(4,25 4m(n —m) () () D)
n F("l;_2) . F(n—gn-‘rQ) F(%)
J

From (7.22) and changing the summation via i« n —2 —d and j « n — 2 — j, we
thus get

rvol T(Sm(C),a) < 8- Z Vi F(%)_ r(z) < m—1 )

52 L(3) T(5=) \5+ 70
i+tjtm=1
(mod 2)
n—m-—1
. (H—J . m—l) . Inm_g_i(a) 5 (723)
2 2

where we interpret (’Z) =0if¢ < 0or{ > k, i.e., the above summation over i, j in fact
only runs over the rectangle determined by the inequalities 0 < % + mTfl <m-1
and 0 < i;j — m2_1 <n—m — 1. As the summation runs only over those i, j, for
which 7 + j +m =1 mod 2 we may replace the summation over j by a summation
over k = 21 4 m=1 The inequalities then transform into 0 < & < m — 1 and

2 2
0<i—k<n-—m-—1. So we have

m+4i— n—m—i+2k
F( + 22k+1) F( 2+2 +1))

723 = 8- Vn m—1— z+2k(K) m : n—m
2% ey F(2)

' (mk 1) ' (nsz 1) Ann—2-i(@) - (7.24)

In order to continue, we need to estimate the intrinsic volumes. We therefore have
to split up the argumentation according to the three claims in Theorem 7.2.1.
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(1) For any cap K € K(S"™1), we have V;(K) < 1 (cf. Proposition 4.4.10).
Using Lemma 7.2.2 we have

—i42k

20 "2 . T n2 <m+i—2k>i_22k.(n—m—i+2k> :
S 2
i,k=0

2

() (0 e

(7.15) 2 gy | n—m-—1
< 2. m(n—m)-zfn,n—2—i(0<)'"2'Z( k )( i—k )

1
m(n—m)-;7 ift>n? .

This shows the tail estimate in (7.14).
(2) Let C = R?} be the positive orthant. Recall that for this case we have
(cf. Remark 4.4.15)

(gil) (4.20) \/7? F("TH) F(nTQ)
- F(%) . F(%) (L) (=it on

Vi(K) =

Continuing again from (7.24) we get

n-2 n i— —m—i+2k+1
§ T m-+i—2k+1 T n 1—i+2k+1)
rvol7 (£, (R%), ) < 8- Z (piop) T(mEFEEL) T( 5 )

Pyt n I‘(%) P(n—zm)
m—1 n—m-—1
’ : Tpp—2—i
n—2 1 2
p(m .D(rE )
— 8/ . 2 )t g _
i;{) on F(m+z 2k+2) F(n m ;+2k+2) F(%) -F(n 2m)

2 i,k=0
n—m-—1
i—k ) 'In,n—Z—z(O‘)
(119) 16 r(ngt = /m-1\ (n-m-—-1 . @)
. . n,n—2—i\&
Va2 T(g) T e ik )
(716) 16 r(ntt 2 <n2> . )
= : ™ n—m . n,n—2—1
V22 Ty T(agm) e\
(7.18) 16 re) 1
< —) .=, ift>
Jn-2n2 T(m) . T(esm) eXp( ) g o
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Estimating I'(%) < \/Z - T(%) (cf. (4.17)), and rewriting

r'(3) (4.18) m(n —m) . n/2
ME)reE) o (m/2>’

In the proof of Theorem 7.1.1 we have seen that for fixed m the sequence g, (m + 1),
Gm(m + 2), gm(m + 3),... is log-concave. Additionally, the sequence exp(™tl),

m
exp(mTH), exp(mT*?’), ... is log-concave, which implies that also the sequence

(gm(n) -exp(3) [n=m+1,m+2,...)

is log-concave. Moreover, the maximum of this last sequence lies between 2m + 5
and 2m + 7 for m > 8§, as

gn(Zm+ 1) exp(P2th)  TCmE) T e B

. 2 .
g (2m+5) - exp(2255) T T(ZBE) " T2 exp (£)

gm(2m +8) -exp(*EE) | TR T("5) exp (37) &
g @+ 7) -exp(P2ET)  T(3BE) T(ET) ’

m

000
YaNE:
EH

form > 8.

So in order to get an estimate of g,,(n) - exp(;%) for m > 8, we only have to check
the cases n € {2m+5,2m+6,2m + 7}. The following asymptotics is verified easily
(for example with a computer algebra system)

gm(2m + k) -exp(ZEE) o 4-exp(2)

Jm Y=

With this asymptotics in mind, it is straightforward to verify that for m > 7

<12.

=)

gm(2m +5) - exp(ZZE3) <20 - /m

=)

gm(2m + 6) - exp(22L0) < 20-v/m

gm(2m + 7) - exp(22LET) <20 Vm .
As /2 -20 < 29, we finally get
1
vol 7 (2, (R%), a) <29-/m - 7

for t >m > 8.
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(3) Lastly, we will treat the case C = L™. Recall that in this case we have for
0 <j<n-—2(cf Example 4.4.8)

n—2)/2 n
_ ("52") _ I'(3) 1
B L(5=) -I(#5t) 22

Continuing from (7.24) we get
rvolT (£, (L"), a)
n—2
r(n _ m—
cg. G 1 <m 1><” -m 1).17%”_2_1,(0[)

8 =
P L) -rsm) 2z k i—k
n—2
(7.16) (%) 1 <n - 2)
='8 -0 Ty ST ) Ian—2-i(@)
L% -rts 27 — i e

= gm(n) - ep(2) - 7

(see above

29 90 /i -

for t > m > 8. This finishes the proof.

7.3 Smoothed analysis — 1st order

In this section we will perform a smoothed analysis of first-order. By this we mean
the following: Recall that for smooth K € K™ (S"~!) the set ¥,,(K) is a hy-
persurface of Gry, ,,. In particular, it has an induced (lower-dimensional) volume
functional. A first-order smoothed analysis means that we will give estimates of the
(lower-dimensional) volume of the intersection of ¥,,(K) with a ball B(W), () in
Gry, m divided by the (full-dimensional) volume of the ball B(Wy, 3).

We already face a problem at this high-level approach, as it is not clear what
metric on Gry, ,,, one should choose, and what role this metric plays for the results.
We will choose the Hausdorff metric, as this will allow a nice argumentation. It
should be evident though, particularly in view of the transition from matrices to
subspaces R"*" — Gry m, 4 — im(AT), that the geodesic metric on Gty would
be the more significant choice. But this would add another difficulty to the analysis,
so that we restrict to the Hausdorff metric at this point. We define for Wy € Gry, pn,
0<pB<3,

BH(W035) = {W S Grn,m | dH(WO;W) < /B} y

the ball of radius 3 around Wy. A smoothed analysis of €, corresponds to estimating
the volume of the intersection of By(Wy, 3) with the tube around X, relative to

the volume of By (W, ).
In Section D.3 (cf. Proposition D.3.4) we will show that the relative volume of

By(Wp, ) can be estimated from below via

m

—1
rvol By (W, B) > sin(8)™("= ™) . ["] . (7.25)
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So it remains to estimate the volume of the intersection of the tube around 3,,, with
the ball around W.

As already mentioned, we will describe a first attempt to estimate the (lower-
dimensional) volume of the intersection of 3, with the ball around Wy. Here, we
will see that the elegant argumentation in Section 6.4 will inevitably fail. We will try
a natural but coarse approach to overcome this obstacle. The result is stated in the
following proposition. It is not yet satisfactory, as we think' that the Grassmann
condition should allow a tail estimate of the form n9™) . m . % But at least
we have a first proof of concept that the overall approach will work for smoothed

analyses. A fully developed smoothed analysis remains open for future research.

Theorem 7.3.1. Let K € K*(S™" 1) be a smooth cap. Furthermore, let Wy €
Grym, and let 0 < § < 5. Then we have

VOI(E:,nO(f;)H?VZ}:(ﬂV)VOﬂ)) < sin(B)2 " . m. [m” J : (n ;m) . (:1_21) :

This gives rise to a first order smoothed analysis of

Prob(€s (W) > ] < 2 - sin(8)2 3™ - m - [ " } : (”_m> : (”_2> % (7.26)

m—1 m m—1
n 2.5 1
< 2-sin(B)* 3™ . m - /n - <m> 5 (7.27)

where W is chosen uniformly at random in a ball of radius B w.r.t. the Hausdorff
metric.

Note that the asymptotic of the right-hand side in (7.27) is roughly of the form
nO(m) . W . % This is certainly not satisfactory, but for fixed m it is at least
polynomial in n, which shows that it is not completely worthless.

The proof of Theorem 7.3.1 is basically a refinement of the proof of Lemma 6.5.1.
It is convenient to use the concept of curvature measures, which can be interpreted
as local versions of the intrinsic volumes. We will only define them for smooth caps
K € K=(S"~1), and also only for 0 < i < n —2. See [30] and the references therein

for more about the spherical curvature measures.

Definition 7.3.2. Let K € K**(S""!) and let M := 0K. Then for 0 <i <n —2
the ith curvature measure ®;(K,.) is defined via

1
®;(K,B) 1= ——. o i(p)dp 7.2
K.B) =g [ owaiv)dp (7.25)
BNM

where B C S™~ 1 is a Borel set.

Remark 7.3.3. Note that by Proposition 4.4.4 we have ®;(K,S""!) = V;(K).
Furthermore, we have ®;(K,0) = 0, and

P;(K,B) < ®;(K,5" ") =V;(K)< &,

where the first inequality follows from the nonnegativity of the function o;(p), and
the second inequality follows from Proposition 4.4.10.

We derive this conjecture from the average analysis in Section 7.2 and from a comparison to
other smoothed analysis results (cf. the results listed in [12]).
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We will need the following local version of the kinematic formula.

Theorem 7.3.4. Let K € K*"(5"™1), and let B C S"~! be a Borel set. Then for
0<i<n-—2 we have

q)n727i(K7 B) = SGSHI?(S"*U [(I)O(K N Sv Bn S)} ’ (729)

where S € S™1(S"™1) is chosen uniformly at random.

Note that if M c S™ ! is a manifold and S C S”~! is a uniformly random
subsphere of some fixed dimension, then with probability 1 the intersection M N .S
is again a smooth manifold or empty. So the quantity ®o(K N.S,BNS) in (7.29) is
well-defined with probability 1.

Proof. This is a special case of Korollar 5.2.2 in [30] and a special case of Theorem 2.7
in [17]. More precisely, for B C S"~! open and U := BN M the formula given in [17,
Thm 2.7] is

.(p)dp=Clp,i)- E () dp| | 7.30

/0' (p)dp = C(p,1) Sesiign) /0(19) p (7.30)
U Uns

where p := n+ 1, and the constant C(p, ) is given by? C(p,i) == (p—i—1)- (*7)-

i
Opfl'op
0;-0i41-0Op_i—2

Cpi) 2 p—i—1). <(p— 1)/2) . {p‘ 1} 0,110,

. Using Proposition 4.1.20 we can simplify this constant to

i/2 t O; - Oip1 - Op_i—2
(4.22) (p—i—1)- wiwp—1—i Oi-Op_1-i Op-1-0,
Wp—1 2:0p-1 0041 -0Op_io
_ 0 (p=1)-0p Op 1
i- Oi+1 OP,Q 2
(4.15) Op—1-i

2

Having simplified the constant C(p,i), we see that (7.30) is indeed equivalent
to (7.29) (note that p =n — 1). |

With the local kinematic formula we can give an estimate of the curvature mea-
sure if the Borel set is a tube around a subsphere. (This curvature measure will
appear in the proof of Theorem 7.3.1.) The following lemma is a generalization
of [13, Lem. 4.6]. The proof is a straightforward extension of the proof given in [13].

Lemma 7.3.5. Let K € K=(S"71), and let Sy € S™1(S""!) be an (m — 1)-

subsphere. Then for 0 < 3 < 7, we have

Oy 1 (K, T(So,8) < sin(p)"~2m. —— . (“_m> .

2(n—m) m

2In [17, Thm 2.7] there is a typo in the definition of the constant C(p,4). Namely, the binomial
coefficient (pzl) is falsely replaced by % (cp. [13, Thm. 4.2]).
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Proof. The proof goes analogous to the proof of [13, Lemma 4.6] (cf. also [17,
Prop. 3.2]). Using the kinematic formula in Theorem 7.3.4 and the fact that the
curvature measures may be estimated by % (cf. Remark 7.3.3), we get

Coma(K,B) = B [B(K NS BNS)

E 0 ifBNS=0
Sesm(sn—1) % if BNS#0

1. Prob [BNS .
5 Sesmr(%nfl)[ # 0]

IN

Setting B := T (Sy, 3), we get
Prsg)b [T(So,B8) NS #£0] = Prsob [3p € S : d(p, So) < B
= PrSob [<tmin (S, S0) < 4],

where <(nin (S, So) shall denote the minimum principal angle between Sy and S. In
Corollary D.3.5 in Section D.3 in the appendix we will show that

Prob [<umin(S, So) < ] < mn = 2m). (” - ’”) ramy2.1(6) -

n—m m
Using the estimate of the I-function, that we stated in (7.20), we get

8 sin(3)" =2

n-aniaa(8) = [ cos(p) -sin(p 2 tdp < SO

Putting everything together finally yields

1 m(n—2m) (n—m\ sin(g)" 2"
@n,m,l(fﬂB) < ( m )n—ZTn

2 n—m

0O

For convenience, we formulate another simple lemma that we will use in the
proof of Theorem 7.3.1.

Lemma 7.3.6. Let W € Gry, , and let H € Gry -1 be a hyperplane that con-
tains W. Furthermore, let p € S""'\ H*, and let p € H N S""! denote the
normalization of the projection of p on H, i.e., p = |Ug(p)|| =t - Ug(p), where Uy
denotes the orthogonal projection on H. Then d°(p, W) < d¢(p, W).

Proof. W.lo.g. we may assume that W = R™ x {0} and H = R"~! x {0}. If
p=(z1,...,20)7, then p= (1 —22)"2 - (x1,...,2,_1,0)T, and we have

d°(p, W) = \Ja2 1+ ...+ a2,

W) = (1 —a2)7h o\ Jad o+l

As (1—ap) (w1 +. o ap) = (@ +e o an ) = ap - (L= (27,40 +. ..+ 27)) >0,
we have

which implies d¢(p, W) > d¢(p, W). |
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Proof of Theorem 7.3.1. To ease the notation, let us abbreviate
3 =%, N Ba(Wo, 5) .

Recall that Ips: ., — M denotes the canonical projection from ¥, to M, where
M = 0K as usual. Let us denote the restriction of Iy, to ¥ by

M:%— M, OW)=TIyW).

Furthermore, we denote the image of IT by M. Note that W € By (W, B) implies
that for the corresponding subspheres we have S C 7 (Sp, 3), where S := Wn S"~1
and Sy := Wy N S™"~ 1. Therefore, we have

M CT(So,B8) N M . (7.31)

From the coarea formula (cf. Corollary 5.1.1) we get the following formula for
the volume of ¥

voli:/mw (58 / / ndet(Dy )~ dW dp .

5! peM Well-1(p)

Note that as II is the restriction of IIj; to an open subset of the domain, their
derivatives coincide. Denoting by Gr the set of elements Y € Gr(T,M, m — 1) such
that W := Rp+ Y lies in the ball around W, i.e.,

CGr:={Y e Gr(T,M,m —1) |Rp+Y € B«(Wo,3)},

we get

vol 3 = / / ndet(DyyIly )~ dW dp “m=20 / / det(Wp,y) dWdp,

peM Well-1(p) peM YeGr

where W,y denotes as usual the restriction of the Weingarten map W, of M at
p to Y. This is the point where we face the problem that we can not argue as in
Section 6.4, as the integral is not over the whole fiber Gr(T, M, m — 1) but only over
Gr. We now have two possibilities for a coarse estimation:

1. We extend the set Gr to all of Gr(T,M,m — 1), and use the arguments from
Section 6.4.

n—2

_ 1) , compared to

2. We estimate det(W),, y) by om—1(p) (losing a factor of (

Corollary 6.4.9) and estimate the volume of Gr.

It turns out that the first approach is too coarse, so that we will only pursue the
second approach.
So we have

/ det(W, y)dW < / Om-1(p) AW = Gp_1(p) - vol(Gr) .
VeGr VeGr

To estimate the volume of Gr, we define for p € M

Wo(p) := (orthogonal projection of Wy on v(p)*) ,
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where v(p) denotes the unit normal field pointing inwards the cap K (cf. Sec-
tion 4.1.2). The space Wy(p) is a linear subspace of the hyperplane v(p)t of
dimension at most m. In fact, for almost all p € M the dimension of Wy(p) is
exactly m, as is easily checked. In the following we assume that dim Wy(p) = m,
i.e., Wo(p) € Gr,, . Note that Wy(p) does not necessarily lie in %,,. Nevertheless,
we have by Lemma 7.3.6

du(Wo, W) < 8 = du(Wo(p),W) <8, (7.32)
it Wwe %, and WnN K = {p}. So we get

vol(Gr) < volGr,,_g,,_1-_ Prob [<Cmax(R™, W) < 6] .

WEGT,—2,m—1
In Corollary D.3.5 in Section D.3 in the appendix we will see that

_ Prob [qmax(Rm7W) < 5] = Sin(g)(mfl)(n*mfl)f(mfl)
WeGr,—2,m—1

_ Sin(ﬁ)Q—m—n-ﬁ-m(n—m) )

Using (7.25), and using

(7.31)
/Umfl(p) dp < om—1(p) dp
N T(S0,8)NM

(7.28)

Om—l : On—m—l . (I)n—m—l(KaT(SOaﬁ)) )
we may therefore conclude

vol % vol 3

vol By(Wo,3)  vol Gry, - Tvol By (W, 3)
< vol Grn—Q,m—l . |:,;L,L:| . sin(ﬂ)27m7n . / Um—l(p) dp

vol Gty

peEM

s0) 02, - O2
629 Zmo1 Znom m -sin(B)2 T - @1 (K, T(So, 3))

On—? . On—l
Lem. 7.35 02 .02 1 In N m n—m
< Zm—1 “n—m—1 . si —3m.___7 . .
o On72 ° Onfl |:m:| Sln(ﬁ) 2(77’ - m) < m )

It remains to polish the constant. More precisely, in order to get (7.26) we will show
that

02,0 -
Ona Oy [n] L[ ] (n=2) g
Op_o-0Op_1 m 2(n — m) m—1 m—1



160 FEstimations

For this we use again Proposition 4.1.20:

Or -0 1 [n 1 n 17" (n-2\""
On_o-0Oph_1 m| 2(n—m) |m-—1 m—1

(4.21)

(422) 02, _1-02 1 On-Op_mm 1
- On_o-0Op_1 . 2-0, . 2(n —m)
2-0, 2-0,_9 Wn_2
Om1-Onmi1 Om1-Opm1 W1 @nm
On-m-1 Onm -Op_m 1 Wn—2
- On—m+1 . On_1 ‘n—m Wm—1 * Wn—m—1
On-m-1 Oum -Opn_m 1 (m—1)-(n—m—1) Op_3
- On—m+1 . On_1 n—m n—2 ' Om—2-0Op_m—2
B On—m—1 m—-1)-0, (n—m-—1)-On_pn Onh—_3
T n—m) On—ms1 Oms Op—m—2 (n—2)-0,_4
o,

This shows (7.33) and thus (7.26).
For the inequality (7.27) we need to show that

) e ()

First of all, we have

(") _ (n=m)(n—m—1)-(n—2m)
(m) n(n—1)--(n—m) <1,
() =) Shn-1) im-1 2

so that it remains to show

[m"_ J <2-Vn- <:1>0'5 . (7.34)

Recall from Proposition 4.1.20 that (") =[] - ("/2). Using the estimate

:1 m m/2
(z+3) <Vz-T(z)
(cf. (4.17)), we get

(n/2> (418) - F(."72) _

m/2

oo b
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This implies

(:”L) {:”L] ' (:z//22> ” \/(m+ 1)(712_nm+ 0o [TZ]Z : (7.35)

Furthermore, we estimate

o] _ T(3) T(=522) 2 T(%2) (=52
(] T(h) T mo T(mgT) T(=gH)
<§1.\/m;1.\/n1;1+1_\/(m+1)7(:—m+1)' 736

So finally we get

[

=

N

mril]

[m]
(730 ((m+1)(n_m+1) .ﬁ)i VD - m+1)

2n

(75 ((m+ 1)(n—m+1) ~7r)1

2n m

n

_<w>i.<m+1>i.<n—m+1>i.m

1
m 4

<23/4 <1 <vn

<2-yn,

which shows (7.34) and thus finishes the proof.



162 FEstimations



Appendix A

Miscellaneous

This chapter is mainly devoted to outsourced computations that are too long for an
inclusion in the text, but that we give for the sake of completeness.

A.1 On a threshold phenomenon in the sphere
In the average analysis of the Grassmann condition we have seen that the ratio 2
plays a significant role for the asymptotic behavior of the expectation of the Grass-
mann condition (cf. Remark 7.1.2 and Remark 7.1.3). In this section we will com-
pute some elementary asymptotics in the sphere that may give a reason for the
appearance of this ratio.

To start with, it is well known that the volume of S™ ! concentrates around
any hypersphere, i.e., any (n — 2)-dimensional subsphere of S"~!. In formulas, this
means the following. For every a > 0 we have

vol T(S" 2, a) 1
T B
where we consider S”~2 as an embedded hypersphere in S»~!. What if we don’t
want to consider hyperspheres, but general m-dimensional subspheres? It turns out
that the ratio 7* is the decisive quantity. This is shown by the following proposition.
In broad terms, its statement is that for large n the relative volume of the a-
tube around an m-dimensional subsphere is almost zero if a < arccos(\/%) and
almost 1 if o > arccos(y/2F). So there is an interesting threshold phenomenon that
generalizes the above mentioned observation about the concentration of the volume
around hyperspheres. Moreover, this threshold phenomenon could be the reason for

the appearance of the ratio 7> in the average analysis of the Grassmann condition.

Proposition A.1.1. Let ¢ € [0,1], and let m: N — N be such that m(n) < n for
m(n)

alln € N, and lim —— = c. Then

n

lim

n—o00 vol §n—1

vol T(S™™W=1 o) [0 if a < arccos(y/c)
|1 ifa > arccos(ve) .

We will prove this proposition by making use of the kinematic formula and the
following well-known fact about the binomial distribution.

163
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Proposition A.1.2. Forn € N and ¢ € [0,1] let

Jne(k) == (Z) k(1= ek

Lzn]
Fne(z) = Z fre(k) -
k=0

Then for n — oo the functions F, . converge pointwise to

0 fe<c

Proof. This is readily deduced from Chebyshev’s inequality

o2

Prob [|p— X| >a] < =,

Q

where 1 := E[X] denotes the expectationo of X, and o2 denotes the variance of X.
More precisely, the expectation of the binomial distribution is given by pu = n - ¢,
and the variance is given by 62 = n - ¢(1 — ¢). So for x < ¢ we have

Len] n-c(l—c) pnooo

Fro(z) = kZ:O fre(k) < Prob [|p— X| > n(c—z)] < W (c—2) — 0.
Similarly, we get that F, .(z) — 1 for n — oo, if z > ¢. O

Proof of Proposition A.1.1. Observe that for p € S"~! and S € S*(S"~!) we have
peT(S,a) < SNB(p,a)#0.

It is irrelevant if we fix Sy € S¥(S"~1) and choose p € S"~! uniformly at random,
or if we fix py € S"~! and choose S € S¥(S"~!) uniformly at random, which is seen
by the following small computation

VOIT(S()’Og) . _
olgn1 = Liob, [P € T(So, )] = Prob [Opo € T(So, )]
= Prob T(Q1S, —  Prob T(S
QGI“OO(H)[pOE (@S0, )] SeSkl;%nfl)[poe (S, )]
= Prob [B(pg,a)NS )
Sesrclgn—l)[ (Po, ) NS # 0]

Applying the kinematic formula as stated in Corollary 4.4.12 and using the formula
for the intrinsic volumes of circular caps as derived in Example 4.4.8 yields

Prob[B(po,a) NS # 0] =2 Z_: Vi(B(po, )
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where 0., (k) = 1 if k is even, and 6...,(k) = 0 if k is odd. The single term
Vi—1(B(pg, ), which we have computed in Proposition 4.1.18, is irrelevant for the
asymptotics that we are interested in, as

On—?

Vn—l(B(p07 Oé)) = Onfl

: / sin(p)" " 2dp — 0 for n — oo .
0

. _ 9 .
With h := %, (:="== and c:= cos? o we may rewrite

P(sg2 + 1)
LG+ T +1)

sin(a)? - cos(a)" "2 = (Z) (L—e)ht et

For n even and k odd we thus get
ko1

Prob{B(po,a) 15 # 0] = 3 () - (cos? ) - (1 — cos? a) T

=0

i.e., the value of the distribution function of the binomial distribution with param-
eters ”T*Q and cos? o at % For the case n and k even and for the case n odd this
does not hold as nice as in the above case. But for the asymptotics this is not so
important so that the claimed statement follows from the well-known asymptotics

stated in Proposition A.1.2. O

A.2 Intrinsic volumes of tubes

In this section we will compute the intrinsic volumes of tubes of convex sets, assum-
ing that these tubes are again convex.

Proposition A.2.1. Let K € K¢(S"™1) and a > 0 such that the tube K, :=
T(K,a) € K¢(S™1) is still convez. Then the intrinsic volumes of the tube K, are
given by

Viweai) = (03 S "2 st st v ).

(m=1)/2) 5=

where 1 <m <n—1, d}" as defined in (6.5) in Theorem 6.1.1.

The coefficients d;/" arose from the polynomial identity (cf. proof of Proposi-
tion 6.4.6)

n—2
-9 . )
(X _ Y)mfl . (1 4 Xy)nfmfl — § (n ] ) d?]m . Xn72fg . Yn72fz .

ij=o \ 7

In the following lemma we will show that they also appear in a slightly different
polynomial identity.
Lemma A.2.2. Forn>2,0<j<n—-2, and1 <m <n—1 we have the following

identity of formal polynomials

n—1n—2

(I-XY)Y (X+Y) 2= (:;_21) Ldpt XTIyl (AL

m=1 i=0
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Proof. Expanding the terms yields
(1-XY)Y - (X +Y) 27

£=0

* ] —92_3 P .
(:)z:(l'ﬂ_jm1><z72 ])'(—1) e 21.X"*2*1,Ym71’

m—1 J 4 m=1
iym N 2 2 7 T3

where in (%) we have used the substitutions k = % — -l and (= % + =L and
where the last summation runs over all 0 < i <n—2, 1 <m < n — 1, which satisfy
i+j7+m=1 (mod 2). We finally compute

(13- (%J":%) : (%J_iné) _ (n—2)! (=2 )
(";2) (m—1! (n—m—1)! (n—2)!
(m—1)! (n—m—1)!
(e (e = Eh (- (-2 - gt - ]
_ J! (n—2—j)! |
(5~ ) (2 - ) (G o) (-2 - ot )

(g Tu) (5722)
“\iti _m—1) \i=j | m—-1)"
S, G
This finishes the proof.

For the following lemma recall that I, ;j(a) = foa cos(p)? - sin(p)" 279 dp.
Lemma A.2.3. Forn>2,0<j<n-—2, and o, € R we have

Lj(a+8) = Ins(a +Z(”2>' w1 (5) (A2)

. Z di" cos(a)? - sin(a)" 277 .

i=0
Proof. Using the addition theorem for sin and cos, we compute
cos(a 4 p)? - sin(a 4 p)" 277
= (cos(a) - cos(p) — Sln(a) sin(p))? - (sin(a) - cos(p) 4 cos(a) - sin(p))" 277
= cos(a)" 2 - cos(p)" 2 - (1 — tan(a) tan(p))? - (tan(a) + tan(p))" 277
Al n—1n—-2 n_2
(A )cos(a)"*Q - cos(p)” *2- ( ~di" - tan(a)" 2= tan(p)™ !

m —
m:l i=

n—1
> (:T - 1) -sin(p)"™" - cos(p)" ZdZZ’” ~cos(a)’ - sin(a)" 27
i=0
From this we get

/8 .
Injla+B) = Inj(@) + / cos(a + p)? - sin(a + p)" > dp
0

n—1 n—2
2 )
=1I,;(a)+ E (:1 1) I n—m—1( g dii" - cos(a tosin(a)"?0. O
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Proof of Proposition A.2.1. The volume of the tube around K, is given by
volT (K., ) = Vol’T(K a+f)

(4.39) 1K+ZIM L0 On_sj - Vi(K)

n—2
ol K+ 3 (Ins(a) +Z (”_2> nn—m—1(8)
=0

n—2

> cos(@) - sin(@)" ) - O, - Onay - Vi(K)
=0
(4.39) = 2 n—2
E PR ST SPTH () R
m=1 4,j7=0

-cos(@) - sin(a)" 2" Vi(K) .

Therefore, again by (4.39), we have

( ) O “Op—a- —Jj ; ;
Vo—m— aym - -cos(a) - sin(a)" 27 V(K
! Z SV o) sina)" V()
(4.24),(4.22) —-2)/2 n—2 P n—2—i
Uz:od ( (m —1)/2 ; cos(a)’ - sin(a) V;(K)
This finishes the proof. O

A.3 On the twisted /-functions

In this section we will fill the gap in the proof of the equality case (6.6) in Theo-
rem 6.1.1, that we only proved for K € K=*(S™"~!) in Section 6.5. So far we used a
differential geometric approach for the proof of Theorem 6.1.1, but now we will use a
more general convex geometric approach. The main idea is to use the kinematic for-
mula, resp. Corollary 4.4.12, to derive an alternative expression for rvol 7%(%,,, «).
More precisely, let K € K"(S"71), and ¥, := ¥,,(K). Then for W € Gr,,,, we
have
WeT " (Zn,a) <= WNT(K,a)#0and WNint(K) =0 .

If the tube K, := 7T (K, «) is convex, then we can use Corollary 4.4.12 to compute
the probability of the right-hand side, assuming that W € Gr,, ,,, is chosen uniformly
at random. Note that this coincides with the relative volume of 77(%,,,a). The
result will depend on the intrinsic volumes of K, which we have computed in
Proposition A.2.1. Unfortunately, we will not get the formula (6.6) directly, but
only via a short detour over the twisted I-functions, by which we mean the functions

Z dnm In ;

These functions appear in the tube formula (6.6) and can be interpreted as a sub-
stitute of the I-functions from the spherical tube formula (4.39).

The overall argumentation is as follows. The kinematic formula yields an alter-
native expression of rvol 77 (3,,, «) that holds for all regular cones. Comparing this
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with the formula we gave in (6.6) yields an alternative expression for the twisted
I-functions. Replacing the corresponding expression in the formula that we derived
from the kinematic formula then shows that (6.6) indeed holds for all K € K" (S™~1).

This argumentation is a little ugly, but it yields the desired result. It also shows
that

1. the discontinuity of the map amax (cf. Remark 3.1.17) has a lot of negative
consequences,

2. the case where the tube K, = T (K, «) is convex can be handled by quite
different methods.

Proposition A.3.1. Let the setting be as in Theorem 6.1.1. Then for 0 < a < ag

rvol T7( )=2- g V(K ( d(n,m, ) + d.aa(m )O”ﬁjf‘)‘)
n—2 ( — dmn k—1 |n—2 cos(a)’ - sin(a)?—2—%

! k=n—m < k/2 ) go [ i } () (@) ) (A.3)
k(zlgotiyg)

where §,qq(m) = 1 if m is odd and 6,44(m) = 0 if m is even, and 6(n,m,j) =1 if
je{n—mmn—m+2,...} and §(n,m,j) =0 else.

Proof. Recall from Corollary 4.4.12 that for W € Gr,, ,, chosen uniformly at random
we have

Prob[K N W # ] = 2- Z Vi(K

k
(mod 2)

If K € K(S™ 1) is such that K, := T(K,a) € K(S"!) we thus get

rvol 77 (%,,, a) = ProbW N K, # 0] — Prob[]W N K # ()]
n—2
=2 Z (Vk(Ka> - Vk(K)> +2- 6odd(m) . On{l i (VOlKa — VO](K))
k=n—m

k=n—m

(mod 2)

n—2 n—2
4.39 On_1i(a
Ao S (ala) = Vel + 2 5alm) - 3 20 vy (A
k=n—m j=0 !
k=n—m
(mod 2)

By Proposition A.2.1 we have for 0 < k <mn—2

Vi(Ka) = (<” e 2) - ijo it [" ; 2} cos(a)i - sin()" 2 - Vi(K) |
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From (A.4) we thus get (after a small rearrangement of the summation terms)

(n — 2)/2 2 n,n—k—1 n—2 i ) n—9—i
" Z ( k/2 )';d“ k [ j }'COS(O‘)'Sln(a) )

(mod 2)

This finishes the proof.

Corollary A.3.2. For1<m<n-1,0<j<n—2, and a € [0, 5] we have

m<n — ’I’I’L) n/2 = nm n—2—1i
— 7. Z ™ - I, i ( Z cos(a)’ - sin(a)

n m/2 ~
- ((n—2>/2),dn¢5<n,m,j> Jasa(m) On_1()
6!:1 ( 1)/2 [n;2} [n;Q] On—l )
(mod 2)

where d?-m defined as in Theorem 6.1.1, and 0,494 and 6 as in Proposition A.3.1.

Proof. Let K = B( B3), with 0 < 8 < Z, be a circular cap. For this choice of K

we have ap = 5 — 8 ndKafB(za—l—ﬁ)) For 0 < j <n — 2 we have

n — cos(B)" 277 - sin(B)?
wK)—(( jé)/z), By sn(p)

(cf. Example 4.4.8). By (A.3) we thus have for 0 <a < 5 —f

n—2

ol 77 (S00) = 3 (7 2) cos(y =2 singy

7=0

( ni nzfdn" k—1 < ;/22)/2> . [an] - cos(a)’ - sin(a)" 2"

=n—m =0
k
(mod 2)

—8(n,m, 5) + 6oaa(m) - W) . (A.5)

Onfl

On the other hand, by (6.6) in Theorem 6.1.1 we have

n—2

rvol TF (S, a) = W(:fz) Zv { } Zdnm (o

n

Z dm - I () - (A.6)

=0
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Using that the functions cos(3)" 277 - sin(8)7, 0 < j < n — 2, are linearly indepen-
dent, a comparison of the coefficients between (A.5) and (A.6) yields

e () et

i=0
n—2 n—2
_ T n—2—i (n—2)/2 nn—k—1
= Zcos(a) - sin(a) : Z ( /2 ~d;
=0 k=n—m
k=n—m
(mod 2)

_ 6(n,m,j) 6odd(m) . On—l,j(a) )
[n_.2] [n_»2] On—l

J J

This all holds for 0 < 8 < sand 0 < a < g—ﬁ, and therefore for all 0 < o < 5. O
Corollary A.3.3. The formula (6.6) in Theorem 6.1.1 holds for all K € K"(S"1).

Proof. The formula for rvol T (3,,(K), «) given in (A.3) in Proposition A.3.1 holds
for all K € K"(S"71). In Corollary A.3.2 we have seen that the difference be-
tween (A.3) and the formula (6.6) given in Theorem 6.1.1 consists of an alternative
representation of the twisted I-functions. Interchanging these different representa-
tions transfers (A.3) into (6.6). The validity of (A.3) for all K € K"(S™"!) thus
also transfers to (6.6). m



Appendix B

Some computation rules for
intrinsic volumes

In this chapter we will provide the proofs for Proposition 4.4.13 and Proposi-
tion 4.4.18.

B.1 Spherical products

We begin with the spherical statement of Proposition 4.4.13. Let K; € K(S™~1),
Ky € K(S™71), and let (cf. Section 3.1.1)

K::K1®K2:(CIXCQ)QS’”71,

where C; := cone(K;) C R™ i =1,2, and n := ny + na. Recall that the intrinsic
volume polynomial of K is defined via (cf. (4.45))

V(K; X) =V (K)+Vo(K) - X +...4+ V1 (K)- X"

The spherical statement of Proposition 4.4.13 says that the intrinsic volume polyno-
mial of K is given by the product of the intrinsic volume polynomials of K7 and K,
i.e.,

V(K; X)=V(K;X) V(K X) . (B.1)
We thus have to show that for —1 < j<n-—1
Jj+1
Vi(K) =Y Vi1(K1) - Vi k() . (B.2)
k=0

The first step in the proof is to show that it suffices to prove (B.1) for polyhedral
K and K. Indeed, recall that the set of polyhedral convex sets KP(S™ 1) lies dense
in K£(S™71) (cf. Section 3.3). If K; € K(S™~1) is approximated by the sequence
(Ki,j)j in Kp(Sniil), 1 =1,2, then
hIIl (Klvj ® KQJ') (;) hIIl KL]‘ ® hm K27j = K1 ® K2 =K ,
J—00 e ——r Jj—o0 j—o0
=K,

where the step () follows from the continuity of the map

K(S™M™) x K(S™ 1) — K(S™ 1), (K1, Ks) — K1 ® Ka

171
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which is verified easily. As the intrinsic volumes are continuous, we get

V(K; X) = lim V(K;; X)) lim (V(Ky 3 X) - V(K X))
j—oo

J—0o0

J—00

J—00

where (xx) follows, if we have shown (B.1), resp. (B.2), for polyhedral K, Ks.

We will deduce (B.2) for polyhedral K;, K5 from the characterization of the
intrinsic volumes in Proposition 4.4.6. Before we can do this we have to recall some
well-known facts about polyhedral cones.

Let C; € R™ and C3 C R™, and thus also C = C; x Cs C R™ be polyhedral
cones. If II¢,, e, IIo denote the projection maps onto Cy, Ca, C, respectively, we
get for x = (z1,22) € R”

HC(‘T) = (Hcl (:L‘l),H02 (Zg)) :
Moreover, if F(C') denotes the set of faces of C, then we have
.7:(0) = {Fl x Iy | Fy € .7:(01), Fy e .7:(02)} .

Recall that for x € C' we have defined (cf. (4.41))

face(x) :=

C if z € int(C)
F if x € relint(F') and F a face of C.

Let face; and faces denote the corresponding functions with C being replaced by
C; and Oy, respectively. Then for z = (z1,z2) € C = C; x Cq, we have

face(x) = face;(x1) x facea(z2) . (B.3)
Recall also that we have defined the function
de:R" —{0,1,2,...,n}, =z — dim(face(Il¢(z))) .

As C'is a cone, we have dg(Ax) = do(x) for all z € R™, A > 0. From (B.3) we get
for x = (x1,22) € R"
do(@) = do, (1) + doy (w2) (B.4)

In Proposition 4.4.6 we have shown that the jth intrinsic volume of K = CNS"™~!

is given by
Vi(K) = Prob [dc(p) =j+1] ,
pesSn—1

where p € S"~! is drawn uniformly at random. If 2 € R" is a normal distributed
variable x ~ N(0, I,), then with probability 1 we have x # 0. Moreover, the induced
probability distribution on S™~! via  + [|z||~! -  is the uniform distribution. As
do(Ax) =dco(x) for all x € R™, X\ > 0, we get

V()= Prob [de(@)=j+1] (B.5)

The normal distribution has the pleasing fact that

x = (r1,12) ~N(0,1,) <= 1 ~N(0,1,,), xa ~N(0,1,,) .
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Therefore, we get

B.5 . B.
V()" Prob  [de(a,x2) = 5 + 1] "EY Prob [de, (z1) + dey (x2) = j + 1]

z1~N(0,15,) T1,T2
:L’QNN(O,InQ)
1
= Z Prob [d¢, (1) = k] - Prob [de, (x2) = j + 1 — K]
T T2
k=0

B‘”Zw WKL) - Vi (B) .
k=0

This shows (B.2) for polyhedral Ky, K5, and thus finishes the proof. |

B.2 Euclidean products

In this section we will give the proof of the euclidean statement of Proposition 4.4.13.
We need to show that for euclidean convex bodies K7 € K(R™), K € K(R"2), and
K :=K; x Ky € K(R"), n = n;1 + ny, we have

VINK; X)=V(K;X) V(K X),

where V¢(K; X) denotes the euclidean intrinsic volume polynomial (cf. (4.48))

X)= DoV
j=0

So we need to show that for 0 < j <n

ZV L (KL) (B.6)

k=0

In contrast to the spherical case, the euclidean intrinsic volumes do not form a prob-
ability distribution. Moreover, we do not have a characterization of the euclidean
intrinsic volumes similar to the characterization of the spherical intrinsic volumes
from Proposition 4.4.6. The proof of (B.6) will therefore be completely different to
the proof of (B.2). Instead of arguing over polyhedral convex sets, we will argue
over smooth convex bodies.

Let K € K(R™) such that int(K) # @, and such that the boundary M := 0K
is smooth and oriented such that the normal direction points inwards the convex
body. Then from (the euclidean version of) Weyl’s tube formula in Theorem 4.3.2
we get

yn=i
vol, T¢(K,r) = vol, K+Z . /an,l,j(x)dx.
n—
] zeM

Comparing this formula with the Steiner polynomial
vol, T¢(K,r) Zwl Ve, rt. (B.7)

yields V¢(K) =vol, K,and for 0 < j<n-—1

° - . o (x) dx
V](K)_ (n—3) wn_j xe/M n—1—j(z) dz . (B.8)
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Using an approximation argument similar to the spherical case, we may assume
for the proof of (B.6) w.l.o.g. that K; and K5 have nonempty interiors, and the

boundaries of K7 and Ko are smooth. We denote these by

Ml = 8K1 s MQ = 8K2 .

Furthermore, let v;: M; — R™ denote the unit normal field of M; such that for

x; € M; the vector v;(x;) points inwards the convex body K;, i = 1,2.
The boundary of the product K = K; x K5 decomposes via

0K = (1nt(K1) X MQ) U (Ml X lnt(Kg)) U (Ml X Mg) .
For x = (z1,22) € OK the normal cone of K at x is thus given by

{0} x R_ - vo(x2) if x € int (K1) x Mo
NI(K) =<R_- 1/1(3]‘1) X {0} if x € My x 1nt(K2)
R_~1/1(:El) XR_'VQ(LIIQ) if’JJEMl XMQ N

where R_ = {r € R | < 0}. Let us denote

My :=int(K) = int(K7) x int(K?)
M = int(Ky) x Ma

MJ := M x int(K>)

M = My x M,

so that K decomposes into

K = MO MO MF O M.

(B.9)

Moreover, the pieces M, i = 0,1,2,3, are smooth manifold, and from (B.9) it is
easily seen that the duality bundles NM; (cf. (3.8)) are also smooth manifolds. It
follows that K is a stratified convex body. Furthermore, all pieces M;*, i = 0,1,2, 3,

are essential.

From the euclidean part of Theorem 4.3.2 we thus get (note that M and My

have codimension 1 in R")

n—1

n—j
vol, T¢(K,r) = vol, K + Z . / Uéilllj($) dx

e~ n — j
=0
J wEM
n—1 ,_
rnTJ X,2
+ E - / 07(1—1)—]‘(95) dzx
- n—
Jj=0 J x
zeM,

n—2 ni‘]
+Z;—j . / / Uéi’éo’lj(z,—n)dndx,
3=0

mEMs>< nENf

where the notation o(*+%) shall indicate the dependence on M.
The volume of K is obviously given by

VOln K= VOlnl Kl . VOln2 K2 = Vnel (K]_) . V’ffz (KQ) .

(B.10)

(B.11)
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As for the principal curvatures of the hypersurfaces M;* and M in R", it is easily
seen that these are given by

x = (x1,22) € M : 0,...,0, /<;§2)(x2),... k2 (z2)

» Vno—1
ni-times
x = (x1,22) € M - ﬁgl)(ml), e ,55111)_1(971) ,0,...,0,
———

no-times

where k(! and x(® shall denote the corresponding principal curvatures of M,
and My, respectively. For the elementary symmetric polynomials in the principal
curvatures we thus get for © = (z1,22) € M andn—1—j >ny —1

o) (@) =0,

and therefore

/ o)) (2)dz =0. (B.12)
a:eMl><
Forn—1—j<ny—1 we get
0'7(;:’11),] (1') =0On—1—j (Oa BREE) Oa K*(12)(I2)5 B "‘?222)—1@2))
ni-times
2 2
= Jnflfj(lﬂlg )(1'2)7 ey H,Elz)il(l'z))
2
= J'EL—)l—j(xQ) 5

where the notation o(!) shall indicate the dependence on M;. From this we get

[ ol @a= [ [ a2 e

TEM z1€int(K1) x2€M2
= vol,, Ki - / 0227)17]-(352) dx
z2€M>2
(B-8) 1 e ) .
= Vo (K1) - (n=j) - wnj - Vii, (K2) . (B.13)

Similarly, we get

(x,2) 0 ifn—1—j>n
0,1 i(x)dr = , . . . .
: (n—3) wnyj -V, (K1) Vg (Ka) ifn—1-j<mn;.
zEMS

(B.14)

It remains to treat the contribution of M. Note that M is a submanifold

of codimension 2 in R™. The normal cone of K at x = (z1,22) € M3 is the 2-
dimensional product of the half-lines R_ - v1(x;) and R_ - va(x2) (cf. (B.9)). As for

the intersection N3 (K) = N,(K) N S"~! we get
NS(K) = {(—cos(p) - 1 (1), —sin(p) - va(22) [0< p< T} . (B.15)

It is straightforward to verify that the principal curvatures of M3 at x = (x1,x2)
in direction (cv1(x1),sva(x2)) are given by

5111)_1(301) , S+ n§2)(a:2), ..., 8- e (x2) . (B.16)

1
c-ng)(xl),...7c~m a1



176 Some computation rules for intrinsic volumes

Note that the symmetric functions in these curvatures can be written in the form

ou(c- K§>( Dok (@), s w7 (@a), s wE) () (B.17)
:ch.ak (Hg”(xl),..., K 1(x1)> sk gy k( @ (), ...,nfill(wg)) ,
k=0

with the usual convention opn(ay,...,a,) = 0, if N > n. From (B.15), (B.16),
and (B.17), we thus get

l/“ j/ ol (w,—n) dndx

zeEMS neENS
-/ / o) (2, (= cos(p) va (1), — sin(p) va(22))) dp da
zGM><
n—2—j
Z / cos(p)" - sin(p)" "> dp - /Uz(cl)(l’l)dl’l' /07(12)2 ik (@2) dza .

r1 €M, z2€M2

Recall that in Corollary 4.1.19 we have seen that fog cos(p)* - sin(p)t dp = %

We may thus continue

2—j
Z __Onry / a,(cl)(xl)dxy / 0(2)2 (@2) dao
Or-0 n-2mi

n—2—j—k
r1 €M1 T2E€M>2

n—

’n727j

(B.8
= Z (n=J) - wn—j - Vi, 1 k(K1) - Vi1, (K2) - (B.18)
=0

Combining (B.10), (B.11), (B.12), (B.13), (B.14), and (B.18) yields

n—1
vol, T¢(K,r) = Vs (K1) -V (K2) + Z rd cwn—j - Vi (K1) - Vi, (Ka)
)=0
n—1 ’
+ > " w VL (KY) Vi (Ka)
j=0
n—2n—2—j
+ Z I TWn—j - Vil—l—k(Kl) : Vje+k+1—n1(K2)
j=0 k=0

— ,,,n—j . wnfj : Vnelfl—k(Kl) : ije+k+17n1 (KQ)

l=n1—1—k ~ : .-
[ 1: ] ZTH*J . W'n,fj . Z ‘/;(Kl) . ‘/je_g(KQ) .

j=0 L=j—ng2
Comparing this with the Steiner polynomial in (B.7) shows that indeed
ni
Z V(KL - Vi (K2),
Z:j—n2

which was to be shown. O
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M,y

M2 M2

M,
Figure B.1: The decomposition of the cone stub K*°.

B.3 Euclidean vs. spherical intrinsic volumes

In this section we will give the proof of Proposition 4.4.18. Let C' C R" be a closed
convex cone, and let

K¢.=CnB,, K:=Cns" !,

where B,, denotes the n-dimensional unit ball. The statement of Proposition 4.4.18
is that the euclidean resp. the spherical intrinsic volumes of K¢ and K are related
by the formula

- l Wy
Vi =3 (j) ). (B.19)
=j
To prove this equality, we first consider the case where C' € Gry ,, is an m-
dimensional subspace. In this case, the set K is an (m — 1)-dimensional subsphere
of S"71 and V;(K) = &jm-1, i.e., Vi1 (K) = 1 and V;(K) = 0if j # m — 1.
Furthermore, we have (cf. Example 4.2.1) VE#(K®) = (7}) - o=, 0< i <m, and
Ve(K*®) = 0if i > m. This shows (B.19) in the case where C is a linear subspace.
It remains to prove (B.19) where C is convex cone, which is not a linear subspace.
Equivalently, it remains to prove the case where K = C N S""! is a cap. By
an approximation argument as in Section B.1 we may assume w.l.o.g. that K €
K== (S™~1) is a smooth cap.
For the rest of this section let K € K*»(S"~!), and let M := 0K denote the
smooth boundary of K. Furthermore, let K° denote the interior of K (w.r.t. the
topology on S™~!). The boundary of the cone stub K¢ decomposes into

OK® = My U M; U My U Mg UM, ,
where

My := int(K®) , My = K°, My := M,
Ms:={X-p|Ae(0,1), pe M}, My := {0} .

See Figure B.1 for a picture of this decomposition. The dimensions of these pieces
are given by

dim My =n, dimM; =n—-1, dimMs =n—2,
dmMs=n-—1, dim M, =0.
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The euclidean version of Weyl’s tube formula yields

n—1 nfj
Vol T(K*,7) = vol (K<) + 3 . / oM, (x)da
n—j
r€e M,

3 T‘nij
+Zn—j' / / o—fi)%j(x,—n)dndx

z€M2 neNS

=0

n—1 ;
rJ (3) rh /
. (x)d — 1d B.20
D= T n (B20)

TEM3 neNE
The principal curvatures in M; and M3 are given by

xeM; :1,...,1

k1(p) Kn—2(p)
s s

T=Ape Ms :

where p € M, and k;(p) denotes the ith principal curvature of M at p. This follows
from the fact that M; is an open subset of S®~!, and Ms is an open subset of
oC \ {0}.

As for the piece My, the normal cone N,(K*®) for p € My is given by

Np(K) =Ryp+R_v(p),

where v denotes the unit normal field on M, which points inwards the cap K. The
intersection of the normal cone with the unit sphere is thus given by

N (K°) = {sin(p) p — cos(p) v(p) | 0 < p < 5} .

Note that p € T,R"™ is the normal vector of the unit sphere. So the principal
curvatures of My at p in direction p are 1,...,1 ((n — 2)-times). More generally, we
get that the principal curvatures of My at p in direction sp — cv(p) are given by

s+cki(p), ..., s+ crn2(p).

The value of the fth elementary symmetric function in these principal curvatures is
given by

ou(s +cki(p),...,s+ chn_2(p)) = | Z _ (s +chri () (s+cri,(p))

L
S S ok ()i ()

i1<...<ig k=0

|
Vo)
T
x>
(o)
ol
Q
ol
&
=
:-/
N
~
—
<)

k=0 11 <...<ig
P4
(%) _ n—2—k
= Zsf k'ck' ( /—k > 'O'k(ﬁl(p)a"'aﬂn—Q(p))a
k=0

where (x) follows from the following combinatorial argument. Consider a single sum-
mand of o (k1(p), . .., kn—2(p)), which is the product of k principal curvatures with
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indices, say, j1,...,Jk. This summand appears in Zi1<...<i@ 0k (Kiy (), - - -, K (D))
iff {j1,...,Jk} C {é1,...,4¢}. The number of choices of i1 < ... < i, for this to
happen is given by the binomial coefficient (”ﬁ;k)

From (B.20) we thus get

n—1 n—j _1
vol, T¢(K*¢,r) = vol,(K°) + Z ! - ( " j) -vol,_1(K)

+nz_:2 i / /; z:_‘sin(p)”’z’j’k - cos(p)"” - ( "ol ff k)ok(p) dpdp
k

=0

J=0 peM

n—1 ;
=7 )\n— rn o
+> - / /An =5 " On-1-5(p) dpdA + — - vol,_1(K)

j=1 pEM

(note that changing the integration over M3 to an integration over M yields a factor
of A»~2). The volume of K*¢ is given by

VOlnfl (K)

vol, (K¢) = 0
n—1

= Wnp - anl(K) .

Furthermore, we have

1 n-1 o _ (n—1!n On1
o (ol L) et = T Ot Ve

- (n) Vi 1 (K)

J
and
T .
. n—2—j—k k Cor. 4.1.19 On—l—j
sin - COS d = -_—
/O (r) (p)" dp Or Onan
Prop. 4.4.4
/ Uk(p) dp = Ok ' On—2—k : Vn—2—k(K) .
peEM
This implies
T n—2—j
1 2 : n—2—j—k k n—2—k
m— / / > sin(p) cos(p) - ([ Dy Dy Jor®)dpdp
0 k=0
peM
n—=2—j
2—k
—” L O -0 -V, K
k" Yn—2-Fk n—2—k
’;) O - Op 2—j—k (n_2_j_k) ’ ’ ( )
_ O?’L*l*j "= n—1- ] B k On72fk
n—j On—2—j—k ‘n—1—k

k=0
_ nm—1—-k)-(n—2—k)!

n—1—j—k)-(n—2—45—Fk)!j!
= W - Z W.(n_%_k> Vo i (K)

iy YWn—l-j-k J

n—1
[t:=n—1—kK] Wy l
= i - E AVl (K) .
g —~ We—j (J) 21 (K)
l=j+1

“Va—o_r(K)
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Additionally, we have

/ on—1-3(p) dp

peEM

Prop. 4.4.4

Oj1-Op1j- Vi (K) ,

which implies

1 ! / : On_1-j Oy
- N7g, 1 i(p)dpd\ = L. T ..V, (K
— /0 1-5(p) dp p— ; i—1(K)

peM
=wn—j - wj Vi (K).
Lastly, we have

Onfl

n

Vo (K) = w, Vo (K)

1 9
E . V01n71<K) =

Putting everything together, we get

n—1
vol, T(K®,r) =wy - Va1 (K) + Z P (n) cWn - Vo1 (K)

=0 J
n—2 n—1 w ¢
F e Y () Vi (K)
=0 i N
n—1
3wy wi Vi (K) 1wy Vo (K)
j=1
=0 J
n—2 n—1 w ¢
e, 5 () v
=0 S Y N
+ Zrn_jwnﬂ wj - Vj-1(K)
=0
3 2 () v
=0 = YV

Comparing this with the Steiner polynomial

vol, T¢(K,r) = Zr”fj “wn—j - Vi(K)
7=0

shows the equality in (B.19) and thus finishes the proof.



Appendix C

The semidefinite cone

In this chapter we will compute the intrinsic volumes of the cone of positive semidef-
inite matrices. We regard this computation as a first step towards a full understand-
ing of the role of the intrinsic volumes in the domain of semidefinite programming.
In Section C.3 we will formulate some observations, open questions, and conjectures
concerning the intrinsic volumes of the semidefinite cone.

C.1 Preliminary: Some integrals appearing

In this section we will try to relate the integrals that will come up in the formulas
of the intrinsic volumes of the semidefinite cone to the so-called Selberg integral
and the Mehta integral (cf. for example [28]). We will also introduce the notation
that we will use in the formulas of the intrinsic volumes of the semidefinite cone.
Selberg’s and Mehta’s integrals can be solved exactly, which we think is also possible
for the integrals from the formulas of the intrinsic volumes of the semidefinite cone.
We rely in this short account mainly on the article [28]. See this and the references
therein for more details about the Selberg and the Mehta integral.
Let the Vandermonde determinant be denoted by

A(t) = H (ti - tj) B
1<i<j<n
where t = (t1,...,t,). The Selberg integral is the following identity

n

Su(cr, B,7) = / AGE T (- )7 dt (1)

i=1

o Pla+pf+(ntj -1y +7)

which holds for complex «, 3, satisfying

R(a) >0
R(3) >0

R(v) > min{l’ Ra) R(B) } _

nn—1n-1

181
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The Mehta integral is given by the identity

2 2 11 DA +57)
M) = [ F L A@P ds = 2t IR

Rn

where R(y) > —21, and it can be derived from the Selberg integral via (cf. [28])

lim (2L)" (=07 9n Lt g (L1 B y) = (2m)% - M, () .

L—oo

Setting the parameter v := 2, and restricting the integration to the positive

orthant, we define

MF = /e— L2 A d . (C.2)
Rn

A random matrix A € Sym” = {B € R"™" | BT = B} is said to be from the
Gaussian orthogonal ensemble, A € GOE(n), iff the entries a;; are chosen in the
following way:

e For 1 < i < n the entries a;; are i.i.d. standard normal distributed,

o for 1 < ¢ < j <n the entries a;; are i.i.d. normal distributed with mean 0 and
variance %,

o for 1 < j < i < n the entry a;j is set to a;; := aj;.

The probability that a random matrix from the nth Gaussian orthogonal ensemble
is positive definite is given by (cf. for example [22])

1
. oy . _ . +
Aelz}r(%)(n)[A is positive definite] = MICTENS s (RSVEY M. (C.3)

For n = 1,2,3 this probability and also its asymptotics for n — oo are known
(cf. [22]). We have

Mt =,/

! 2
My =7 (2-V2)
M;:?’i—es

Mn*Nn!'2”/2'HF(g)~exp(—n2~lr‘T3), forn — oo .

Knowing an exact expression for M,I, though maybe not too exciting on its own,
might serve as a building block for understanding the type of integrals that we will
describe next.

For 0 < r < n the Vandermonde determinant may be decomposed in the follow-
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ing way
Az)= [ (z-2)
1<i<j<n
T n
= ( II G —Zj)> : ( I G —Zj)> : (H (Zi—zj)>
1<i<j<r r+1<i<j<n i=1j=r+1
(%) r-(n—r) r
* _ —
= Af2)-Aly) - Y (D oe oy [[ar
£=0 i=1
where © := (21,...,27), Y := (Zr41,-- -, 2n), 0¢ denotes the ¢th elementary symmet-
ric function, and
1 Ty I1 Ty X1 Ty

The last equality () is seen in the following way:

i=1j=r+1 S=(s;;)€{0,1}rx(n—-m) i=1 j=1
r(n—r) r n—r o 0
_ . Y4 . xX; 1 Sij =
= Z(l) Z HH(y] ifSij:1>
£=0 Se{0,1}x(n=m i=1j=1
2o sig=t
r(n—r) s
= Y (o oy [[a
=0 i=1
So if we define
T
Are(z) == Al@)-AQy) -oe@ " @y) - [Ja7", (C4)
=1
then we have -
A(z) = (=)' Ape(2) . (C.5)

=0
Analogous to (C.2) we define for 0 <r <nand 0 <{<r(n-—r)

J(n,r,0) = /e*@.mw(zndz. (C.6)
z€RY

Note that we get J(n,0,0) = J(n,n,0) = M.

Abbreviating ¢* := r(n — r) — { we have

An—r,@* (ya Ji) = An—r(y) ’ Ar(‘r) * O (y_l ® .T) ’ H y;
j=1

= Ar(x) . An—r(y) 'Uf(x_l ® y) : Hx;z—r = Ar,f(xay) :

i=1
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r=20 r=1 r=2
r=0|r=1
(=0| V7 @2-V2) | VE | VF-2-V2)
t=0| VI | V3
(=1 — il _
(a)n=1 2
b)yn=2
r=20 r=1 r=2 r=3
=0 377%—6 (V2 —1) w(l—%) 3—\/’%—6
(=1 — 2 2 —
(=2 — W(l—%) 7(v2—1) -
(c)n=3

Table C.1: The values of J(n,r,£) for n =1,2,3.

This implies the identity
Jn,r€) =Jn,n—rr(n—r)—4_). (C.7)

Furthermore, we will show in Section C.2 (cf. Remark C.2.1) the relation

n r(n—r) n
Z(”) 3" Jlnrt) = nl-28 JIT(2) (C.8)
" =0 d=1

r=0

Table C.1 shows the values of J(n,r,¢) for n = 1,2,3. These are easily computed
by hand or with a computer algebra system. Although for higher dimensions the
standard algorithms in a computer algebra system will not yield a good result, one
can still approximate the value of the integrals by a Monte-Carlo method. The
results of a Monte-Carlo approximation of J(n,r,£), n = 4,5,6, with 107 samples
are shown in Table C.2.

C.2 The intrinsic volumes of the semidefinite cone

In this section we will derive the formulas for the intrinsic volumes of the semidefinite
cone that we already stated in Proposition 4.4.21. Recall that the semidefinite
cone is defined in Sym” = {A € R"*" | AT = A}, which is a linear subspace of
R™ ™ of dimension % =: t(n). An orthogonal basis for Sym" is given by B;;,
1<i<j<n,

Bij = " 1 Z j (Cg)
Eij+Eji lfl#j,

where E;; denotes as usual the (i, j)th elementary matrix. Note that ||B;;||r = v/2
for ¢ # j. We denote the positive semidefinite cone and its intersection with the
unit sphere S(Sym") by

Sym’; = {A € Sym" | A is pos. semidef.} resp. K, =Sym’ NS(Sym").
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r=0|r=1|r=2|r=3|r=4
¢£=00.370 | 1.328 | 1.237 | 0.572 | 0.371
(=1 — 2.758 | 3.995 | 2.006 -
=2 — 2.004 | 5.654 | 2.761 —
(=3 — 0.571 | 4.004 | 1.328 —
=4 — — 1.237 — —
() n=4
r=0|r=1|r=2|r=3|r=4|r=5
¢£=0| 020 | 1.39 | 2.02 | 1.03 | 0.34 | 0.20
(=1 — 3.65 | 8.83 | 5.24 | 1.68 —
(=2 — 3.63 | 16.87 | 12.82 | 3.61 —
(= - 1.66 | 18.75 | 18.68 | 3.67 —
(=4 - 0.34 | 12.88 | 16.81 | 1.39 —
{= - — 5.26 | 8.80 - —
(=6 — — 1.03 | 2.04 — —
b)n=5
r= r= r=2|r=3|r= T = r=
¢{=0| 011 | 1.55 | 4.15 2.85 0.83 | 0.20 | 0.11
=1 — 4.96 |21.35| 18.33 | 6.07 | 1.31 —
{=2 — 6.31 | 52.95 | 60.42 | 21.00 | 3.95 —
(=3 — 4.12 | 77.03 | 118.06 | 46.62 | 6.40 -
=4 — 1.31 | 73.62 | 164.72 | 72.22 | 5.03 —
=5 — 0.21 | 48.28 | 165.04 | 79.12 | 1.64 -
{= — - 21.68 | 121.68 | 52.71 — —
(=7 — — 5.79 | 59.52 | 21.55 — —
(=38 — — 0.86 | 18.22 | 4.03 — —
{= — — — 2.74 — — —
(c)n=6

Table C.2: The values of J(n,r,¢) for n = 4,5,6, approximated by a Monte-Carlo
method with 107 samples.



186 The semidefinite cone

We will show that the kth intrinsic volume of K,,, —1 <k <t(n) —1 = @ -1
is given by

3

Vi(Kn) =—— e 3 J(n,rk+1—tn—r),
n!-2% Hdl 2) =

where J(n,r, ¢) is defined as in (C.6) for 0 < ¢ <r(n—17r)=t(n) —t(r) —t(n —r),
resp. J(n,r,¢) := 0 for the remaining cases. In particular, we have (cf. (C.3); cf. also
Remark 4.4.22)

1 =112

Voi(Ky) = Vgny—1(K,) = - . e 2 -|A(2)|dz.

(5 = Vi 1) = e [ 180
z€RY

Note that the condition J(n,r, k+1—t(n—r)) > 0 can be rewritten as two inequal-

ities

Jn,rk+1—t(n—r)) >0

k+1 Z t(n_T)a
= <k+1§7’(n7”)+t(nr)_t(n)t(r)> - (C.10)

Remark C.2.1. 1. Recall that the intrinsic volumes form a discrete probability
distribution (cf. Proposition 4.4.10), so that in particular Z;(:)__ll Vi(K,) = 1.
It is easily seen that in this sum every integral J(n,r,£), 0 < £ < r(n —r),

appears exactly once, so that we get

t(n)—

1 " /n
g V . . E J f) .
k: n' 9% . Zzl F(%) Z (7‘) (77177‘7 )

k=—-1

This shows the relation (C.8) of the integrals J(n,r, ).

2. Note that the self-duality of the semidefinite cone implies

Vi(Kn) = Vigy—2-1(K)

(cf. Proposition 4.4.10). This equality is verified easily using the relation (C.7),
ie., using J(n,r,¢) = J(n,n—r,r(n—r)—4{).

Using the (approximated) values of J(n,r,£) in Table C.1 and Table C.2 we
may compute the intrinsic volumes of K,, for n = 1,...,6. The result is shown in
Figure 4.2 in Section 4.4.1.

The following proposition gives a full description of the boundary structure of
the semidefinite cone. Recall from Definition 3.1.7 that a face of a closed convex set
is the intersection of the convex set with a supporting hyperplane.

Proposition C.2.2. The faces of Sym!, are parametrized by the subspaces of R™.
More precisely, for L € Gry,, the set {A € Sym!, |im(A) C L} is a face of Sym!} of
dimension t(r) = # On the other hand, every face of Sym'} has dimension t(r)
for some 0 < r < n and is of the above form. Moreover, every face of Sym'} is of

the form
el Yo

€ symg} : (C.11)
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where Q € O(n) and 0 < r < n. The normal cone at the face defined in (C.11) is

given by
{Q (8 _?4) Q"

Proof. See for example [4, I1.12] or [41]. ]

A € symir} . (C.12)

Note that (C.11) and (C.12) show that when analyzing a face of Sym!, by choos-
ing an appropriate basis of R” we may assume without loss of generality that this
face is of the form Sym’, x{0} with corresponding normal cone {0} x (—Sym/").

Next, we will describe the stratified structure of the semidefinite cone. Before
we can do this, we need to prepare some notation. Let us define the eigenvalue
map Eig, that maps each nonzero positive semidefinite matrix onto the ordered
vector of its nonzero eigenvalues, i.e.,

Eig: Sym’ \{0} > A (A1,...,\),

if Ay > ... > A\ > 0 are the positive eigenvalues of A. We will need to distinguish
the matrices according to their eigenvalue patterns. Therefore, we introduce the
notation

(P1y-spm) ET = p1,..  pm €Zso, pr+ ...+ pm =1

Furthermore, we define the eigenvalue pattern of a (nonzero) positive semidefinite
matrix A via

patt(A) == (p1,...,om), X =...=X > X1 = .= Xp4p >0,
where (A1,...,A,) = Eig(A). Note that in the above notation we have
patt(A) Frk(A) =p1 + ...+ pm -

Using this notation, K, decomposes into

K, = UTzlupFTMn,p , (C.13)

with
M, ,:={A € K, | patt(A) = p} . (C.14)

Note that int(K,,) = Up,:anp and 0K, = U::l:LUpF:TMn;p'

In the following proposition we will show that the semidefinite cap K, satisfies
all conditions of a stratified convex cap (cf. Definition 3.3.9). Moreover, we will
show that the decomposition in (C.13) is a valid stratification of K, and we will
determine the essential and the negligible pieces in this decomposition.

Proposition C.2.3. The set M, ,, p F r < n, defined in (C.14) is a smooth
submanifold of the unit sphere S(Sym™). Furthermore, the spherical duality bundle
NSM,, , (cf. (3.9)) is a smooth manifold for all p & n. In particular, K, is a
stratified convex set.

The pieces {M,, 1 | 1 < r < n}, where 10 .= (1,1,...,1) E 7, are essential
and all the other pieces M, , are negligible.
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Proof. Let p= (p1,...,pm) Er < n. We define the set P, , C S ! via

P, , = {)\ e snt

M= =X > A 1= = Xprpy > -
A > Aa1=...=X, =0 . (C.15)

It is easily seen that the set P, , is a (m — 1)-dimensional submanifold of S™~!
(there are m degrees of freedom for the values of the blocks of A; minus 1 degree of
freedom because of the restriction A € S"~1).

Furthermore, we define the subgroup O(n, p) of O(n) via

Q1

O(n,p) = R Qi € 0(pi),Q € O(n—r)
Q

& O(p1) X ... xO(pm) xO(n—r).

From Section 5.3 we know that the homogeneous space O(n)/O(n,p) is a smooth
manifold of dimension

dim O(n)/O(n, p) = dim O(n ZdlmO (pi) —dimO(n —r)
i=1

tin—1) Zt i — 1) —tn—r—1).
=1

We now consider the map

Unp: PoypxO(n) = My, (AQ) — Q-diag(\) - Q" . (C.16)

This map is clearly smooth and surjective. Concerning the fiber of A € M, ,, we
may assume w.l.o.g. that A = diag(u). Note that we have

Q - diag()\) - Q7 = diag(u) <= X\ = p and Q - diag(\) = diag(\) - Q .
Furthermore, it is easily checked that for A € P, , we have
Q - diag(\) = diag(\) - Q < Q € O(n,p) .
We may thus conclude that
Pn (N Q)=A < A=pand Q € O(n,p) . (C.17)

This implies that the map 1, , factorizes over the product P, , x O(n)/O(n, p), i.e
we have a commutative diagram

: (C.18)

where II: P, , xO(n) — P, , xO(n)/O(n, p) denotes the canonical projection map.
Moreover, (C.17) implies that the map v, , is a bijection. Using Lemma 5.3.2 it is
straightforward to show that the differential of ¢, , also has full rank, i.e., ¥, , is
an immersion, and thus ¥, , is a diffecomorphism. The compactness of the domain
P, , x O(n)/O(n, p) ensures that M, , is indeed a submanifold of S(Sym").
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As for the claim about the duality bundle, note that for A = Q - diag(\) - Q7,
A € P, ,, the normal cone N4(K,) is given by (cf. Proposition C.2.2)

v ={e(y )@

Using the notation

A € Symﬁ_r} :

K, i=int(K,—,),

where the interior is of course taken with respect to the topology on S(Sym
we can define the map

n—r)7

U, PopxO(n) x KS_. — N°M,,,,

(A Q. A") (w(w» Q (8 _?4) QT) .

This map is smooth and surjective. As in (C.18), the map V¥, , factorizes over
P, , x O0(n)/O(n,p) x KS_,, and thus yields a diffeomorphism

U, ,: Po,xO0n)/O(n,p) x KS_, — N3M, , .

n—r
In particular, N*° M, , is a smooth manifold of dimension

dimN*M,, , = dim(P,, , x O(n)/O(n, p) x K2_,)

n—r
m

=(m—1)+ <t(n—1)—zt(pi—1)—t(n—r—1)> +({tn—7r)—1).

i=1

Note that we have

ttn—=1)—t(n—r—1)+t(n—r)—1=t(n)—1—r,

and
- =r—1 ifp=10
— 1= tpi—1
" ;(p ){<r—1 else .
Therefore, we have
=t —92 ifp=10
dim NSM,, , (n) He
Tl<t(n)—2 else,

i.e., the pieces M,, 1), 1 <1 < n, are essential, and all other pieces are negligible.
O

From now on we may restrict the computations to the essential pieces M,, ;).
We furthermore use the notation

Poi=Pym={AeS T [A>A>...>A\ >0} . (C.19)
Note that we have a natural bijection between P, and P, ;(-) given by

Enr: P _)Pn,l(T) ;A= (A0,...,0), (C.20)
——

n—r

which is easily seen to be an isometry.
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The subgroup O(n, p) for p = 1) is given by

O(n, 1) = {£1} x ... x {£1} xO(n —7r) . (C.21)

r times

In the following proposition we will replace the map %, 1, which parametrizes
M, 1 via O(n)/O(n, 1), by a map ©n,r, which parametrizes M, ) via Sty , =
O(n)/O(n — ). The advantage is that we have already discussed the homogeneous
space St, , in Section 5.3.1.

Proposition C.2.4. Let 1 <r < n, and let v, be defined via

On,rt Pr X Stpyr — Mn,1<7'> ;o (MR- Q- diag(E, »(A)) - QT )

where P, is defined as in (C.19), and E, , is defined as in (C.20). The map @y, »
is a 2"-fold smooth covering, i.e., vy, is a local diffeomorphism, and for every A €
M,, 1 we have |, L(A)| = 2". The Normal Jacobian of ¢, at (X, [Q]) € P X Styr

e
s given by

ndet(Dx (g pn,r) = 27" ZEEEDAL TN AW,
i=1
where A(XN) = [[1<,<;<.(Ai — ;) denotes the Vandermonde determinant.

Proof. From (C.21) it is easily seen that we have a canonical projection map
I,: Sty — O(n)/O(n,17) |

which, for @ € O(n), maps the coset of @ in St,, = O(n)/O(n —r) to the coset
of @ in O(n)/O(n,1(). Roughly speaking, a tuple of orthonormal vectors maps
to the tuple of the corresponding directions. So the projection map II, is in fact a
2"-fold covering. Now, we can write the map ¢, , in the form

Pn,r = wn,l(r) o (En,'mn'r) 5

where v, 1) is defined as in (C.18). As 1), 1~ is a diffeomorphism, it follows that
©n,r is a 2"-fold covering.

Concerning the differential Dy g])¢n,r note that w.l.o.g. we may assume Q) = I,.
For ( € T\ P, we have

D 11,9, (€,0) = diag(C) - (C.22)

As for the second component, recall from Section 5.3.1 that for Skew,, we have an
orthonormal basis given by

{EBij—Eji|1<j<i<r} U{E;—Ej|r+1<i<n,1<j<r},

where E;; denotes the (¢, j)th elementary matrix. Let 7;; denote the corresponding
tangent vector in Tj, | Sty ., i.e.,

Nij = [In, Bij — Eji] € Tip,) St (C.23)

where either 1 < j <i<r,orr+1<i<nand 1l < j <r. Furthermore, let
Uij: R — O(n) be a curve such that the induced curve in St,, ,., t — [U;;(¢)], defines
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the direction n;j, i.e., % [U;;(#)](0) = 1;;. Then we may compute the derivative of
©n,r in the second component via

D(A,[M)(O, ’I7ij> = % (Uij (t) . diag()\, 0,... ,0) -U; ‘(t)T) (0)
= (£U;;(0)) - diag(X,0,...,0) + diag(\,0,...,0) - (L£U;(t)"(0))
S——— —

Eij—Eji Eji—Eij
_ Y= (B + Ey) if1<j<i<r (C.24)
N )\j'(EijJrEji) ifT+1§iSn,1§j§T. '

Note that the direction 7;; has length 1, while the direction E;; + F;; has length V2.
Taking this into account, we get from (C.22) and (C.24) that

ndet(Doyjgpeens) = [ (V2O =x)- [T (v2-))

1<j<i<lr r+1<i<n
1<j<r
r(r—1)/2 (n—r)r n—r
=2 I =) -v2 I A o
1<j<i<lr 1<j<r

Remark C.2.5. The map ¢, has the important property of O(n)-equivariance,
by which we mean the following. The domain P, x St,, , can be endowed with an
O(n)-action via Q e (X, [Q]) := (X, [QQ)), and the codomain M, 1» C S(Sym") is
endowed with an O(n)-action via conjugation, i.e., QeA:=Q-A-QT. Then On.r
satisfies for all (\,[Q]) € P x St,,, and all @ € O(n) the equivariance property
QOn,T‘(Q hd ()‘7 [Q])) =Qe (pn,T'()‘v [Q])

It remains to compute the principal curvatures of the essential pieces M, ()
before we can use Theorem 4.3.2 to compute the intrinsic volumes of K,,. We will
do this in the following lemma. Recall from the proof of Proposition C.2.3 that the
dimension of M,, 1) is given by

dim M, 1) =7 —1+tn—1)—t(n—r—1)
=r(n—r)+tlr)—1.

Lemma C.2.6. Let A = Q - diag(),0,...,0)- QT € M, 1, where X € P,.. Fur-
0 0
O _A/I
in the normal cone of K, in A. If u1 > ... > pn—r > 0 denote the eigenvalues of
A", then the principal curvatures of M, 1 at A in direction —B are given by

thermore, let A” € Sym\™", so that B := Q- < QT € Na(K,) is a vector

I Pn—r  H1 Pon—r M Pon—r
U A Rt e e e Q0

Proof. Using the O(n)-equivariance property of ¢, , (cf. Remark C.2.5) we may
assume w.l.o.g. that A = diag(\), and A” = diag(u1,..., ttn—r). From Proposi-
tion C.2.4 we get that the tangent space of M,, ;- at A is given by

TAMml(T) = D@n,r(T)\Pr X T[I,,,] Stn,r) .

It is easily seen that all the vectors in Dy, .(ThP. x {0}) are principal directions
with principal curvature 0, thus giving » — 1 of the claimed ¢(r) — 1 zero curvatures.
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As for the second component, let as in the proof of Proposition C.2.4 U;;(t) €
O(n) be a curve such that the corresponding curve [U;;(¢)] in Sty defines the
direction n;; € Tj7,] St (cf. (C.23)). The corresponding curve

t = nr(\ [Uij(1)]) = Uy (t) - diag(A, 0, ..., 0) - Ui ()T

defines the image D (7,)(0,7:;) (cf. (C.24)). Moreover, we may define a normal
extension of —B = diag(0,...,0, u1,..., tin—,) along this curve via

’U(t) = UZJ (t) ' dlag(ov ce 707 M1y 7,[Ln_7~) ! UZ (t)T :
Differentiating this normal extension yields
Z0(0) = (By; — Eji) - diag(0, u) + diag(0, p) - (Eji — Eij)
_Jo if1<j<i<r
| i (B + Ey) ifr4+1<i<n, 1<j<r.
Comparing this with the values of D(y [1,))(0,7:;) in (C.24) yields

d ’U(O) — {0 . D(A,[I,L])(O,’)’hj) if 1 Sj <i <7

We may conclude that the direction Dy i7,7)(0,7:;) is a principal direction with

curvature O resp. — (—%) = == (cf. Section 4.1.1). The final computation
t(r —1)+r—1=t(r) — 1 shows that indeed ¢(r) — 1 principal curvatures of M, ;¢

are 0, which finishes the proof. O

Before we give the proof of Proposition 4.4.21, we state another small lemma,
that will come in handy for an integral conversion, that we will have to make.

Lemma C.2.7. Let f: R" \ {0} — R be a homogeneous function of degree d,
i.e., f(x) = x| f(||z]|~' - 2). Then for U C S~ a Borel set

1 T
/f(p)dp—m'/e f(z)dz

peU zeU

where U = {s-p|s>0, peU}.
Proof. The normal Jacobian of the projection IT: R"\{0} — S"~1 TI(z) = ||z| ! =,

is given by ndet(D,IT) = ||lz||~ (V). From the coarea formula in Lemma 4.1.15 we
thus get
_l=? ot s
e 2 - f(x)de = s e - f(s-p)dsdp
zel peU 0
> 2
= / f(p) dp-/ sVt L= 2 g
peU 0

Substituting ¢ := s%/2, and using the well-known formula [ >~ - e~"dt = I'(2),
we finally get

T /OO N T 1
s -e ds = 2t -e - dt
/o 0 Vot

oo
— 9™t ./O L et g — 91 SN I
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Proof of Proposition 4.4.21. We use the notation

d(n,r) :=dim M, o =7r(n—7r)+t(r) -1
=t(n)—tn—r)—1.

From Proposition 4.4.4 and Proposition C.2.6 we get for 0 < k < t(n) — 2

n—1

1
VK = b3 / / o) (A B)dNS dM, 1o |
(Kn) Ok'Ot(n)—Q—k =1 gy BENS ) k( o '
n,1(r) A

((;Ezm)ik shall denote the dependence on M,, ;. From Lemma C.2.6 we
know the principal curvatures of M,, ;. Note that the fth elementary symmetric
function in these principal curvatures is given by oy(u @ A7!). Using the coarea
formula (cf. Lemma 4.1.15) and Proposition C.2.4 we can transform the integral
over M, 1 to an integral over P, X St,, ;.. Similarly, we can transform the integral
over Nj to an integral over P,_, X O(n — 1), as Sty_pn—r = O(n — r). This yields

/ / olh (A, B)ANS dM,, 1

AGM"’I(T) BeNE

1 1 rn—r T\r— . n—r
- / e / grin=n)/24r =D/ T AT - AN

where o

P XSt Pp_rxO(n—r) i=1
(n— 7')(71 r—1)
= n(n Hn -vol Sty , - volO(n — 1) - / /A H)\” "
=1

: Ud(n,r)fkr(lu' @A™ ) dA d,LL

() 271 ~’]'['tTn r e B
= HnF(d)/ / A(A)'A(#)'HAi “Odna) k(@A) dhdp,
d=1 2 1=1

=:f(\p)

where (x) follows from (cf. Proposition 5.2.1 and (5.19))
”L2 n
A
i, 0(%)
Note that the integrand f(\, p) coincides with the function (cf. (C.4))
f()‘7y') = A’I‘,d(’l’Lﬂ‘)fk?(A? ,u) .

Note also that the integrand f(A, p) is homogeneous in A of degree

vol Sty - volO(n — r) = vol O(n) =

r(r—1)

rin—r)+ —dn,r)+k=k+1-r.

Furthermore, it is homogeneous in p of degree

(n—r)(n—r—-1)
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Using Lemma C.2.7 twice we get

1 1
/ / FO, ) d/\d,u_ — .
k-1 +1 "("+1) _k+3 n(n+1 k
oA D) 2Pt b
2
/ / L=l 4w)® +llul o y) dyda .
B. P,_,

We may simplify the constant to

1 1
25 . D(kEl) ot p(nlnt _ k1)
1 2 2 (4.13) 1 Ok - Oy(ny—2—k
27L(n4+1) F(%) F(n(n4+1) - %) 27L(n4+1) ﬂ_n(n4+1)

All in all, we get for 0 < k < t(n) —2

=05 4 Z/ / ~ Lt flz,y)dxdy . (C.25)

2 r=1
T‘P’V'LT'

It is easily seen that if £ € R" is obtained from x by permuting the entries of z, and
if the same holds for § € R”™" and y, then we have

£ (@ 9) = [f(z,y)] .

Note that f(z,y) > 0 for z € P, and y € P,_,. Using this, we can rewrite the
integral (C.25) via

||<m>u2 1 _ @)
[ [ swpdedy= - /(n_r),/ P,y da dy

P P'n/ ks Rii/r‘
- ; / e A (2)| d=
ol (n — 'r)! r,d(n,r)—k
ZGR:_
ce 1
= o et i) 1= k).

So from (C.25) we finally get for 0 < k < ¢(n) — 2

Vk(Kn):”!'2%'Hd:1 0 Z() J(n,rt(n) —t(n —r)—1—k)

2 =

[s:=n—7] — B B
i n!'2%'Hd:1 e Z() —s,t(n) —t(s) — (k+1))

2

1
n—1
(1) o
D T () k1)

2

= = - . “Jnys,k+1—t(n—s)),
nl-22 'Hd:l F(%) ;

—
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where (%) follows from J(n,0,k+1—t(n)) #0 = k+1—t(n) =0, and J(n,n,k+
1) #0 = k+1 = 0. The intrinsic volumes V;(,)—1(K,) = V_1(K,) are given
by the relative volume of K, which equals the relative volume of M,, ;). This is
computed as above in an analogous and simpler manner (setting r = n). We skip
the details of this last computation. O

C.3 Observations, open questions, conjectures

In this section we will formulate some open questions about the intrinsic volumes
of the semidefinite cone.

We begin with a specialization of Conjecture 4.4.16, which seems the more plau-
sible after a look at Figure 4.3 in Section 4.4.1.

Conjecture C.3.1. The intrinsic volumes of the semidefinite cone form a log-
concave sequence, i.e., for n > 1 we have

Ve(Kn)? > Vi1(Ky) - Vi1 (Ky), forall0 <k <t(n)—2.

The following question is motivated from the admittedly few exact values of
J(n,r,¢) that we know (cf. Table C.1).

Question C.3.2. Is there a closed formula (for example in terms of the I'-function)
for the integrals J(n,r,£)?

Closely related, but probably easier to answer is the following question.

Question C.3.3. What are the orders of magnitude of the intrinsic volumes of the
semidefinite cone?

Inspired by the motivational experiment in [40, Sec. 3] we formulate the next con-
jecture for the traditional (SDP) problem, which consists of minimizing/maximizing
a linear functional over the intersection of the semidefinite cone with an affine m-
dimensional subspace. Let a random (SDP)-instance be given in the following way:

e The linear functional, which is to be minimized/maximized is defined by a
uniformly random point in S(Sym,,);

e the affine subspace, which is to be intersected with the semidefinite cone, is
given by a uniformly random linear subspace of dimension m, and a uniformly
random direction from S(Sym,,).

It is known that the rank r of the optimal solution of an (SDP) problem satisfies
with probability 1 the inequalities

t(n —r) <m <t(n)—t(r) (C.26)

(cf. [41, Cor. 3.3.4]; cf. also [40, Sec. 3]). It is remarkable, that these inequalities
coincide with the inequalities (C.10) for the summands of the intrinsic volumes, if
we substitute m = k + 1. Supported by this observation, but mainly motivated by
the geometric picture resulting from the computation in Section C.2 we formulate
the following conjecture.

Conjecture C.3.4. Let 0 < r < n such that the inequalities (C.26) are satisfied.
The probability, that the rank of the optimal solution of a random (SDP) instance
(in the sense described above) is r, can be given in terms of the integrals J(n,r,¢).
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In the paper [40] the authors analyzed the algebraic degree of semidefinite pro-
gramming. Avoiding the definition of this notion of degree, we make the following
observation. The algebraic degree attributes to each r, which satisfies the inequali-
ties (C.26) a positive integer. Using the table of the algebraic degree in [40, Table 2]
we may compute the ratios of the algebraic degrees, where r runs over the interval
determined by (C.26). The result is shown in Table C.3.

Also the summands of the intrinsic volume Vi (K,) (assuming m = k + 1 for
comparison) attribute to each r, which satisfies the inequalities (C.26) a positive
real number. Table C.4 shows the ratios of these summands.

Comparing these two tables, we see some minor differences, but on the whole,
we can observe a notable coherence. This leads us to the final question we would
like to formulate.

Question C.3.5. What is the relation between the summands of the intrinsic
volumes and the algebraic degree of semidefinite programming?
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n =2 n=3 n=414 n=>5 n==6
m | r percent | r percent | r percent | r percent | r percent
111 100 2 100 3 100 4 100 5 100
2|1 100 2 100 3 100 4 100 ) 100
3 2 50 3 6154 |4 66.67 |5 69.57
1 50 2 3846 |3 3333 |4 3043
4 3 2105 |4 3077 |5 36.36
1 100 2 7895 |3 6923 |4 63.64
) 4 7.17 ) 12.5
1 100 2 100 3 9283 |4 87.5
6 ) 2.07
2 7895 |3 89.23 |4 90.67
1 2105 |2 1077 |3 7.25
7 2 3846 |3 65 4 7522
1 6154 |2 35 3 24.78
8 3 35 4 51.32
1 100 2 65 3 48.68
9 3 1077 |4 2783
1 100 2 89.23 |3 7217

Table C.3: Ratios of the algebraic degrees (based on [40, Table 2]).

n=2 n=3 n=4 n=>5 n==06
k+ r percent | r percent | r percent | r percent | r percent
1 1 100 2 100 3 100 4 100 ) 100
2 1 100 2 100 3 100 4 100 ) 100
3 2 50 3 59.78 |4 6480 |5 65.71
1 50 2 4022 |3 36.20 |4 34.29
4 3 1811 |4 257 |5 30.36
1 100 2 8189 |3 7424 |4 69.64
) 4 5.12 ) 8.38
1 100 2 100 3 9588 |4 91.62
6 5 1.18
2 818 |3 90.19 |4 91.87
1 18.14 |2 9.81 3 6.95
7 2 40.19 |3 65.72 |4 75.19
1 59.81 |2 3428 |3 24381
8 3 3444 |4 49.26
1 100 2 6556 |3 50.74
9 3 9.76 4  24.61
1 100 2 9024 |3 7539

Table C.4: Ratios of the summands in Vi1 (K},).
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Appendix D

On the distribution of the
principal angles

The line of research we followed in Chapter 6 may broadly be summarized by say-
ing that we tried to understand the relative positioning of a cap and a subsphere
(cf. Section 3.2; in particular Figure 3.4). In this chapter we will discuss the relative
positioning of two subspheres. This is a classic field tracing back to Jordan [35],
who first defined the principal angles between two subspaces. The goal of this chap-
ter is to further explain the relation between singular values/vectors and principal
angles/directions, and to derive the distribution of the principal angles. The results
are not new, but as we avoid results from multivariate statistics (except for a for-
mula for the hypergeometric function of scalar matrix argument) we will derive a
homogeneous picture of the principal angles. We also believe that a good under-
standing of these concepts in the differential geometric setting is essential for an
aspired (good) smoothed analysis of the Grassmann condition.

D.1 Singular vectors

Recall that the singular value decomposition of a matrix A € R™*" m < n, as-
serts that there exist orthogonal matrices @1 € O(m), @2 € O(n), and uniquely
determined nonnegative constants o1 > ... > g, > 0, such that

o1 0.0
A=Q1-< S ;)05 (D.1)
om 0+ 0

(cf. Theorem 2.1.2). While the singular values of a matrix are unique, this is not
the case for the tuple (Q1,Q2) such that (D.1) holds. To characterize all singular
value decompositions of a single matrix A we make the following definition.

Definition D.1.1. For A € R™*"™ and ¢ > 0 we define
SVa(o) :=={(v,u) € R* x R™ | Av = ou, A(v") Cu™, [jv]| = [|lul},
SVA(0) :=ker A x (im A)* .

We call SV 4(o) the set of singular vectors corresponding to o. We furthermore
denote the projections of SV 4(c) onto the first and onto the second component by

SV4(0) :=T1,(SVa(0)), SVA4(0):=TI1(SVa(0)),
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where II;: R™ x R™ — R™ and [Is: R” x R™ — R™ denote the projections.

Proposition D.1.2. For A € R™*" and o > 0 the set of singular vectors is a linear
subspace of R™ x R™. Furthermore, if 01 # o2 then SV (01) NSV (02) = {0} for
i=1,2.

Proof. Clearly, the set SV 4(0) = ker A x (im A)* is a vector space. We show the
case o > 0 in several steps. More precisely, we will show the following properties
about SV 4(o):

1. SV 4(o) is closed,
2. if (v,u) € SV4(o) and ¢ € R then (cv,cu) € SV 4(0),

3. if (v1,u1), (va,uz) € SV a(o) with ||v1|| = |Jve|| = 1, then (v1 + va,us + ug) €
SV (o).

If we have shown these properties then we are done, as for (v1,u1), (v2, u2) € SVa(o)
the vector (vq + va,u; 4+ u2) can be approximated by elements in SV 4(o) using
properties 2 and 3, and thus lies in SV 4(o) by property 1.

Properties 1 and 2 are verified easily. In order to show property 3, we assume that
(v1,u1), (va,u2) € SV4(o) with ||v1|| = |Jva]| = 1. Trivially, we have A(vy + v9) =
o(uy + uz). It remains to show that (x,v; + v2) = 0 = (Az,u; + uz) = 0, and
[v1 + va = [lur + uz]].

Note that the map = — (z,v;)v; is the orthogonal projection onto Rv;. From
A(vi) C uf we get (Az,u;) = (z,v;) - (Avi, ;) = o(z,v;), i = 1,2. This implies
(Az,uy + ug) = (ox,v1 + v2), and thus

Hu1 + UQ||2 = <’LL1 + U2, U1 + 'LL2> = <U'_l . A('Ul + UQ),’LLl + 'LL2>

= (v1 + 2,01 + v2) = |1 +va* .

Furthermore, if (x, v1 +v2) = 0 then (Az, vy +ug) = (oz,v1+v2) = 0, which finishes
the proof of property 3.

For the additional claim let o1 # o9, and let (v;,w;) € SVa(oy), i = 1,2. We
need to show that v; # vy and uy # wuy. For this we first treat the case oo = 0. If
uy = 0 then v1 = 0, so let u; # 0. As vy € ker A and Avy, = o1u; # 0, we have
v # vy. Moreover, since u; € im A and uy € (im A)*, we have u; # us.

Finally, we assume 01,09 > 0, 01 # 09. W.lo.g. we may also assume ||v|| =

o]l = 1. As ||Av;|| = oillus]| = 04, i = 1,2, we get vy # vy. In particular, we have
(v1,v2) < 1. Assuming o1 > o9, we get (uy,us) = Uf1<Av1,u2> = Z—f(vl,vg) <1,
and thus uy # us. m]

In the following proposition we will see that the spaces of left and right singular
vectors characterize all singular value decompositions of A.

Proposition D.1.3. For A € R™*" m < n, the linear spaces R™ and R™ decom-
pose into orthogonal sums of the spaces of singular vectors of A, i.e.,

R" =@SVi(e), R™=EPSVi(o), (D.2)

o>0 >0

and SV (0) LSV (0") and SV () LSVA (") for o # 0.
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Furthermore, if o1 > ... > oy, denote the singular values of A, then Q1 € O(m)
and Q2 € O(n) define a SVD of A as in (2.2) iff
(viyu;) € SVa(oy), fori=1,...,m,
(v;,0) € SV4(0) , forj=m+1,...,n,
where vy, ...,v, denote the columns of Q2 and uy,. .., u, denote the columns of Q1.

Proof. We first show that Q1 € O(m) and Q2 € O(n) determine a SVD of A as
n (2.2) iff the relations in (D.3) hold. Let k := rk(A) so that o1 > ... > o,(A) >0

(D.3)

and o471 = ... =0y = 0. If Q1 € O(m) and Q2 € O(n) satisfy (2.2), then denoting
the columns of Q1 by ui,...,u, and the columns of Q2 by vy, ...,v,, we have
Av; =ou;, fori=1,... k),
Av;=0 , fori=k+1,...,m, (D.4)
Avj =0 , forj=m+1,...,n,

These relations along with the property @1 € O(m) and Q2 € O(n) are equivalent
to (D.3).

On the other hand, if (D.3) holds for some @1 € O(m) and Q2 € O(n), then (D.4)
holds, which may be reformulated as

A= (* ) 9).

where S := diag(oy,...,0%). In particular, @1 and @2 determine a SVD of A as
in (2.2).

As for the claim about the orthogonal decompositions, note that from Theo-
rem 2.1.2 we have the existence of a SVD. The columns u, ..., u, of Q; form an
orthonormal basis of R™, and the columns vy, ...,v, of Qs form an orthonormal
basis of R”. The memberships v; € SV (0;) for j =1,...,n and u; € SV%(0;) for
i =1,...,m, along with the properties of the spaces of singular vectors shown in
Proposition D.1.2, imply the decompositions of R™ and R” as stated in (D.2). O

Corollary D.1.4. 1. For o > 0 the scaled restriction of the linear map defined
by A, given by
SV4(o) = SV4(o), v o - Av,
is bijective and preserves the scalar product. In particular, if o > 0 then
lv]] = |||l for all (v,u) € SV s(0).

2. The spaces of singular vectors corresponding to the maximum singular vector
have the simpler characterization SVY(||A]|) = {v | ||Av| = ||A] - |[v||} and
SVa(AD) = {(v,u) | Av = [|A]l - u}.

Proof. Let the notation be as in Proposition D.1.3.

1. We define the index set T C {1,...,m} via I = {i | 0; = o}. Then the
columns {v; | i € I} of Qo form an orthonormal basis of SV (c), and the
columns {u; | i € I'} of Q; form an orthonormal basis of SV (o). The claim
follows from the fact that these orthonormal bases are mapped onto each other
by the above defined scaled restriction v — o~ ! - Aw.

2. For A = 0 the claim is trivial, so let us assume ||A|| > 0. It suffices to show
the first claim, i.e., that ||Av|| = ||A|| - |Jv|| implies v € SV (]|A]). From the
orthogonal decomposition of R™ in (D.2), and since ||Av|| = o-||v|| < [|A]-]|v]|
for v € SVY(0), o < ||Al], we get v € SVY(||A]|) iff | Av|| = ||A]| - ||v]|, which
proves the claim. O
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D.2 Principal directions

In this section we will further explain the relation between principal angles/directions
and singular values/vectors. Among other things, we will show that the principal
angles determine the relative positions of subspaces. In other words, we will show
that the principal angles are the invariants of the product Gry, ,, x Gr,, »r under
the canonical action of the orthogonal group O(n). We will also fill the gap in
the description of the global properties of Gry, ,, that we left open in Section 5.4
(cf. Proposition 5.4.7).

Recall from Definition 5.4.1 that for Wy € Gry,,,, and W € Gry pr, where
1 <m < M <n—1, the principal angles a; < ... < a,, € [0, 5] between W and
W, are defined in the following way: Let X; € R™*™ and X5 € R"*M be such that
the columns of X; form an orthonormal basis of W;, i = 1,2. Then the principal
angles are the arccosines of the singular values of the matrix X{ X, € R™*M je.,

cos(a) 0--0
X1TX2=Q1< : ;)-QgT,

cos(am,) 0--0

where @1 € O(m) and Q2 € O(M). In the following definition we will define the
concept of principal directions.

Definition D.2.1. Let W, € Gry,,, and Wy € Gry, pr, where 1 <m < M <n —1,
and let X; € R™™ and X5 € R™M be such that the columns of X; form an
orthonormal basis of W;, i = 1,2. The vector space of principal directions of W,
and W to the angle a € [0, 5] is defined by

PDy, w, (@) :== {(X1u, Xov) | (u,v) € SVxrx, (cosa)} CR™ x R™ .

Furthermore, we denote the projections of PDyy, ,(a) onto the first and onto the
second component by

PDyy, w, (@) =TI (PDw, w, (), PDJy, (@) := TIa(PDyy, i (@)
where II; : R™ x R®™ — R™ and II;: R™ x R™ — R™ denote the projections.

Proposition D.2.2. Let the notation be as in Definition D.2.1. Then neither the
principal angles nor the vector spaces of principal directions depend on the specific
choice of X1 and Xs.

Proof. Let X] and X} be a different choice of orthonormal bases of W; and W.
Then there exist @1 € O(m) and Q2 € O(M) such that X] = X; - Q1 and X} =
X5 - Q2. In particular, we have (X3)TX| = Q¥ XT X,Q;, which has the same
singular values as X7 X;.

Furthermore, we have that (u,v) is a pair of singular vectors for X7 X; iff
(u',v") == (QTwu,QTv) is a pair of singular vectors for (X4)T X{. But then

Xiu' = X1Q:1QTu=X1u and X' = X0Q2Q%v = Xov
which finishes the proof. o

The following proposition summarizes the most important geometric properties
of the spaces of principal directions.

Proposition D.2.3. Let the notation be as in Definition D.2.1 except that we write
PD(«) instead of PDywy, w,(a) to ease the notation.
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1. We have orthogonal decompositions

Wi= @ PDY (), Wa= €P PD*(a).
a€l0,%]

a€l0,%]

2. Let a < . If v € PD'(a) then there exists a unique y € PD*(a) such that
(x,y) € PD(«). Furthermore, if (x,y) € PD(a) then ||z|| = ||y]|-

3. For a=0:
PD(0) = {(z,z) | x € W1 N Wh} .

In particular, we have PDl(a) = PD? (@) = W1 N Ws.

4. Fora=%:

PD(Z)=WiNnW5 x WEnNW;.
In particular, we have PD' (o) = Wi N W3- and PD*(a) = Wi N Wh.

5. For 0 < a < §: Let (x1,y1),..., (zr,yx) € PD(c) such that x1,... ¢ form
an orthonormal basis of PD'(a), and let L; := lin{z;,vy;}, i =1,..., k. Then
we get:

(a) yi,...,yr is an orthonormal basis of PD?(a),
(b) (zi,y;) = cos(a), in particular dim L; =2 for i =1,...,k,
(c) Ly LL; fori#j.

Proof. We process the statements one by one:

1. This follows directly from the orthogonal decompositions (D.2) in Proposi-
tion D.1.3.

2. Let o := cos(a) > 0. For z € PD'(a) there exists a unique u € SV;;XI (o)
such that * = Xju. For v := 0~! - XJ Xju, and only for this choice of v,
we have (u,v) € SVyrx, (o). Therefore y = Xpv is uniquely determined
by the property (z,y) € PD(«). Furthermore, we have | Xju| = |lu| and
| X2v|| = ||v]|, and by Corollary D.1.4 part (1) we also have |ju|| = ||v]|.

3. Let (z,y) € PD(0), with = Xju and y = Xov, (u,v) € SVxrx,(1). Then

we have Tly, (z) = X2 X4 Xu = Xov = y, and since ||z|| = ||y|| by part (2),
we get x = y.
On the other hand, if x € Wiy N W, \ {0}, then there exist u € R™ \ {0} and
v € RM\ {0} such that x = Xju and = Xv. Therefore X7 X u = v, and
since ||ul| = [|v]| > 0, we get || XZX;|| > 1. So we have || XZ X;|| = 1 and by
Corollary D.1.4 part (2) we get SVyry, (1) = {(u',v") | XIXw =o'}, In
particular, (u,v) € SVyry, (1) and (z,2) € PD(0).

4. Recall that SVxry, (0) = ker XTX; x (im X X;)*. For the first component
we compute

XIXiu=0 <= XpXIXu=0
— XjuecWy.
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For the second component we compute
ve (imX] X))t <= (v, X Xu)=0 YuecR™
— (Xov, XoXI Xu) =0 VuecR™
— Xav € (Thy,(Wh))*
— XyweWi.

5. The vectors y1, . . ., yr form an orthonormal basis of PD2(a) by Corollary D.1.4
part (1). Furthermore, denoting o := cos(a), we compute

(i y) = T, (2:),y5) = (X2 XT X1us, y;) = (X2 - 00y, Xov;) = 0 - 65

where J;; denotes the Kronecker-delta. This shows the claims in part (b)
and (c). O

Corollary D.2.4. Let Wy € Gry, ., and Wo € Gry, pr, where 1 <m < M <n —1.
Furthermore, let ay < ... < au, denote the principal angles between Wy and Ws,
and let d := Wy N Wy and d+ := W N WQJ-, so that

O=a1=...=ag<agi1 <...<Qp_gr <Qu_giy; =...= Qp =73 .
Then we have an orthogonal decomposition
R” = (Wl ﬂWQ) D Ld—i—l D ... & Ly_q4t (D5)

S WL NWEH) & WENW,) & W+ Wa)t |
where L; = lin{z;,y;} with (z;,y;) € PDw, w, () fori=d+1,...,m —d*+.

Proof. First of all, we have the orthogonal decomposition R™ = (W) +Ws) & (W, +
W,)*. Using the decompositions of W; and W, in Proposition D.2.3 we get the
stated decomposition of Wy + Whs. O

Corollary D.2.5. Let the notation be as in Definition D.2.1. The nonzero principal
angles between Wy and W, coincide with the nonzero principal angles between Wi
and Ws-. More precisely,

Va € (0, 3] : dimPDyy, w,(a) = dim PDyys it () .

Proof. Let R" be decomposed as in (D.5). Denoting L} := lin{z;} and L? := lin{y;}
for d+1 <1i<m —d*, we have
Wi=WinWo) @ Ly & ... ® LL_, & WinWy),

(D.6)
Wo=WinWy) @ L3, © ... ® L2_; ® WinWy).

Let L! denote the orthogonal complement of L! in L;, and let L? denote the orthog-
onal complement of L? in L;. The decompositions of Wy and W, in (D.6) imply
that its orthogonal complements Wi~ and W3- decompose in the following way

W =WirnWe) @ LYy @ ... e L, & W +We)t,
Wiy =WinWy) @ L2, @ ... & L2_, & Wi+ W)t
The angle between L} and L? is the same as the angle between L} and L?. Choosing

appropriate bases shows that these are indeed the principal angles and thus finishes
the proof. O
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The following proposition shows that the principal angles determine the relative
positions of subspaces.

Proposition D.2.6. Let Wi, W, € Gry, ,m and Wa, W) € Gry v, where 1 < m <
M < n—1. Furthermore, let a1 < ... < au, denote the principal angles between
Wi and W, and let of < ... < a), denote the principal angles between Wj and
WS, Then

Qe O0(n): QW) =Wy, Qo) =W} < Vi=1,....m:aq; =a} .

Proof. If Wi = QW) and Wy = Q(Ws) for some Q € O(n), and if X; and X5 are
orthonormal bases for W; and W, respectively, then QX is an orthonormal basis
for WI, i = 1,2. Since (QX1)TQX, = XTQTQX, = X{' X5, the principal angles
between W; and W» coincide with the principal angles between W and W5.

On the other hand, if all the principal angles coincide, then there is an or-
thogonal transformation such that the orthogonal decomposition of R" as stated
in Corollary D.2.4 transforms into a corresponding decomposition of R™ with W,
and W, being replaced by Wy and W}. The decomposition of W; and W, as given
in (D.6) shows that the orthogonal transformation can be chosen in such a way that
additionally W, goes into Wi and W, goes into WJ. O

We finish this section with a supplement to Section 5.4. More precisely, in
Proposition 5.4.7 we have listed a couple of global properties of Gry, ,,, that we did
not prove. We fill this gap with the help of the principal directions.

The statement of Proposition 5.4.7 was the following: Let W = [Q] € Gry m,
and let

— 0 —RT (n—m)xm m
u={la(h 0)||rerem im < 3} e TG,

where || R|| denotes the operator norm of R. Furthermore, let & denote the closure
of U, and let OU denote the boundary of ¢. Then the following holds.

1. The exponential map €xp,,, is injective on U.
2. The exponential map eXpy,, is surjective on U.

_RT _
3. Ifv= [Q, (10% é% )] € U and W' = &xpyy,(v), then the curve

0,1] = Grpym ,  p = EXDyy(p-v)

is a shortest length geodesic between W and W’. In particular, we have
dgW,W') = [|v]| = | R] ¢

4. For v € OU we have €xpy, (v) = expyy(—v), so that the injectivity radius of
Grypm is 5.

Proof of Proposition 5.4.7. A general argument, the so-called Hopf-Rinow Theorem
(cf. for example [19, Thm. 1.7.1]), implies that each pair of elements in Gr,, ,, can
be joined by a geodesic. We will argue this via principal angles/directions, as this
will give us the extensive statement of Proposition 5.4.7.

For notational simplicity, let us assume m < g; the case m > 5 follows analo-
gously. Let W, W' € Gry, i, and let o, . .., ayy, denote the principal angles between
W and W’. By Corollary D.2.4 and Proposition D.2.3 we can find an orthogonal
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basis x1,...,2z, of R™ such that W = lin{x1,..., 2z} and W = lin{y1,...,ym},
where y; = cos(a;) - &; + sin() - 4, for i = 1,...,m. Let Q € O(n) be such
that the ith column of @ is z;, and let C' and S denote the diagonal matrices
C = diag(cos(ay), . .., cos(ay,)), S = diag(sin(ay), . . ., sin(a,y,)). Setting

0 -4 0
vi=|Q,[A 0 0 € Ty Grym , with A =diag(au,...,am), (D.7)
0 0 0

it follows that W’ is given by

c -5 0
W =expy,(v)= Q- [S C 0 : (D.8)
0 0 In72m

In particular, we have shown that the image of & under the exponential map covers
Gry -

On the other hand, we have seen in Lemma 5.4.5 that any geodesic through W
can be brought to the form (D.8). From such a representation one can easily deduce
the principal angles and the spaces of principal directions. Furthermore, using the
decomposition of R™ as shown in Corollary D.2.4, the remaining statements of
Proposition 5.4.7 are a small but notation-consuming exercise. ]

D.3 Computing the distribution of the principal
angles

In this section we will compute the volume of metric balls of the Grassmann mani-
fold. More precisely, we will compute the Normal Jacobian of the parametrization
of Gry, m, which involves the principal angles to a fixed M-dimensional subspace
of R™, where M may be any integer within m < M < n — m (this generalization
is needed for the smoothed analysis in Section 7.3). The parametrization will be
defined in (D.9). It exploits the geometry of the principal directions as described in
Proposition D.2.3.

We derive the Normal Jacobian of the parametrization via differential geometric
methods. See [2] for a different approach via multivariate statistics. In this paper
(cf. [2, Thm. 1]) the volume of metric balls in Gr,, ,,, w.r.t. the Hausdorff metric was
computed. We will obtain this in Proposition D.3.4.

The following proposition is the main result of this section. It includes the
formula of the above mentioned Normal Jacobian. The proof of this proposition is
deferred to the end of this section.

Proposition D.3.1. Let 1 < m < M < n—1 with m+ M < n. Using the
identification Sty ., = O(n)/O(n —m) and Gr,, ,n, = O(n)/(O(m) x O(n —m)), let

©: Stayrm X Stp—nrm XR™ — Gry m
C -S

(@ Qa0 | (B ) | 5= (DY)
0
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where C' = diag(cos(vy), ..., cos(vyp)), S = diag(sin(v1), . ..,sin(vy,)). The Normal
Jacobian of ¢ is given by

ndet (D((Q,],[Qa)0)?) = H |sin® v; cos® v; — cos® v; sin” v
j<i

m
. H |sin(vi)"_M_m . cos(vi)M_m| .
i=1

In particular, for M = m we have

m
ndet(D(qQ, [Q,),0)P) = H ‘sin2 v; cos® vj — cos® v; sin” vj| : H |sin(vi)”_2m‘ .
j<i i=1

Note that the map ¢ as defined in (D.9) is well-defined, which is seen by the
following small computation. For @} € O(M) such that [Q}] = [Q1] in Stasm and
for Q4 € O(n— M) such that [Q5] = [Q2] in Sty,—as.m, we can find Q1 € O(M —m)
and Q2 € O(n — M — m) such that

;o I; 0 r I, 0
Ql_Ql.(O Ql)’ QQ_QQ(O QQ)

We thus get
C )
Qi o\ Iniem 0
0 ‘Q’z S C
0 In—m—M
L 0 C )
(@] 0 ) @1 0 _ Iyi—m 0
S\ 0@ 0 Ln S C
0 QZ 0 Infme

The second product on the right-hand side of the above equation is commutative,
so that we get in Gry, ., = O(n)/(O(m) x O(n —m))

C =S
< 0 Q% > S C
0 In—m—M
[ C -5 I, 0
_ ( Q1] 0 ) _ Ing—m 0 _ Q1 0
0 | Qs S C 0 I,
i 0 In-m-m 0 Q2
i C -5
_ ( Q1| 0 ) . Ini—m 0
0 | Q2 S C
L 0 In—m—M

This shows the well-definedness of ¢ as defined in (D.9).
Let us first use the result to compute the volume of Grassmannian balls. We
say that a metric d.: Gry m X Gry,m — R is induced by the symmetric function
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[ [0,5]™ = R, ie., fular,...,am) = fulapq), ..., apun)) for any permutation P,
if

d*(WlaWQ) = f*(a) )

for Wi, W, € Gry, p,, where o € R™ is the vector of principal angles between
W, and Ws. By Proposition D.2.6 any orthogonally invariant metric on Gry, ,, is
induced by such a symmetric function.

For the computation of the volume of Grassmannian balls we define the following
transformation

T:[0,Z]™ = [0,1]™, (v1,...,v) — (sin(v1)?, ..., sin(vy,)?) .

Proposition D.3.2. Let d. be a metric on Gry ,, induced by f.: [0, 5]™ — R.

For Wy € Grym and 8 > 0 let B.(W,y, 8) denote the ball of radius 8 around Wy
w.r.t. the metric d.. The relative volume of B.(Wy, B) is given by

m m—1 —1
7_(_7 F(n 1,)
rvol B*(Wo,ﬂ) = : i 2 n—m-—i
m| UO D(%54)2 - T(m=5=)
Mo om—1 1
/ IIlsi—sil- T = -(1—s)2ds,
T(K.(8) "<

i=1

where K.(8) :== {v € [0, 2]™ | f.(v) < B}.

Proof. For generic W € Gr,, ,,, the principal angles a,. .., &, between W and W
are mutually distinct and lie in the open interval (0, 7), i.e., we have

T
0<a1<...<am<§.

To see that this holds generically, note that oy = 0 iff WN W, # {0}, and o, = 5
iff WnWg- # {0}. Furthermore, a; = «; for some i # j iff the singular values of
the matrix XI' X, where Xy, X € R"™*™ are such that the columns of X, form an
orthonormal basis of Wy and the columns of X form an orthonormal basis of W,
are not all mutually distinct. These are finitely many events with probability 0 and

thus altogether have probability 0.

When the principal angles are strictly increasing then the principal directions
are uniquely determined up to multiplication by +1 (cf. Section D.2). So if we
consider the function

©: O(m) X Sty—m.m XK (8) = Grypm

(@1 [Qs],0) (%} (5T ,

In—?m

where K (8) := {v € (0,5)™ | fu(v) < B, v1 <...<vp}, then we will get a 2™-
fold covering of the image of ¢, which lies dense in B.(Wy, ), the ball w.r.t. d, of
radius § around W,. Applying the smooth coarea formula, Proposition D.3.1 (for
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M = m) implies that

vol BL(Wo, ) = - / / / ndet (g, (u].0) () dv dQ2] dQy
O(m) Stn—m.m K<(8)
volO(m) - vol Sty —sm.m
= o
m
H |sin2 v; cos> v; — cos? v; sin? ’Uj| . H sin(v;)""?" dv .
i<j i=1

Ks(B)

We may change the integration over K= () to an integration over K, () if we divide
the result by m!. Dividing by vol Gry, ,, to get the relative volume, we get

vol O(m) - vol Sty —m,.m
vol Gry, p, \m! - 2

rvol B,(Wy, B) =

m
[ Isin® vi cos® v; — cos? vs sin® vy - [ sin(vi)" 2" dv .
K.(3) 7<! i=1
Using Proposition 5.2.1, (5.19), and (5.23), the constant computes as

volO(m) - vol Sty —m.m
vol Gry, o, -m! - 2m

m24m nm—3m24m m n—m
_Qm-ﬂ T .2m-7'r2 Fa Hdl (7—%) ) 1
- m d n—m d m(n m) .om
Hd:l F(ﬁ) d=n—2m+1 F(E) Hd 1 (%) m! -2
m m  m—1 n—i
_ oM o . H A F( 5 ) o
ml Ly T - T(=5=)

It remains to change the integration over K, (/) to an integration over T'(K.(3)).
Substituting v by s := T'(v) = (sin(v1)?, ..., sin(v,,)?) yields

m
H\sm v; - cos? vj — cos® v; - sin® v - Hsm )2 do
K. (8) i<j i=1
m
-/ T \/7)'H|Sz T o
S; X
=1
T(K.(8) " = '

=2"". / H|Sz_8_7| Hs ~ L (1—s;) % ds. O

T(K.(8)) "I

For the Hausdorff metric the volume of the metric ball can be written in terms
of the so-called hypergeometric function. We will describe the few basic facts about
this function that we will make use of in the following remark.

Remark D.3.3. Let X € C™*™ be a complex symmetric (m x m)-matrix, with
IX|| < 1, and let a,b,c € C, with ¢ ¢ Z U % - Z. The Gaussian hypergeometric
function of matrix argument is defined as the convergent series

2F1 ach ZZ CKIE;X) s

k=0 sk
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where the second summation runs over all partitions x of k, C,(X) denotes the
zonal polynomial of X corresponding to k (cf. [38, Def. 7.2.1]), and (a), denotes the
generalized Pochhammer symbol

i=1 j=0
if Kk = (k1,...,k¢). If X = r- I, is a scalar multiple of the identity matrix, then
the hypergeometric function has the integral representation
m  m-—1 d
2 T'(c—9%)
Fi(a,bye;r - Iy) = : 2 (D.10)
2451\, m _
i m! dE[OP(—’”Qd)'f‘(a—%)-f‘(c—a—g)
m+1
m.o a— c—a—"FL
s, (1 —s4) 2
R e
[0.1]m 1<j i=1

holding for the same restrictions on a and ¢ as before, and 0 < r < 1 (see for
example [33, (3.1)] or [28, (3.16)]).

Note that if we set b = 0 then using the Selberg integral S, («, 3,7) (cf. (C.1) in
Section C.1), we get

Fi(a,0;cr L) = " Tﬁl T(c—3)
241 \a, V5 CT - Ay ) = —
m! o F(Td)~F(a—%) F(c—a—%)
Sua— 25 e —a - 4)
:17

which may also be easily deduced from the definition of 9 F; as an infinite series.
Also, for a,b,c € Ry we have

oF(a,b;cr - Iy) > 1 (D.11)
as all summands are real and nonnegative and the first summand equals 1.

Proposition D.3.4. For Wy € Gr,m and § € [0, 3] let By(Wo,3) denote the
ball of radius B around Wy w.r.t. the Hausdorff metric dy. The relative volume of
By (W, B) is given by

-1
rvol By(Wh, 8) = sin(ﬂ)m("_m) . { } P ("5, %? nT—H; sin® 3 - I,

3 3

-1
s anioren 1]

m

Proof. From Proposition D.3.2 we get

rvolBy (W, 8) =
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where Ky(3) = [0, 3]™. Note that T(Ky(3)) = [0,sin® 3]™. Scaling the domain by

sin12 ﬁ to get an integration over [0, 1]™ and using the integral representation (D.10)
e

of the hypergeometric function of scalar matrix argument yields
m n—2m—1 1
H|si75j\~Hsi -(1—s;)"2ds
i<j i=1

[0,sin? B]™

_ (sin2 6) 7”(";7” +m- ”722m71 +m

m n—2m-—1 2 1
H|Si_3j|'H5i 2 . (1—sin“fB-s;) 2 ds
i=1

[0,1]™ 1<J

=k
o
L
=
l\')‘|
U
3
Q
|
[ V]I
=
o
|
Q
|
(VIS8

= sin(3)m 0 I
d=0

Py (25, di i lsin? B 1,,)

-1
m+1ly pn=—m+1l
T M=) L:ﬂ . The estimate

So the constant mostly cancels leaving NOENE)

follows from (D.11), which finishes the proof. o

In the following corollary we will deduce from Proposition D.3.1 some formu-
las for probabilities involving the relative positions of an m-dimensional to an M-
dimensional subspace of R™.

Corollary D.3.5. Let 1 <m < M <n—1 withm+ M <n, and let Wy € Gry,,m
fized. If W € Gry, 1, is chosen uniformly at random then

m T d+1)y . r n—m-+d
PI‘Ob[qmax(WOa W) < ﬁ] = bln(ﬂ)m(n_M) ' H MEmZer) . ( n72M+1)+d
o D(F=9) - T (=5

n—-M m+l1-M.n—M4+m+1. _:..2
'2F1( 3 3 ; ) ;s ﬂ]m),

where <max(Wo, W) denotes the largest principal angle between Wy and W. In
particular, if M = m + 1 then

Prob[<maxWo, W) < 0] = Sin(ﬁ)m(nfm)fm .

Furthermore, for the smallest principal angle <min(Wo, W) between Wy and W we
have the estimate

Prob[<min(Wo, W) < A

< Lamsa () MO ML), {n g m} ' <(n ot 1)/2) ’

n—M+1 M-1 m/2
where again I, ;(8) = foﬂ cos(p)? -sin(p)" =279 dp. For M = m + 1 this simplifies to
n—m m

Prob[<umin(Wo, W) < B < In-2m+2,1(5) - min = 2m) (n . m> :

Proof. The arguments are similar to those in the proof of Proposition D.3.2, so we
may skip some technicalities. Considering the function ¢: Sty, ar X Sty—prm xU —
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Gry,m defined in (D.9) we see that for U = Uy := [0, B]™ we get a (2™ - m!)-fold
covering (of a dense subset) of the set

{W € Grn,m | <imax(y\}Ov W) é 5]

and for U =Us ;== {v e R" |0 < w1 < B, vy <v; < §Vi=2,...,m} we get a
(2™ - (m — 1)!)-fold covering (of a dense subset) of the set

W € Grym | <min(Wo, W) < B}
The transformation formula and Proposition D.3.1 thus imply

vol StMym -vol Stn—M,m

PI‘Ob[Qmax(WOﬂ W) S 5] - vol Gr -m! - 2m

m
H |sin® v; cos® v; — cos® v; sin® v; | - H sin(v;)" ™M . cos(v))M ™ dv
o, J<i i=1
and
vol StM m " vol Stn_M m
Prob|<min(Wo, W) < B8] = : —
T [ rmn( 0 ) = ﬁ] VOlGrn’m (m _ 1)| .om
m
H |51n v; cos? v; — cos® v; sin vj‘ Hsm (v)" ™M . cos(v)M ™ dw .
Us j<i =1
The constant computes as
VOl Starm - VOLSty—nrym 2™ -2 ﬁ [(n=ztd)

volGry m -m!-2m  — ml [(4). p(M=ptd). p(n=m_Mxd) -

The same arguments as in the proof of Proposition D.3.4 yield the claim about
Prob[<max(Wo, W) < f], where the simplification in the special case M = m + 1
follows from the fact o F(a,0;¢;r - I,) = 1 (cf. Remark D.3.3).

As for the statement about the smallest principal angle, we compute

B rs
/ / / [ ] Isin® vi cos® v; — cos® v; sin® vy |
0 V1 v

1og<i

. H sin vi)"*m*M . cos(v,;)M*m dvy, -+ - dvg duy

sin? 8
8t —Sm v; / / / 1 ‘H‘Sifsj
s1 321 2V/ 2/s:i(1—s1)

1<t

—m—M M—m
~Hsi 2 o (1=—s4) 7 dsp---dsads;

2
1 sin® § nom_M_1 Momo1
:—2m- Sy (1—81 '_31 H |Sz_5]
0 Sl’L 2

2<j<1

n—m—M-—1 1

'HS#'(l—Si)M_;n dSp, -+ - dsodsy .
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By estimating s; — s1 < s; and by extending the integrals from the interval [s1,1]
to [0, 1] we may continue

2
1 R Y M—m—1 ' '
SQW'/ s 7 (-s) dsl'/"'/ T
o 0

0 o<

M mo Mt Me—mm—1

~Hsi 2 c(1—s8;)" 2 dsp---dss

i=2

1 R Ve M—m—1
P n—m—M+3 M-m+1 1
< om 54 (1 =s1)" 2 dsy - Sm-1( > L 5)
0

where Sy, (x,y, z) shall denote the Selberg integral (cf. Section C.1). Evaluating the
Selberg integral, we may continue

= 2% : /OﬁQ -sinwy - cos vy - sin(vy)" "ML cos(v)M ™ dsy
(m— 1) 77 D(mep=d) . p(n=Modily  p(Molod)
e dr:[O ey
— Ll'_l namsantm(8) ~nﬁ2 I(m=i=d). p("—Mz_—ZH)  T(M=1=d)
om—1 . 3 r(a)

Combining this with the above given formula for Prob[<min(Wo, W) < §] we get
PrOb[<Imin(W0a W) < 6} < 2\/7? In—2m+2,M—m(ﬂ)
(=g (=g

A straightforward computation, using the identities in Proposition 4.1.20, finishes
the proof. O

We finish this section with the proof of Proposition D.3.1.
Proof of Proposition D.3.1. For x = (21,...,Zy,) € R™, let
C, = diag(cos(z1),...,co8(zp,)) , Sy :=diag(sin(z1),...,sin(zy,)) .

We need to compute the Normal Jacobian of the function ¢ defined in (D.9); so
first, we will have to compute the differential Dy in ([Q1], [@2],v). As the domain
of ¢ is the direct product Stpsm,m X Styp—pr,m XU, U C R™, the tangent space also
decomposes into a direct product. We will consider these components separately.
Recall that we have given an extensive description of the Stiefel and the Grassmann
manifold in Section 5.3.1 and Section 5.3.2, which we will make use of in the following
argumentation.

By symmetry, we may assume w.l.o.g. that Q1 = Ip; and Qs = I,,_p;. Let
Wy := @([Im], [In-m],v). For the first component we consider a curve ¢ in Stz ,, =
O(M)/O(M — m) defined by a curve ¢; in O(M):

. . dCl o Ul —R{
Cl.RﬁO(M),Cl(O)—IM7 dt(o)_(Rl 0 s

& R = Starn, 1(0) = [ (D), S2(0) = {IM, <gi _ng)] ,
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where U; € Skew,, and Ry € RM—m)xm Tt ug abbreviate C' := C,, and S := S,,.
Then we get

(e (t), In-m],v) = [@1()] ,
where Q1 (t) € O(n) is given by

C -S
. Cl(t) ‘ 0 IM,m 0
Ql(t) - ( 0 ‘ In—M S C
0 Infme
Note that
C -5
_ IM—m 0 .
Ql(o) - S C - Qv ’ (D'12)
0 Infme
and [Q,] = W, € Gry,m. We compute
des C -5
LQl(o) = rACNE ) Ivi—m 0
dt 0 0 S C
0 Infme
U, -RT| 0
R 0 0
=Qu-Q, | — - Qu
0 0 0
cu,C —-CRT| -cthS 0
() 0 R, C 0 -RiS 0
- - SU,C  SRT | SUS 0 |’
0 0 0 0
where (x) is verified easily (note that Q' = Q). We get
- do(e(t), [Tn—n],v d[Q1(t
dt dt
0 —-CU;S 0
Q 0 0 eTio G
| Zsue o . (@] n.m. -
0 0

This settles the first component. As for the second component, let us consider the
curves

. B dey, ~ (Us —RY
CQ.R—)O(’I’L—M)7CQ(O)—I»,L,M, dt(o)_<R2 0 ,

_ _ de U, —RT
o R = St ea) = fea)], G20 = 1o, (3 )]
where Uy € Skew,, and Ry € R(»=M—m)xm  Thep we get

o([Inm], e2(t),v) = [Q2(2)] ,
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where Q2(t) € O(n) is given by

c -5
(Iu]| O Ing—m 0
QQ(t)(ocQt))' S c
0 In—nL—M
Note again, that Q2(0) = Q,. As above, we compute
C -5
@(O) — 0 0 . IM—m 0
dt 0 Infme
0 0 0
. _1 .
@0 | o | @
0 | R 0
SU,S 0| SU,C —SRY
(+%) 0 0 0 0
" cUu,S 0| cu,c —CRYT |
RS 0| RoC 0
where (xx) is again verified easily. We get
‘s do([In],c1(t),v d[Qa(t
Dy (0, % (0),0) = P00 ) _ dC2M0]
dt dt
0 SU,C —SRY
Q 0 0 €T G
" Ctes o . (@] -
RS 0

This settles the second component. As for the third, we consider the curve

d03

cs: R—R"™, ¢3(0) = v, —

(0)=¢,
where ¢ € T,R™ = R™. Then we get

o([Im)s In-mlse3(t)) = [Qs()]

where

—Ses(t)
Inr—m 0

Sea(t) Coes(t)

Cest)
Qs(t) =

0

In—m—]\/[



216 On the distribution of the principal angles

We compute

=5 - diag(¢) —C - diag(¢)
%(0) _ 0 0
at | C-diag(() —S5 - diag(Q)
0 0
¢ 5 0 — diag(()
B c Tag (0 q
0 Infme 0 0
0 — diag(¢)
0 0
=@ | “diag(0) 0
0 0
We get
° d I ) In* 9 d
Dy (0,0, %2(0)) = p([Ln] [dt m] 63(t))(0) _ [ngt(t)] 0)
0 — diag(¢)
0
Qva dlag(C) 0 S T[Qv] Grn,m .
0

This settles the third component.

We have thus a full description of the differential Dyp. To compute the nor-
mal Jacobian it remains to specify orthonormal bases for the tangent spaces T, R,
111, Star,ms 11, ps) Stn—n1,m, set up the corresponding Jacobi matrix, and compute
its determinant.

Let us write Efj for the (i,7)th elementary matrix of format k x k. Let us
furthermore define

M M
&ij = [IM’Eij - Eji] SNATY Starm
Nij 1= [In—Ma EZ_M — EJnZ_M} S T[In—Al} Stn—M,m .
Then we have the following orthonormal bases of Tjz,,; Star,m and Tjz, ;1 Stn—arm:

T Starm 2 &ij, 1<j<i<m or(m+1<i<M,1<j5<m),
Tty i) Stn—trm 2 mi5, 1<j<i<mor(m+1<i<n—-M,1<j<m)

7

To get a nice form of the Jacobi matrix let us choose the following order of the basis
vectors of

T[IM] StM’m ><T[[ ] Stn—M,m xT,R™

n—M

1. the canonical basis of T,R™ = R™,
2. the first half of T};,,) Stasm consisting of
3. the first half of Tj;, ;1 Stn—ar,m consisting of
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4. the second half of Tj;,,1 Stas,m consisting of

&j, m+1<i<M,1<j<m,

5. the second half of Tj;, ;1 Stn—as,m consisting of

To set up the Jacobi matrix of ¢, it remains to specify an order of the basis
vectors of Tjg,) Gry,m. Recall that this space is given by

_ 0 —RT (n—m)xm
T[Qv]Grn,m_{<R 0 >’RER .

So we may identify each tangent vector with a ((n —m) x m)-matrix. Specifying an
orthonormal basis of T1q.) Gr,, , thus means to identify an order in which to read
the entries of this matrix. It turns out that the following order yields a particularly
nice form of the Jaobi matrix:
1. the diagonal elements of the middle m xm sub-
matrix

2. the strictly lower diagonal elements in the mid-
dle m x m submatrix

3. the strictly upper diagonal elements in the mid-
dle m x m submatrix

4. the upper (M —m) x m submatrix (row by row) 5 n—m— M
5. the lower (n —m — M) x m submatrix (row by
row). m

Now that we have made the necessary specifications we can compute the Jacobi
matrix which turns out to be the following

Im }m
-sc, CS } m(m—1)
cs -sC m(m—1)
. } o
}m
(M — m)-times

C }m

S }m
(n —m — M)-times ,

s) tm

where
SC := diag(sin vy - cos vy, sinvs - cos vy, SN V3 - COS Vg, . . ., SIN Uy, + COS Vpp—1)
CS := diag(cosvq - sin vy, cosv3 - Sin vy, COS V3 * SIN Vg, . .., COS Upy * SIN V1) .
Using the fact that
ai b1
aq bl
. . c1 dy k
det = Ak h b = det = H a;d; — bic;
ap bk =1
. ck di
Ck dy;
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we finally get that the normal Jacobian of ¢ is given by

ndet(D((1,,1, (1, nil0)®) = | | |sin” vi cos® v; — cos® v; sin® vy
j<i
m
. H ‘sin(vi)”*m*M : cos(vi)M*m| . O
i=1
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